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REPRESENTATION OF REAL NUMBERS BY
GENERALIZED GEOMETRIC SERIES

E. A. MAIER

We shall say that the series of real numbers, >:,1/a;,
is a generalized geometric series (g.g.s.) if and only if
a: < a;+10;—; for all 2= 1. (Note that the series is geometric
if and only if equality holds.) In this paper we investigate
the representation of positive real numbers less than or equal
to one by generalized geometric series of the form >\, x/c,
where the ¢; are positive integers and z = 1.

1. Preliminary results.

LEmMmA 1. If 3. 1/a; is a g.9.s. and
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Proof. Since |a,/t..| < |a./a,.|® for all ¢ = 1, we have
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The following theorem readily follows from Lemma 1.

THEOREM 1. The g.g.8. >, 1/a; converges if and only if there
exists k such that |a,| < |G

THEOREM 2. Let >\2,1/a; be a g.g.s. with 0 < a, < a,. Let a =
> la;, S, = Xr.1/a; and t. = apfa, — 1. Then

(i) the sequence of half-open intervals {(Si, Si + 1/(a\+, — a,)]} is
a sequence of nested intervals whose intersection is «,

(i) t. =t < Law(@ — S)).

Proof. Since the series is a g.g.s., we have

1 > 1 + 1 ]
Ay — Qg Qg1 Qpyo — A4y

Hence the sequence of intervals in (i) above is nested. Also a, < a,.,
for all # = 0. Thus, using Lemma 1,
1 1

(1) Si<a=S+———=8, +
Qpyy — Ay aktk+1
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Since a,/a,., < ay/a, for all k£ = 0, we have

0 <lim 1 < lim 1

=0 s
koo Qg — Oy k—oo ak(al )

Qg

and it follows from (1) that the intervals converge to a.
Inequalities (ii) are obtained from (1) and the definition of ¢,.

COROLLARY. Let >0 and let a = X2, x;/c; be a g.g.s. with
0< e <ey let S, =Sk, x/e; and sy, = cpyife, — 1. Then

(i) the sequence of half-open intervals {(S;, S, + x**/(c,+, — x¢,)]}
18 a sequence of mested intervals whose intersection is «,

(i) s = s = @ (e(@ = S)) + (@ — D).

Proof. Apply the theorem with a, = ¢,/x* observing that in this
case

by, = St 1=Sentl 4
xe, @

3. The representation of reals. The corollary to Theorem 2
suggests an algorithm for constructing a g.g.s. of the form >.2, 2%/c;,
where the ¢; are integers and x = 1, which converges to a given posi-
tive real number £ < 1.

To obtain such a series let {s,, s, s, ---} be any sequence of posi-
tive integers such that s, = [1/8] and, for k = 0,

xk+1 x"“
maxq—— -1, ¢, — 1t < g, < ———— + (v — 1
{ckw — Sy ’ } E=oEosy TeY
where ¢, = [[%,(s; + 1) and S, = 35, x//c;.
Such a sequence of integers exists since
(B — Si) = (s, + (B — S,-) — o
<e <_L+x>(8—s ) — aF = 2c,_ (B — S,_)
= V-1 Ck_l(B __ Sk~1) k—1 o k—1 k—1
and hence
k k+1
ss—2 bt e-)=—2 4 (@-1).
Ea sy TPV ELE sy T

The resulting series, 3.2, 2%/c; where ¢; = [, (s; +1), is a g.g.s.
since s,., = s,. Also since 8 <1,
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Thus the series satisfies the hypotheses of the corollary to Theorem 2.
Now from the manner in which the sequence {s,} has been obtained,

we have

= xc, .

¢, = (s; + e, >

xk+1 1 < < xk+1 + ( 1)
P A s < _— X —
c.(B — Sy o c(B — Sy
and thus
k1 k1
Sin=8+—2 < B=S, + i
e g ci(Sp+r + 1) g ci(Sp+1 + 1 — )

kil

- Sk + i .

Crr1 — TCy

Therefore, by (i) of the corollary, 8 = >3, x'/e;.
If x = 1, the sequence {s,} obtained by the above process is not

unique. For example, if 8 =1 and = = 2, we have s, = 1,

max{ -1, s — 1}

colB —

X

0

=max{l,0} =1 and 1+a:—1:3.

Thus there are two possible values for s;,. To obtain uniqueness, we
must further restrict the s,. One restriction that leads to a unique
representation is to require that s, = ®s,_,. We now turn our atten-
tion to series which satisfy this condition.

THEOREM 3. Let s >0, x =1. For k=0, let s, =2a*s, ¢, =
ko(s; +1). Then 35, xifc; = 1/s; that is

1 1 x’ at

s sl GrDmstD GrD@s+h@s+1

Proof. Let S, =3 ,x;/c,, We shall show by induction that
S, + 1/e,s = 1/s for all £k = 0. For k = 0, we have

Sy + 1 :i<1+_£>:#(ﬁ_1>zi_
CoS Co s s+ 1

If S, + 1/e,s = 1/s, then
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k+1
Sp 4+ L =g, ¥ 1

Cr+18 Cr+1 Cr+18

S ¢S ¢ \s(sxtt + 1) s

It also follows by induction that ¢, > (s + 1)* and hence, since s +1 > 1,
lim,_..1/¢;,s = 0. Thus lim,_.. S, = lim,_. (1/s + 1/¢;s) = 1/s.

THEOREM 4. Let © = 1. Let {sy s, S, ---} be a sequence of posi-
tive integers such that s, = xs,_, for all k = 0 and let ¢, = [[%., (s; + 1).
Then >.2,%'c; is a convergent g.g.s. Furthermore if o = 3.2, 2'/c;
and S, = Dk, x;/c; then

(i) the sequence of half-open intervals {(S., S; + x**/(Crs, — )]}
1s @ sequence of mested intervals whose intersection is «,

(ii)  sppr = [@* e (@ — Sp)] for all k=0, s, = [1/a],

(iii) of = is rational, then « is rational if and only if sk = xs,_,
Jor all k sufficiently large.

Proof. Since ¢;fc;_, =s8; + 1 = s;1; + 1 = ¢;14/c;, it follows that

G 2< Ci1 \( Cit1
v/ = \gi—t )\ gitt

and hence X2, 2'/c; is a g.g.s. The series converges by Theorem 1
since ¢, < ¢,/x.
To establish (i), we first observe that s,.;., = #’s,s, for all 7 = 0.
Thus, using Theorem 3, we have
o xk+j+1
Sk < Q& = Sk + 2
=0 Cptj+1
k+1
@ ( 1 . x
Cr \Spy + 1 (Sk+1 + D)(sps2 + 1)

:Sk+

x? )
€ RN
(Si+1 + D)(Spre + D)(Sp4s + 1)

k! < 1 x

<S, + + :
‘ € \Spy + 1 (Sk+1 + D)(@spry + 1)

xZ
s o)
(Ske1 + D(@844y + 1)(2°84; + 1)
xk+1 1

Cr Sk+1 Cr+1 — Ci

Furthermore, since s,,, — 8,4, = 0, we have
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xk+1 _ xk+2 _ ack+1 (Sk+1 + 1 _ @ >
CiS+1 Cr+1Sk+2 Ci+1 Sk+1 Sk+2
k+1 1 x xk+1
Ci+1 Sk+1 Sk+2 Ci+1
Thus
k42 k1 k42 k1
X €X @X &r
Si+1 + =8, + <8, +
Cr+1Sk+2 Cr+1 C+1Sk+2 CrSk+1

and the sequence of intervals in (i) is nested. Since

xk+1 xk+1

Si +

IA

AR
Cr+1 — Ci Cr+1 — XCy

by part (i) of the corollary to Theorem 2, the intersection of the in-
tervals is a.

To establish (ii), we have from (i) that
e+

S, + — =Su<a=s 8, + .
t Ci(Sk+1 + 1) o g CrSk+1

9;lc+1

Solving these inequalities for s,,,, we have

k1 kL

(2)

A | <&
aa—8) ST sy)

Also, since s, = x*s,, using Theorem 3, we have

1
s+ 1

1 . 1
ss+1 (so + D(xs, + 1)
o 1
+ 4 oeee = —
(so + D)(xs, + 1)(2%s, + 1) S,

:So<a£

and hence s,=]1/a].

We turn now to the proof of (iii). Suppose s, = ws,_, for all
k >k, Then s, .; = a’s, for all j = 0. Thus, again using Theorem
3, we have

ko
a=Sk0_1+ d ( 1

Clg—1 NSko+1

@ @
) L)
(Skgr1) (@S, + 1) (sk0+1)(x8ko+1)(x23k0+1)
xko 1

k-1 Sk

= Sko—-x +
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which is rational if z is rational.
Conversely, suppose « is rational. From (2) we have

pht e+
——— < Cla— 8y = .
Sp + 1 3 x) Sk+1
Thus
s
0 < cppa(@ — Siyy) = Ck+1(a -8 — >
Cr+1
(3) = cy(Spr1 + (@ —8;) — &+
<c< i +1)(a——S)-—®"+1=c(a~—S)
=S 6 @ =Sy & ~ k k) .

Hence, if a = p/q, for all k we have
0 < cCrri(p — Sis9) = co(p — Siq) «

Therefore, noting that ¢S, is an integer, {c,(» — S.9)} is a nonincreas-
ing sequence of positive integers and thus for k sufficiently large, say
k > k,, the terms of the sequence become constant. Hence, for &k > k,,
Cri(® — S,1) = e{a — S,) and thus equality must hold in (3). There-
fore s, = a**'/e, (@ — S;) for k > k, and, for k sufficiently large,

xk«)-l a/.k

= - =
c{a — S,c) Cr—(@ — S;_y)

Sk+1 =

TSy .

THEOREM 5. Let 0 < B8 <1 and let x be a positive tnteger. Then
there exvists a unique sequence of positive integers {Sy, S, S, «--} such
that s, = xs,_, for k= 1 and B = 3.2, 2% /c; where ¢; = T1E, (s; + 1).

Proof. Define

and, for & > 0,

ka,-l

W1
Spy1 = [C—k(—ﬁ;——&c)—] ) Cit1 = (8421 + ey, Siii =S, +

Cr+1
Then, in the same manner as inequality (3) was obtained, we have

(B — Siiy) S (B —8S,) .
Thus
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xk-}—l xk+1

SO i P
o (B — S) ¢ 1(B — S;_y)

= x( ck_l(,ex—k- S,H)> —1>ws, —1.

Since s,., and xs, — 1 are integers, it follows that s,,, = xs,. Also
from the definition of s,.,,

xk-{-l _ 1 < s < .’I}k+1
(B — S)) T eB =8y
Therefore
k+1 k+1
S, < Spi =8, +% <SS, +—*r
¢S P k+0k+1<18— k+ck(B_Sk)

Thus from Theorem 4 (i), 8 = 3.2, 2'/¢;. The uniqueness of the se-
quence {s,} follows from Theorem 4 (ii).
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