ON SUBGROUPS OF AN ABELIAN GROUP MAXIMAL
DISJOINT FROM A GIVEN SUBGRCUP

J. D. ReID

1. Introduction. In [3], J. M. Irwin has introduced the concept
of a high subgroup of an abelian group (A is high in G if A is maximal
in G with respect to the property AN(N.nG) =0). Irwin and,
subsequently, Irwin and Walker [4] have also considered N-high
subgroups A of G (A is maximal in G with respect to ANN = 0).
Among the properties of high subgroups is their purity in G ([1], [3]
for p-groups, [3] for torsion groups and [4] for arbitrary abzlian groups).
In [5], S. Khabbaz has given a short proof of a theorem which implies
the purity of high subgroups of a p-group. Irwin [3] raises the question
of characterizing subgroups H of a group G for which every H-high
subgroup is pure in G.

In this paper we consider pairs (H, M) of subgroups of an abelian
group G with M maximal disjoint from H in G and ask what happens
if M is not pure in G. The resulting information allows us to answer
Irwin’s question in various special cases. In particular we obtain the
purity of high subgroups of arbitrary abelian groups and a generalization
of the theorem of Khabbaz referred to above. We then consider various
related questions and obtain a generalization of a theorem of Zuravskii
[7] on the splitting of mixed abelian groups.

Throughout the paper, G will denote an abelian group, H a subgroup
of G and M a subgroup of G maximal with respect to MNH = 0.
Following Irwin [3] we say that M is H-high in G. For any subgroup
K of G and prime p, K, denotes the set of all elements of K whose
orders are a power of p, and K|[p] is the set of elements of K, whose
orders are =<p. The torsion subgroup of a group K will oc-
casionally be denoted by K,. For zeG we denote by #,(x) =
max [n|x € p"G] the height of the element z at p in G. Curly brackets
denote the subgroup generated by the sets and elements inside. In
particular, if M is a subgroup of G and x € G then {M, z} is the subgroup
of G generated by M and x. The set of rational integers will be
denoted by Z, direct sums by P and not necessarily direct sums by +.

2. The main theorem. We remark first that if M is H-high in
G then M is neat in G (cf. [2, pp. 91-92]); i.e, MNpG = pM for each
prime p. It is also easy to see that G[p] = M[p] D H][p] for any p.
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THEOREM 2.1. Let M be an H-high subgroup of G. Then either
M s pure in G or there exists a prime p and elements me M,
h € H[p] such that

hp(m) = hp(h) < h’p(h —m) .

Proof. Suppose that M is not pure in G. Then there exist
equations nw = v with ne Z, w € G, v € M which have no solution w € M.
Among all such equations, let nx = y(x € G, y € M) be one for which
n is least positive. It is not hard to see that minimality of n implies
that n is a power of some prime p, say n = p". By neatness of
M, r > 1 and p'x = pm,, m, € M so that p(p"~'x — m,) = 0. Thus p"'x —
m, € G[p] and since G[p] = M[p] P H|[p], we have

) P —m,=m-+h (me M[p], he H[p]) .

Suppose now that k,(h) = r — 1. Then h = p"'z for some z€ G which,
from (1) and minimality of » yields m, + m = p"'(x — 2) = p"'m, for
some m,c M. But this gives p" 7 = p"'m,+ h or, P =pM, =Yy
contrary to the choice of ». Thus 2,(k) < r — 1 and p"'x — (m + m,) =
h. With m = —(m + m,) we now have

hy(m) = h,(h) < h,(h — m)

and the theorem follows.

COROLLARY 2.2. If, for each p, either M < pG or H, is divisible,
then M is pure in G.

Proof. Neatness of M and M < pG give M = pM. Thus, for each
prime p, m e M and he H,, either h,(m) = o or h,(h) = .

The author is indebted to the referee for the proof of Theorem
2.1 given above a proof which is shorter and less complicated than
the author’s original. The original proof, however, had a corollary
which, at the suggestion of the referee, we include here. The proof
requires that we outline the proof of Theorem 2.1 given originally.
Therefore we state the result as

ProPOSITION 2.3. Let H be a subgroup of G such that H, = G,
and let M be H-high in G. If M is not pure in G then there exists
a prime p and elements m e M, h € H[p] such that

0 = hy(m) = hy(h) < hy(h — m) .

Proof (wn outline). Let p", x and y be as in the proof of Theorem
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2.1. Then {M, x} N H # 0 so there exist nonzero elements of H of the
form u + nx with we€ M and n a positive integer. Let ¢ be the least
positive integer such that m + cx e H, m + cx + 0 for some me M.
Then one can show that ¢ = p* for some k < 7, and with A~ = m + p*x
we have he H|[p] and

(x) ho(m) = h,(h) < h(h —m) =k

At this point we have a proof of Theorem 2.1, since we have not
vet used the hypothesis H, = G,. Now, p"(px) = y so that by choice
of y there exists ve M such that p"'v = y = p"z. Hence p"'(px — v) =
0Oand » — 1 > 0. Using G, = H, we conclude that px —ve H. It is
clear that px — v %= 0 so that k¥ = 1. Thus (x) gives h,(m) = h,(h) =0
as required.

3. Centers of purity.

DEFINITION 3.1. A subgroup H of an abelian group G will be called
a Center of Purity in G if every H-high subgroup of G is pure in G.

Several classes of centers of purity can be obtained from the
following proposition which is a corollary to Theorem 2.1.

PROPOSITION 3.2. If there exists a homomorphism f defined on G
such that

(i) H,ckernel f

(i) h,(m) = h,(f(m)) for all me M and primes p then M is pure
in G.

Proof. For any prime p, me M and he H, we have
hy(m) = hy(f(m)) = h,(f(m — h)) = h,(m — k) = h,(h — m)

so that the condition in Theorem 1 alternative to purity of M cannot
hold. Hence M is pure.

The following corollary generalizes the theorem of Khabbaz [4]
referred to in the introduction.

COROLLARY 3.3. Let G be a p-group and put p~G = . r'G,
p* G = 0. Then any subgroup H of G such that pG 2 H2 p'"'G
for some s, 0 < s < =, is a center of purity in G.

Proof. Let f be the canonical homomorphism f: G — G/H. Then
p*"(G/H) = 0 (by definition if s = ) so h,(f(x)) =s for all zeG,
x ¢ H. Suppose p“f(y) = f(x) for some uc Z and ¢ H. Then p*y +
h =« for some he H. Since H<S p'G, u < s and u < o there exists
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w € G such that p“w = k. Hence, p(y + w) = 2. Thus &,(x) = k,(f(x)).
The other inequality being obvious we have h&,(x) = k,(f(x)) for all
xe G,z ¢ H and the corollary follows.

COROLLARY 3.4. For any abeltan group G and subgroup H of G,
if H, S N. "G, then H is a center of purity in G. In particular,
high subgroups are pure and torston free subgroups are centers of
purity. If the maximal torsion subgroup of G is divisible, every
subgroup of G is a center of purity in G.

Proof. As in Corollary 3.3 with f the canonical homomorphism
f:G— G|H,.

One can ask with Irwin [3] for necessary and sufficient conditions
on a subgroup H of a group G in order that H be a center of purity
in G. We have not been able to find such conditions. In particular,
we know of no centers of purity in a p-group other than those listed
in Corollary 3.3 above but have not been able to show that there are
no others. In one case, however, a decisive answer is readily obtained.
We denote by T, in what follows, the maximal torsion subgroup of G.

LEMMA 3.5. If T S H then H is a center of purity in G if and
only if for all g€ G and primes p, the conditions {g}NH =0 and
hy(9) =0 imply h(g + t) =0 for all teT.

Proof. If the condition is satisfied, then H is a center of purity
by Proposition 2.3. Conversely, if H is a center of purity in G and
g€ G such that {g}NH =0 and h,(g) = 0 for some p then there exists
a subgroup M of G maximal disjoint from H and containing g. For
teT,if h,(t) > 0 it is clear that h,(g9 + t) = h,(9) = 0. Suppose then
that te T and h,(t) = 0. We can write t = ¢, + ¢’ where ¢, has order
' for some [ = 0 and the order of ¢’ is prime to p. Then A,(t') = «
so that 2,(t) = h,(¢t,) = 0. Clearly also k(9 + t) = k(9 + t,) = k say.
Let xeG such that p‘a =g + t,. Then, with ¢e =k 4 [, we have
p*x = p'g. By purity of M there exists m < M such that p*m = p'g.
Hence p'(p'm — g) =0. Now since TS H and MNH =0 we have
p*m = ¢ so that k =0 by hypothesis on g. Thus, k(9 +t,) = h,(g +t) =
0 as required.

DEFINITION 3.6. A subgroup H of G containing T will be called
a spectal center of purity if H is a center of purity and there exists
€@ such that  + 0, {#yNH =0. A mixed group G is said to be
properly mixed if 0 = T + G.

THEOREM 3.7. For a properly mixed group G the following are
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equivalent:
(i) T is divisible.
(ii) Ewery subgroup of G is a center of purity in G.
(iii) G contains a special center of purity.

Proof. (i) implies (ii) by Corollary 3.4. (ii) implies (iii) since if
(ii) holds and G is properly mixed, then T is a special center of purity.
To show that (iii) implies (i), let H be a special center of purity in
G. If T is not divisible then T, is not divisible for some p so that
there exists t€ T, such that A,(t) =0. Let zeG,{x}NH =0 and
z == 0 and put g = px + ¢. Clearly {g}N H = 0 and 2,(9) = 0. However.
h,(g —t) = 1. This contradicts Lemma 3.5 and completes the proof.

4. Reduction theorems. If M is maximal disjoint from H in G,
we congider here circumstances under which we can reduce the problem
of the purity of M in G to an analogous problem in a subgroup of G
or in a factor group of G. Again, the location of 7" with respect to
H plays a role.

THEOREM 4.1. Let M and R be 'subgroups of G such that G =
M+ R. Then

(i) M is maximal disjoint in G from a subgroup H = R if and
only if MNR is maximal disjoint from H in R.

(i) If MNR is pure in R then M is pure in G. Conversely
if TS R and M is pure in G then MNR is pure in R.

Proof. (i) If M is maximal disjoint in G from H < Rand re R,
rée MO R then {M,r}NH +* 0. Hence there exist me M, ac Z such
that m +~are H, m + ar + 0. Since H< R, we have m + are R so
that me MNR. Thus {MNR,r}NH =+ 0.

Conversely, if MN R is maximal disjoint from H in R and ¢geG,
g ¢ M we have g = m + r for some me M, re R by hypothesis. Now,
g ¢ M implies that r¢ MN R so that {MNR,r'NH+0. Let m,e M,
beZ such that h=m, +bre H,h +0. Then m,+ bg=h + bm so
m,—bm+bg=heH h+0,m—bmelM;ie. {M, giNnH=+0. Now
since 0 = MNRNH = MN H, M is maximal disjoint from H as required.

(ii)) f MNRispurein Rand ng = me M, let g = m, + r, m; € M,
re R. Then m = ng = nm, + nr so m — nwm, = nrc¢ MO R. By purity
of MN R in R there exists m,e M N R such that nm, = m — nm,. Hence
n(m, + m,) = m with m, + m,e M as required.

Conversely, if T & R and M is pure in G, suppose nr = me MNR
for some ne Z,re R. By purity of M in G there exists m, € M such
that mm, =m. Then n(m, —r)=0 so that m, —reT S R; i.e.
m;€e MNR. Thus MNR is pure in R.
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THEOREM 4.2. Suppose T = H and let M be maximal disjoint
from H in G. Then the following are equivalent:

(1) M is pure in G

(ii) M+ T)|T is pure mn G|T

(i) (M + T)|T is mawimal disjoint from H|T in G|T.

Proof. It is well known (cf. [2, p. 94]) that if M is pure in G
then {M, T} is pure in G and in our case the converse is true since
(M, T} =M@ T. Now, since T is pure in G, M + T is pure in G if
and only if M + T|T is pure in G/T so that (i) and (ii) are equivalent.
Also, since G/T is torsion free, if M + T/T is maximal disjoint from
H|T then M+ T/T is pure in G/T so that (iii) implies (ii). Finally
assume that M is pure in G and let g + TeG/T, 9+ Te¢ M+ T/T.
Then g ¢ M so there exist m € M, a € Z such that m 4 age H, m + ag +
0. If m+ag—teT say bt =0. Then dbm = —bag and by purity of
M in G there exists m, € M such that bam, = bm. Then blam, — m) = 0
so am, = m since MNT = 0. Now we havet =m + ag = a(m, + g)e T
whence m, + g€ T. But this contradicts g+ T'¢ M+ T/T. We conclude
that (m + ag) + Te HIT,m +ag + T+ T so that, disjointness of
M+ T|T from H|T being clear, M + T/T is maximal disjoint from
H|T in G|T.

5. On the splitting of mixed groups. As an immediate consequence
of Theorem 4.2 and Proposition 3.2 we have

ProprosITION 5.1. Let T be the maximal torsion subgroup of the
mixed group G. Then the following are equivalent:

(i) G=MeT.

(ii) M is maximal disjoint from 7 in G and pure in G.

(iiiy M is maximal disjoint from 7 in G and the natural mapping
y: G — G|T is height preserving on M; i.e. h,(m) = h,(v(m)) for all
me M, and all primes p.

As a result, there exist groups at the opposite end of the spectrum
from centers of purity; i.e. since there exist nonsplitting mixed groups,
we have

COROLLARY 5.2. There exist groups G containing subgroups H
such that, if M is maximal disjoint from H in G then M is not pure.

One is tempted to try to use Proposition 5.1 to obtain splitting
criteria for mixed groups in terms of the structure of the groups.
If, for example, G contains a subgroup M maximal disjoint from 7T
and p-divisible for all p for which 7, # 0 then M is pure by Theorem
2.1 and hence G splits. A necessary condition for such a situation is
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of course that G/T be p-divisible for all p for which 7T, # 0. Just
this condition has recently been considered by V. S. Zuravskii (s}, [7D).

Although we fail to apply Proposition 5.1 we can point out a
generalization of the result of Zuravskii and, since the proof is quite
short, it may be worthwhile to include this here. First, we observe

LEMMA 5.8. Let G be a mixed group and R the subgroup of G
generated by a complete system of representatives of Gmod T. If
R splits, R=S@ RNT, then G splits, G =SP T.

The proof is immediate. Now, for a mixed group G, we say that
G satisfies the maximal element condition if each coset of T in G
contains an element z such that 2,(x) = 2, (x + T) for all p. Evidently
(either directly or by Proposition 5.1) this is a necessary condition for
the splitting of G. Let 7 be the set of primes p for which T, # 0.

THEOREM 5.4. Let G be a mixed group and T its maximal torsion
subgroup. Suppose that

(i) G satisfies the maximal element condition.

(ii) G|T is p-divisible for all pem.

(1)) NeexN. 2*T ts bounded.
Then G splits.

Proof. In each coset of T in G select an element x such that
hy(x) = h(x + T) for all p. Then, by (ii) ~,(x) = o for all pew. Let
R be the subgroup of G generated by the elements so selected. Then
it is clear that RN T S Nye- N, 2T and hence, by (iii) RN 7" is bounded.
‘Thus R splits, so G splits also.

The case treated by Zuravskii is that in which 7' is p-primary
and G/T is rank one. He also constructs an example [7, p. 380, Theorem
3.4] of a nonsplitting mixed group G satisfying (i) and (ii) (with T a
primary group and G/T of rank one) but not (iii) so in this sense,
condition (iii) is necessary. We remark that, as stated, [7, p, 380,
‘Theorem 3.4] seems to say that given conditions (i) and (ii), the condition
(iii) is necessary and sufficient for the splitting of G, but this is
.obviously false and, equally obviously (from the proof of the theorem)
not what the author intended.
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