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EXTENSIONS OF PSEUDO-VALUATIONS

JAMES A. HUCKABA

Let w be a pseudo-valuation defined on a commutative
ring R and let S be an overring of E. This paper investigates
conditions needed to imply that w can be extended to S. These
conditions are given in terms of a particular sequence of ideals
{A;};iz, in R which is called the best filtration for w. The
main theorem states that if w is a pseudo-valuation on R with
best filtration {A;} and each A; is a contracted ideal with re-
spect to S, then w can be extended to S. The converse of
this result is then proved.

By using our main theorem and some recent results by Gilmer
[1], we show in several important cases that if S is an overring of
R and w is any pseudo-valuation on R possessing a best filtration,
then w can be extended to S. In particular, if R is a Priifer domain
with quotient field K and if S is an overring of R such that SN K = R,
then w can be extended from R to S.

We begin in §1 by defining and developing properties of a best
filtration and determining classes of pseudo-valuations which have
best filtrations. The main results and applications are then proved
in §2.

1. Filtrations. All rings are commutative, associative, and have
identity. If S is an overring of R, we assume that S and R have
the same identity. A pseudo-valuation on the ring R is a mapping
w from R into the extended real number system such that:

(1) w(0) = e, w() =0,

(ii) w(r — y) = min {w(z), w(y)},

(iii) w(xy) = w(x) + w(y), for each =,y e R.

w is called a homogeneous pseudo-valuation in case:

(iv) w(z®) = 2w(x) for each xc R.

w is called a valuation in case:
(v) w(ry) = w(x) + w(y) for each x, y c R.
Pseudo-valuations were first introduced by Rees [3]. Rees proved in
[3] that (iv) is equivalent to the condition that w(z") = nw(x) for
each positive integer n and for each xze¢ R. These functions arise
quite naturally in ring theory. If A is a proper ideal of R, define
v2) =n if xe A", x¢ A** and v, (x) = o~ if xe A" for all n. Then
v, is a pseudo-valuation. We say that v, is associated with the ideal
A. A sequence of ideals {A4;}, of R such that 4, = R, 4,,, C 4;, and
AA;C A;y; for all 4 and j is called a filtration on R. Notice that
the nonnegative integral powers of an ideal A of R forms a filtration,
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where A° is defined to be R. Also note that any filtration {A,} deter-
mines a pseudo-valuation in exactly the same manner that the powers
of an ideal A determines v,. For an arbitrary pseudo-valuation w on
R and a subset T of R, define w(7T) = inf {w(t): te T}.

DerFINITION 1. If w is a pseudo-valuation on R, define

A =R

A; = {weR:wkx) > wd:._)},
if w(4;_) < co.

A=A, if w(di) = oo

(1.1)

Each member of the sequence {A;} is an ideal of R. The sequence
defined by (1.1) has the property that 4,04, 0 4,>---. A, is not
necessarily a proper subset of A;, as will be shown in Examples 1
and 2. Also note that for a given pseudo-valuation w, {x € R: w(x) =
o} N A;. The following example shows that there exists pseudo-
valuations such that the sequence defined by (1.1) is not a filtration.

ExAampPLE 1. Let % be an ideal of a ring R in which A’ 29+
for all . Define a sequence of ideals {B;} as follows: B, = R, B, = 2?,
B,=9,B, =B, =%, and B; = A'(4 = 5). Then {B;} is a filtration
in R and determines some pseudo-valuation w, where w(z) = n if
xeeB,, ¢ B,,,and w(x) = « if e NB,. Now use Definition 1 to define
A; with respect to w. We obtain A, = B,(1=0,1,2,3) and A4; =
B;,.(i =4,5,---). But {4} is not a filtration, since (4, ZA..

DEFINITION 2. Let w be a pseudo-valuation on R and let {4} be
defined by (1.1). If {4} is a filtration in R such that « € N A, if and
only if w(x) = oo, then {A4,} is called a best filtration for w. Let B(R)
denote the class of all pseudo-valuations on R which have a best
filtration.

Example 1 then implies that there are pseudo-valuations which
do not have best filtrations. It is clear from the definition that if w
has a best filtration, then it is unique. From now on we will talk
about the best filtration for w.

ExXAMPLE 2. Let w be a pseudo-valuation on R and let {4;} be
the sequence defined by (1.1). It is possible for {4;} to be a filtration
in R, yet not be the best filtration for w. Let v be a real valued
nondiscrete valuation on a field K and consider v as a pseudo-valuation
on its valuation ring R,. Since the value group of v has no smallest
positive element, v(4,)) = 0. Then A, = {xe R: v(x) > v(A) = 0} = A,.
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By induction, we see that A, = A, for each 7 = 1. Hence the sequence
{A;} is such that A4, 2 A, = A, = ---. Therefore v¢ B(R). However,
it is clear that {4;} is a filtration.

We will be interested only when the sequence defined by (1.1) is
a filtration. This always happens in one important case.

REMARK 1. If v is a valuation on a ring R and if {4} is the
sequence of ideals defined by (1.1), then {4} is a filtration in R.

Proof. It is clear that A, D> A,., for each 7. Hence, to complete
the proof we need to show that A4;4;C A4,.; for all nonnegative
integers ¢ and j. We fix j and use induction on 4. Clearly 4,4, C 4,.;.
Assume that A;_A;C A;.;_,fori = 1. Letxec A;A4;, then x = > 7., a,b,
where a,€ A; and b, e A;. We may assume without loss of generality
that wv(a,) + v(b) = minj_, (v(a,) + v(b,)). Then v(x) = v(a,) + v(b).
Casel: If v(A;_)) < oo, thenv(a,) > v(4;_,)),and thus v(x) > v(A;_,) + v(4;) =
v(A;_,A;) =v(A;,;_)). By Definition 1, x € A4,,;. Case 2: If v(4;_,) = oo,
then v(x) = oo, which implies that x € A4;,;. Therefore A;4;C A,,;.

LEMMA 1. Let we B(R) and let {A;} be the best filtration for w.
Then:

(1) A; = A, if and only if w(A) = oo.

(2) Let xcA; and x¢ A;,,. Then yec A, and y¢A,,, if and
only if wx) = w(y). In fact, w(x) = w(4,).

(3) If ye A, and z¢ A,, then w(y) > w(z).

(4) If w(x) < oo, then there exists an integer i such that x € A,
and x¢ A,

Proof. (1) Suppose A; = A,.,. By induction we see that A, = A,.,
for each positive integer ¢. If w(A4;) < o, then there is an element
x e A, such that w(x) < . But 2 € N A; which implies that w(z) = o,
a contradiction. Conversely, if w(4,) = <, then A; = A,,, by definition
of the best filtration.

(2) First note that v € A;, x ¢ 4,., implies that w(x)=w(4;). If
yeA;, ye A, then clearly w(z) = w(y). Conversely, assume w(x) =
w(y). If ¢ =0, then w(y) < w(4,) and hence y is in A4,, but not in
A,. If + >0, then w(4,_) < w(A;). If equality holds, then A4, = A4,,,,
which implies that x e A4,,,. Therefore w(A4,_,) < w(4,), which implies
that ye 4;. Also y¢ A, for if so, then w(y) > w(4,).

(3) and (4) are clear.

The converse of the above result is also true.
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LEMMA 2. Let w be a pseudo-valuation on R and let {B;} be a
filtration in R satisfying properties (1)-(4). Then {B;} is the best
Siltration for w.

Proof. Clearly xe N B; if and only if w(x) = . Suppose that
w(B;_,) < . By properties (2) and (3) B; = {x € R: w(x) = w(B;)}.
Thus B;c{xe R: w(x) > w(B;_,)}. On the other hand, suppose that
w(x) > w(B;_). If w®) = «, then x e N B, and hence zeB,. If
w(x) < oo, choose k& such that xeB, and z¢ B,.,. Suppose that
k<1—1, then B,D B;_,, so w(x) = w(B,) < w(B,_,), a contradiction.
So we must have k>4 — 1 and hence xeB,. Therefore B; =
{re R: w(x) > w(B;_)}.

By (1), if w(B,;_,) = «, then B,_, = B,.

We assume from now on that all pseudo-valuations w which are
considered have the property that there exists at least one x such
that 0 < w(x) < .

LEemMmA 3. (a) If w is a homogeneous pseudo-valuation on R and
of {A;} ts the sequence of ideals defined by (1.1), then w(A4,) < « for
each 1.

(b) If w is a pseudo-valuation on a ring R and if {A;} 1is the
sequence of tdeals defined by (1.1) such that each A; is finitely
generated, then w(A; ) < o implies that w(4;) > w(4;_,).

Proof. (a) Suppose, to the contrary, that 7 is the smallest positive
integer such that w(4;) = . Since w is nontrivial, ¢ = 2. Choose
xedA;_,x¢A;. Then 0 < w®) < «, and w(@® > w(@) = w(A;_,), SO
2*e A;. But, w(4,) < w(@?®) = 2w(x) < o, contradicting the assumption
that w(4,) = .

(b) Let a, ---,a, be a basis for 4;. Choose a, such that w(a,) =
min {w(a,), - -+, w(a,)}. Then w(4;) =w(a,). Sincea, e A;, w(a,) > w(4;_,)
and therefore w(4;) > w(4;_,).

The following theorem shows that there are many pseudo-valuations
with best filtrations.

THEOREM 1. (1) Any pseudo-valuation associated with an ideal
1s in B(R). More generally, any pseudo-valuation determined by a
Jfiltration {B;}, where B; = B, implies that B; = B,., for each positive
integer k, is in B(R).

(2) If the sequence {A;} of ideals defined by (1.1) is a filtration
and if lim,,., w(4;) = o, then we B(R). Both of these conditions are
satisfied if w 18 a valuation on R and R is noetherian.
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(3) A pseudo-valuation w on R such that the range of w is
equal to the set of all multiples of some positive real number t > 0
18 in B(R). This tncludes all integrally valued homogeneous pseudo-
valuations w such that there is an x € R for which w(x) = 1.

(4) All integrally valued pseudo-valuations and pseudo-valuations
on a noetherian ring such that (1.1) forms a filtrations are in B(R).

Proof. (1) Clear.

(2) Let w and {A;} satisfy the hypothesis of the first statement
of (2). Clearly w(x) = «~ implies that x € N A;. Let v € N 4;, then
w(x) = w(A4;_,) for each 7. Since lim; . w(4;) = oo, w(x) = oo.

We will now prove the second statement of (2). Let v be a
valuation on a noetherian ring R. By Remark 1, the sequence of
ideals {A4;} defined by (1.1) is a filtration in R. We need to show that
lim; .. v(4;) = co. Consider a basis {y,, ---, y,} for the ideal A,. Let
v(y,) = min {v(y,), +-+, v(y,)}. Then y, is an element of R with the
property that »(y,) = ¢ is a minimal positive element in the range of
v. Assume that lim,.. v(4;) = ¢t < «. By Lemma 8 (b), v(4;) > v(4;_,)
for each 7. Thus we can choose a sequence {z;} € R so that v(z;) = a;
where (t—¢) < a,<a,< ---, and each a; <¢. Let B be the ideal
generated by {x;}. Since R is noetherian there exists a positive integer
n so that {x,, ---,2,} is a basis of B. Let p > n, then x,€ B and so
x, = > a;, ;€ R Thenv(x,) = min {v(a,), - - -, v(a,x,)}. Letv(a,x;)
be this minimum. Casel: If v(a;) # 0, then v(x,) = v(a;) + a; =€+ a; = ¢,
which is a contradiction. Case 2: If v(«;) = 0, then v(x,) = a, > a; =
v(x;) = v(a,;x;). By properties of a valuation, v(a;x;) = v(a,x,) for some
E<m,k+j. Sincev(x;) # v(x,), v(a,) # 0. Hence, v(x,) = v(a,) + a, = ¢,
a contradiction. This proves that lim,_., v(4;) = .

(8) Define B, = R and inductively, B; = {x € R: w(x) = ¢-t}. The
sequence {B;} satisfies the hypothesis of Lemma 2 and is a best filtration
for w.

(4) The first part is clear. For the second part use the same
technique as in (2).

2. The main results. The following notation will be used in
this section. Let S be an overring of R. If Ais an ideal of R, then
the extension of A to S, A-S, will be denoted by A°. If B is an ideal
of S, then the contraction of B to R, BN R, will be denoted by B°.

THEOREM 2. Suppose that S is an overring of R, w,c B(R), and
{4;} is the best filtration for w,. If each A; is a contracted ideal
with respect to S, then w, can be extended to S.

Proof. Define B; = A; for each ¢. Then {B;} is a filtration on S.
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Define a mapping w on S as follows: w(x) = w,(4;) if xe B;, x¢ B,.,
and w(x) = o if ©x € N B;., We will show that w is a pseudo-valuation
on S which extends w, to S. Property (i) of the definition of pseudo-
valuation is obviously satisfied. Suppose that x€ B;, z ¢ B;,, and y € B;,
y & B;,,. Without loss of generality, assume that ¢ < j. Thenx — y e B;
and hence, w(x — y) = wy(4;) = min {wy(4;), wy(4;)} = min {w(z), w(y)}.
Similarly if either xeB; for all 4 or yeB; for all j, then
w(r — ¥) = min {w(z), w(y)}. This proves property (ii).

Finally, we wish to show w(xy) = w(x) + w(y). Again let z e B,
¢ B;., and ye B;,y ¢ B;,,. Then zye B,B; C B,,;, so that

w(@yY) = wo(A;yj) .

If wy(A) + wo(4,) < wy(A;,,), then w(xy) = w(z) + w(y). On the other
hand, if w,(4;) + wy(4;) > w(4;,;), there are two cases to consider.
Case 1. Suppose there is a positive integer ¢ such that

wo(4;) + wo(Aj) = wo(Aivite)

but w,(4;) + wy(4;) > w(A;+;1:1). Then AA;CA;.;.,, and hence
B;B;C B;,;,,. Since xyec B;B; C By, w(ay) = w(z) + w(y). Case 2:
Suppose that w,(A4;) + w,(A4;) > wy(A;.;..) forall ¢, Then wy(A4;4;) > w,(4,)
for all %, which implies that A;A; c A, for all k. Hence,

ry € AsA; C (Nis 4)° S Nie (A7) = Ne= By

Therefore w(zy) = «~ and w(ry) = w(x) + w(y). When either x € N B,
or y € N B, clearly w(xy) = w(x) + w(y) = . This proves property
(iii), showing that w is a pseudo-valuation on S.

It is easy to see that w extends w,. Take ze R. If z€ A;,z¢ A;.,
then by Lemma 1, w,(z) = w,(A4;). Clearly ze B;,. Suppose ze B,.,,
since z is also in R, z€ A,.,** = A,;,, a contradiction. Therefore z ¢ B;,,,
and hence w(z) = w,(4;). If z e N A;, then z € N B; which implies that
wy(z) = w(z) = oo.

A subring R of a ring S is said to have property C with respect
to Sin case each ideal of R is a contraction of an ideal in S. In [1],
Gilmer shows that in several cases, if S is an overring of R which
is integrally dependent on R, then R has property C with respect to
S. Using Gilmer’s theory we obtain several applications of Theorem
2, which are listed in the corollaries below. A Priifer domain is a
domain R with identity in which each finitely generated ideal is in-
vertible, or equivalently, in which R, is a valuation ring for each
prime ideal P in R. An ideal A of a ring R is called a wvaluation
ideal in case there exists a valuation ring R, containing R and an
ideal B of R, such that BN R = A.
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COROLLARY 1. Suppose that R is a Priifer domain with quotient
field K and that R is a subdomain of R,. If RN K = R, then every
w € B(R) can be extended to R,.

Proof. By [1; p. 563, Corollary 2], R has property C with respect
to R,. Then each ideal in a best filtration for w is a contracted ideal
with respect to R,. By Theorem 2, w can be extended to R,.

COROLLARY 2. Let R be a domain, let we B(R), suppose that R,
1s integral over R, and let {A;} be the best filtration for w. If each
A; is an intersection of valuation tdeals of R, then w can be extended
to R..

Proof. Apply [1; p. 564, Th. 2] and Theorem 2.

It is known that if R is an integrally closed domain, A is a
complete ideal in R if and only if A is the intersection of valuation
ideals. Now let R be an integrally closed domain with quotient field
K, L a finite algebraic extension of K, and R’ the integral closure
of R in L. By [1; p. 569, Th. 6] and Theorem 2, we have:

COROLLARY 3. If R’ has an integral basis over R and if w e B(R),
then w can be extended to R’.

THEOREM 3. Suppose that R is a subring of the ring S and
suppose that w, is a pseudo-valuation on R which has an extension
to a pseudo-valuation w on S. If a belongs to the set of extended
reals, then the ideals A, = {x € R: wy(x) > a} and B, = {x € R: wy(x) = «}
are contractions of ideals of S.

Proof. A, is the contraction of A, = {xe S: w(x) > a} and B, is
the contraction of B] = {x e S: w(z) = aj.

The converse of Theorem 2 is also true.

THEOREM 4. Let S be an overring of R, let w,e B(R), and let
{A;} be the best filtration for w, If w, can be extended to S, then
each A; is a contracted ideal with respect to S.

Proof. Apply Theorem 3.
COROLLARY 4. Suppose w, € B(R) can be extended to some w on
R,, where R, is a wvaluation ring. Then each ideal in the best

Siltration of w, is a valuation ideal.

REMARK 2. Let R be a domain with quotient field K and w, a
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nonnegative pseudo-valuation on R. (Nonnegative pseudo-valuations
were the most important types of pseudo-valuations studied in [2]
and [3]). w, can always be extended to a nonnegative pseudo-valuation
w on a subring R’, where RC R'C K, in the following way. Let M
be the set of ye R such that w,(y) < o and wy(xy) = w(x) + w,(y)
for all xe R. Then M is a multiplicative subset of R not containing
zero. Hence we can form the quotient ring of R with respect to
M, R,. A function w’ can be defined on R, by w'(x/y) = wy(x) — wo(y).
w' is not necessarily nonnegative. However, if R’ = {z € R,: w'(z) = 0}
and w is the restriction of w’ to R/, then R’ is a ring and w is an
extension of w, to R'. R’ is called the natural domain of w, This
type of extension was discussed and used in [2].

I would like to express my gratitude to the referee for his many
suggestions on this manuseript. In particular, I would like to thank
him for his suggested statement and proof of Theorem 3.
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