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PRIMARY ABELIAN GROUPS MODULO
FINITE GROUPS

RoNALD J. ENSEY

Let .7 be the category of Abelian groups, % the Seérre
class of finite Abelian groups, and form the quotient category
| & . The purpose of this paper is to find a complete set
of invariants for direct sums of countable reduced p-groups,
such groups being considered as objects of the category
| & . Specifically, it will be shown that two direct sums
of countable reduced p-groups G and H are isomorphic in
7| & if and only if

fe(a) = fa(a) for almost all ordinal numbers «,
and

fela@) # fa(a) implies max (feo(a), fr(@) < ¥Wo.

The objects .of the quotient category .7 /<~ where <& is any
Serre class of .o~ are just the objects of .. A description of
Hom &7/ <2 (G, H) for objects G and H of .o/ can be found in
[5]. Such a description is omitted here since two Abelian groups G
and H are isomorphic in &7/ < if and only if there exist subgroups
S and A of G, and T and B of H such that S/A =~ T/B in % and
G/S, A, H/T, Be . (See 2.3 and 2.4 in [5].) Consequently all
computations can be made in .97 the category of Abelian groups. In
particular the words group and homomorphism will always mean Abelian
group and .9 -homomorphism, respectively. For a proof that v /&
is an Abelian category, see [3].

The following is immediate.

ProposiTiON 1. If two groups G and H are isomorphic in the
category 7|7 , then either |G| = |H| or max (|G|, | H|) < Ro.

Let G be a reduced p-group, and leta be an ordinal number.
Define p*G inductively as follows: 2°G = G, p°G = p(p*'@) if a — 1
exists, and p°G = N, p°G if a is a limit ordinal. The dimension
fe(a) of the vector space (p*G)[p]/(p*+'G)[p] is called the ath Ulm in-
variant of G. Define G* inductively as follows: G° = G, G* = p*(G*™)
if & —1 exists, and G* = N, G’ if a is a limit ordinal. Since G is
reduced, there is a least ordinal 7, |7| < |G|, such that G° = 0. The
quotient groups G*/G**!, a < 7, are called the Ulm factors of G. All
the Ulm factors except possibly the last, if it exists, are unbounded.
An element x € G has height a in G if ze p*G, but z ¢ p*'G. Ulm’s
theorem states that two countable reduced p-groups are isomorphic if
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and only if their corresponding Ulm factors are isomorphic, or equiv-
alently, if and only if they have the same Ulm invariants. This result
has been extended to direct sums of countable reduced p-groups by
Kolettis in [4]. The author has shown in [1] that two direct sums of
countable reduced p-groups G and H are isomorphic in the quotient
category /<7, where <& is the Serre class of bounded groups, if
and only if there is an integer %k = 0 such that for all ordinal num-
bers a and integers r = 0

S5 fule + b +3) S 3 fula + 9)
and

35 fule + k+3) <3 fula +9)

Since the Serre class of finite groups is a subclass of the Serre class
of bounded groups, it is natural to ask how the above conditions must
be strengthened to characterize isomorphism in ./ % . That is the
intention of this paper. Any unexplained notation or terminology will
be that of Fuchs in [2] with the exception that G -+ H will denote
the sum of G and H while G @ H will be the direct sum.

LEMMA 2. Let S be a cofinite subgroup of a reduced p-group G.
Then there is an tnteger n = 0 such that fy(a) = fs(a) for all ordinal
numbers a = n.

Proof. Since S is cofinite in G, write G/S = {x, + S, ---, z, + S}.
Let » =0 be an integer such that p"x; =0 for ¢t =1,.-.,7. Let
pyep"G. Then y + S =x; + S for some 7 among 1, --.,7. Thus
y —x;€8 and p"y = p"(y — ;) € p"S. Hence p"G = p™S and fy(a) =
fs(a) for all ordinal numbers a = n.

LEMMA 8. Let S be a cofinite subgroup of a reduced p-group G.
Then for any integer n = 0, fe(n) = fs(n) or max (fs(n), fs(n)) < Ro.

Proof. Let f:(p"S)[pl/(p""'S)[p] — (»"@)[p]/(»"*'G)[p] be the homo-
morphism induced by the natural injection S— G. Then Ker f =
(@*S)[pl N (P*"'G)[pD/(»*"'S)[p] and | Ker f| < | (p"*'G)[p]/(»**'S)[p] | =
| (**'G[p**'S)[p]| < [p""'G/p"*'S| = [G/S|. Also Imf = ((»"S)[p] +
("' @)[p])/(@™*'G)[p] and | Coker f| = | (p"G)[p]/((@"S)[p] + (@ "'G)[P]) | =
[ (@"@)[pl/(*S)Ip]| = 1G/S|. Thus (p"S)[pl/(p"+'S)[p] and (p"G)[pl/
(p"*"'G)[p] are isomorphic in &/ % . The lemma now follows from
Proposition 1.

LEMMA 4. Let B be an ordinal number, and let A be a subgroup
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of a reduced p-group G such that A contains no elements of height
B or B+ 1, the heights taken in G. Then fg¢.(B) = fe(B). In par-
ticular if A is a finite subgroup of G, then fg (@) = fo(a) for almost
all ordinal numbers a.

Proof. Let {x; + A + (p**'G + A)/A)[p]}; be a basis of
(@°G + A)/A)[p][((@*+'G + A)/A)[p]

with ;€ p’G for each 7el. Then pz;ep**'GN A, and since A has
no elements of height 8 + 1 in G, px; € p*+*G. Write px; = pz; where
z;€ p’*'G. Then z; — z;€ (p°G)[p], but x; — z; ¢ (P**'G)[p]. Also x; —
z + A+ (0*'G + A)/A)[p] = = + A + (*'G + A)/A)[p]. Let y; =
x; —2; for ieJ. Then {y, + A + ((p**'G + A)/A)[p]}; is a basis of

(p°G + A)/A)Pl/(P*H'G + A)/A)[p]

with y; € (p°G)[p] for each 2 € I. Suppose 3., r:¥; € (P*+'G)[p] for some
finite subset J S I. Then >, ry; + Ac((»**'G + A)/A)[p]. Thus
p|r; for each i€ J and {y; + (p**'G)[p]}; is an independent subset of

P*@)[p]/(@*+'G)[p]. Hence f4.(B) = fo(B).

Let {x; + (p*"'G)[p]}x be a basis of (p’G)[p]/(»*+'G)[p]. Suppose
Siez 8i; + Ae (PG + A)/A)[p] for some finite subset L & K. Then
Sicrsa; + A=px + A for some zep’G. Now ¥y = D, s —
pxep’G N A. Since A has no elements of height 8 in G,y e p**'G.
So

ieZLSixi e (p*G)[p] ,

and p|s; for each 1€ L. Thus {x; + 4 + (p**'G + A)/A)[p]}x is an
independent subset of ((p*G + A)/A)[p]/(p**'G + A)/A)[p]. Hence
Je(B) = fo14(B).

LEMMA 5. Let G be a reduced p-group with finite subgroup A.
Then for any ordinal number a,fo(®) = fga) or max (fya),

Fa14(@) < Ro.

Proof. The projection G — G/A induces a homomorphism

F 1 (0*@)pl/(p°HG)[p] — ((p°G + A)/A)[p]/(p*"'G + A)/A)[p] .
The kernel of f is ((p"G)[p] N (p*"'G + A)[p])/(p**'G)[p] and therefore

|Ker f| = | (0*"'G + A)lpl/(p*"'Glp] | = [(2*7'G + A)/p*"'G)p] |
= (G + A)/p*"G| = [A/pGNA| = [A].

Also Im f = ((p°G)[p] + p**'G + A)/A)[pl/(p°+'G + A)/A)[p], Coker f
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= ((p*G + A)/A)[p]/((p°G)[p] + »**'G + A)/A)[p], and |Cokerf| =<
[(°G + A)/A)p)/(p°G)[p] + A)/A)[p]|. Let x + A,y + Ae((p°G +
A)/A)[p] with z,yep*G. Then px,pyecA. If px = py, then & —
ye(@@[pl,x —y + Ae (p°G)p] + A)/A)p],andz + A + (»°G)[p] +
A)/A)p] =y + A+ (p°P)p] + A)/A)p]. So |[Cokerf| = |((p°G +
A)A)[p]/((p*@)[p] + A)/A)[p]| = |A|. Hence (p°G)[p]/(p*+'G)[p] and
("G + A)/A)[p]/(p*"'G + A)/A)[p] are isomorphic in &/ . The
lemma now follows from Proposition 1.

LEMMA 6. Let B be an ordinal number, and let G and H be
countable reduced p-groups such that
(i) fo(a) = fu(@) for all ordinal number a + B, and

(i) max (f5(8), fu(B)) < RNo-
Then G and H are isomorphic in | .

Proof. Take fo(B) = fx(5), and let k£ = 0 be an integer such that
fe(B) = fu(B) + k. Write B=wvy+n, n=0. Then G, = H, P
> C(p™*) where G, = G7/G™ and H, = H'/H™*'. Suppose H, is finite.
Then so is G,. Moreover, G/G" = H/H’, and so G and H are isomor-
phic in %7/ . Assume H, is infinite, For each a < v, write H, =
L. M, where L, and M, are unbounded and |L,| = |M,| = |H,|.
Let L be a countable reduced p-group whose Ulm factors are H, for
a =7 and L, for a <. (Such a group exists by Zippin’s lemma.)
Let M be a countable reduced p-group whose Ulm factors are M, for
a<vand M, = >, C(p""). Then LEM =G and L P (M/M") = H.
Hence G and H are isomorphic in &7/ & .

LEMMA 7. Let B be an ordinal number, and let G and H be
direct sums of countable reduced p-groups such that
(i) fe(a) = fu(a) for all ordinal numbers a + B, and

(if) max (fe(B), fu(B)) < Ne.
Then G and H are isomorphic in & | F .

Proof. Let G= 3..X; where | X;| =< W, for each ne 4. Let
Ay ={Ned|fr,(B) =0}, and let X = >},.,, X,;. Since f4(B) is finite,
|4 — 4,] < Y. There is a countable reduced p-group Y with fy(a) =
fx(a) for a =+ B and f1(B) = fx(6). By Lemma 6, X and Y are isomorphic
in &/ . Hence 3,., X; D X and >,;.,, X, P Y are isomorphic in
| F . But G =3, X, Xand H=3,.,X;® Y. HenceG and
H are isomorphic in &/ .

THEOREM. Let G and H be direct sums of countable reduced p-
groups. Then G and H are isomorphic in 7| F if and only if
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(i) fe(@) = fula) for almost all ordinal numbers «,

and
(il)  fola) # fu(@) implies max (fo(a), fu(@)) < WMo

Proof. That (i) and (ii) are necessary follows from Lemmas 2,
3, 4, and 5. That (i) and (ii) are sufficient follows from a finite
number of applications of Lemma 7.
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