AN APPROXIMATE GAUSS MEAN VALUE THEOREM

W. FuLKs

1. Introduction. The mean value theorem of Gauss, and its con-
verse, due to Koebe, have long been known to characterize harmonic
functions. Since any second order homogeneous elliptic operator L
can, by an appropriate linear change of variables, be reduced (at a
given point) to the Laplacian, it seems reasonable to expect that so-
lutions of Lu = 0 should, when averaged over appropriate small el-
lipsoids, satisfy an approximate Gauss-type theorem, and one could
hope that such a mean value property would characterize the solutions
of the equation.

It turns out that this is the case. In fact the operator need not
be elliptic, but may be parabolic, or of mixed elliptic and parabolic
type. While the methods used here do not permit the weak smoothness
conditions on the solutions admitted by Koebe’s theorem, the result
is stronger than might be expected in that no smoothness, not even
measurability, is required of the coefficients of L: they need only be
defined.

Since the result applies to parabolic equations, it seems of interest
to examine the heat equation, for it can be cast in the required form.
This leads to a characterization of its solutions in terms of averages
over parabolic arcs.

2. The basic theorem. In the following D; = 8/0y;, D;; = 8*[0y0y;,
u,;; = D;u, and V, is the gradient operator with respect to the com-
ponents of y.

It is convenient to consider equations of the form Lu = f, where
f need only be defined, and may depend on % and any of its derivatives.

LEMMA. Let A = [a;;] be an n X n constant nonnegative definite
symmetric matric, and denote by B = [b;;] the unique nonnegative
definite symmetric square root of A. Let u be defined in a meighbor-
hood of a point y in E,, and be twice differentiable at y. For this
Yy define the quadratic function q of x by

q(@) = (Bz-V,)\u(y) .
Then the sum of the coefficients of the squared terms of q(x) s
05 QWi (Y).
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Proof. We have

a(@) = (Ba-Pyu = (3 biwraD; )33 but Dy Ju = 5 (S binbisttis et -

k,m (%)

The sum of the coefficients of the squared terms is then

% (z . bikbjk)uyij = Z(Ek:. bikbkj)u:ij = % Q;5W,i5

%)

THEOREM. Let L = > ;a,;y)D; be a well defined symmetric
differential operator with a mnonmnegative definite matriz A(y) =
[a:;(¥)] in an open region R in E,. Let B(y) = [b;;(y)] be the unique
nonnegative definite square root of A, and for yc R and r sufficiently
small, define

1

(1) uy) = 3

|.._uw + Bwwae,

where Q. is the area of the sphere {{x|=1r}. Let u be a function
defined in a neighborhood of a point y, € R, which is twice differenti-
able at y,. Then for u to be a solution of Lu = f at y, it is neces-
sary and sufficient that

(2) uYo) = u(¥,) + C.r’f(Y) + o(r’) as r—0,

where C, 1s a certain constant depending only on mn, in fact it ts
easily verified that

C —M— 1 I'(nf2)
" 2n  I'((n +1)/2) °

Proof. Denote the constant matrices A(y,), B(y,) by A and B
respectively. Since u is twice differentiable at y, we have

(3) (¥, + B¥o)x) = w(y, + Bx) = u(y,) + (Bx+V,)u(y) l,,
+ % (Bx-7,Yu() ,, + o Ba[?) .

But |Bx| < ||B|| |«|. Thus on {{z|= 7}, (3) becomes

(4) w(@s + B@o)w) = u(ys) + (Be-V,)u)l,,
+ % (Bx-PYu() l,, + o(r?) .

Dividing (4) by £, and integrating over {|x| = r} we get

1

(5) w(Yo) = w(Y,) + 20,

[ (Boryu)l, 40, + o) .
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We next observe

1
20, S|xl=¢xixjdgr = C,r%;;

where C, is a constant depending only on n. Thus (5) becomes, by
the lemma,

(6) ur(yo) = u(yo) + C%,’.z % aij(yo)u,ij(yo) + 0(7'2) .
But (6) is compatible with (2) if and only if Lu = f at ¥,.

3. The heat equation. As an application of the main result let
us consider the heat operator Hu = u,, — u,. If we make the change
of variables given by * =§, t =7 — (1/2)& and set u(x,t) = v(& 7)
then we see that our operator takes the form v, + 2&v.. + &v... In
this case the matrix A is given by

1
A =( i).
& &
To compute B we observe that A*= (1 + &)A4, so that B =

A/[V1T+ 2. Then

(rcosﬁ) 1 (rcosﬁ—l—érsinﬁ )

(7 Vit e Ercosd + Ersind

rsin 6
For each &, there is an « satisfying —(7/2) < a < (n/2) for which

cos 0 + Esind

ViT P =cos (0 — a),
so that (7) takes the form
rcos d reos(fd — «)
B = .
(8) (r sin 0) ('ré cos (6 — a)>

Then v,(§,, 7,) becomes

V&, T)) = 2% S:xv(éo + recos (6 — a), T, + r& cos (6 — a))db .

Replacing 6 — a by 6 and using the symmetry of the cosine function
this reduces to

(&, T,) = —711_— S:v(é‘o + recos b, T, + r& cos 6)do .

By changing back to (z,t) coordinates and defining z, = &, t, =
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7, — (1/2) & and u.(,, t,) = v.(&, T,) we get

W%y, T) = 1 Yu(wo + rcosf, T, + rx, cosd — % (%, + 7 cos 0)2)d0 ,
0

T
J— 1 T 1 2 2
==\ ula, +7rcosb,t, — =1r*cos* 0 )db ,
T Jo 2
_ig’ ( _Llpy_de
=rlHetan-39) s
or finally
1
(9) u,(,, to):%g_lu@o—i—m, to—%r2z2>7idi_—z—2

which is easily seen to be a weighted average of u over the tip of a
parabola with vertex at (z,, t,), having the line ¢ = ¢, as its axis and
opening down.

This gives us the following theorem.
THEOREM. If w 1s twice differentiable at a point (x,, t,), then a
necessary and sufficient condition that Hu = f at (x,, t,) s that
U(Boy b)) = (Do, &) + C°f +0(r") as r—0,
where u.(x,, t,) 18 given by (9).

To study the heat equation in higher dimensions one can make
similar transformations. But it is easier to guess the form the pre-
vious theorem would take and verify it directly by the methods
which established our basic theorem. The result is given below where
du is the n-dimensional Laplacian, and £ is the area of the unit
sphere in % + 1 dimensions.

THEOREM. If u 1s twice differentiable at a point (x, t) in n + 1
dimensions, then a mecessary and sufficitent condition that du — u, =
f at (%, t,) ts that

U(Toy Eo) = U@y, ty) + Copa?’f + 0o(r®) as r—0
where

dz
V1—Jz

u, (%, t,) = % glzmu(xo + zr, t, — E% 227'2>

with dz = dzdz, +- - dz,.
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