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ON THE INVERSION FORMULA FOR THE
CHARACTERISTIC FUNCTION

T. KAWATA
In the inversion formula

v

T —ixt ___
Flx) — F(0) = lim ig =1 apar
T—oo _r —at

for the characteristic function f(¢) of a distribution function
F(x), the limit of the symmetric integral is used. The purpose
of this paper is to give a necessary and sufficient condition for

T
the existence of the asymmetric improper integral lim S on

7,70 ) _q

the right of the above formula.

Let F(x) be a probability distribution function and f(¢) the cor-
responding characteristic function,

1.1) f(t) = r ¢ dF(z) .

—o0

We assume in this note that F(x) is standardized so that
1.2) F(z) = 3[F(x + 0) + F(x — 0)] .
The well known inversion formula states that

(1.3) F(z) — F(0) = lim iST =1
T—e 27T )T —1t

for every —co < < oo,
It is also known that the symmetric integral of the right hand

T
side cannot be replaces by the improper integral lim S (T, T' going
T,T'—00 ) —T"

to infinity independently).
Actually we may easily see that

and

and hence __1_§T _e;zxt___l_
2w J-r

- = f(t)dt cancels out its imaginary part.
The real part (1.4) always converges to 3[F(z) — F(0)]. This gives
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the proof of (1.3). (See [1], pp.263-264).

However the imaginary part (1.5) does not necessarily converge
without some condition on F(x). This is why the limit of the sym-
metric integral in' (1.3) cannot be replaced by the general improper
integral.

2. The condition for the existence of the improper integral.
We shall give the necessary and sufficient condition for the existence
of the limit of (1.5).

THEOREM 1. In order that the limit of (1.5) when T — oo exists,
1t s mecessary and sufficient that the integral

@2.1) lim SlG(“’ n) = 6w, 0) g,
wU

exists where,
(2.2) Gu,x) = Flu +2) — F(—u + 2)

and vf (2.1) exists

2.3) lim Im(—zl—gj—(ii—ti—l—f(t)dg _ S:"G(u, v) — G, 0 4.,

T—oo T 4

It must be noted that the integral of the right hand side of (2.3)
exists in the neighborhood of the infinity. In fact G(u, ) — G(u, 0) =
[F(u + 2) — Fw)] — [F(—v + @) — F(—w)] and F(u + ®) — F(u)e L,
(— o, ) for every fixed z.

We shall now prove the theorem.

Let

I, T) = Im(%&jﬂ—%—l—ﬂt}dt) .

We then easily see that

0 T 3 o — —
I, T) = _LS dF(u)& sin xt sin ut (lt cos xt) cos ut dt
cos (u — fc)t — cosut dt

o)),
_ S dF(u)g dtg sin vtdv
|\ arw), =

— cosvT 1 —cosvT ,

dF(u) v
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" Lo e 0T go{ ™ ar)
2 J—o v v
= —LS“[G(v, %) — G(v, 0)]——-——1 —cosol 4
21 Jo v
As was mentioned before, G(v, ) — G(v,0)€ L,(— o, ). Hence the
Riemann-Lebesgue lemma shows that

lim SN[G(Q), %) — G(o, 0)]%7’101@ =0

T—oo

for any ¢ > 0. Therefore we may write

Iz, T) = S: Glv, ») ; G, 0) (1 — cos vT)dw
{2.4)

+ |62 = 600 gy 4 o)
€ v

as T — o, for a fixed ¢ > 0.
Now we shall show the sufficiency of the condition of the theorem.
Let ¢ > 0 be arbitrary but fixed. Write

[(C0.9) = 6.0 g
0 v

—cos vT)dv
(2.5)

yr H
ZS +S :K1+K2;
1T

0

say. We have

K= (160, - G, 0 L= g
(2.6) ° / v
1T
< CTS |G, ©) — G(v, 0) | dv ,

for some constant C.

lim, . [G(v, ) — G(v, 0)] exists since F' is nondecreasing and it
must be zero, otherwise (2.1) does not exist. Hence the last expression
converges to zero.

(2.7 K =o0l), as T— .
Next write
(2.8) 1) = G(v, &) — G(v, 0) .

Choose ¢ such that |y(v)| < ¢ for |v] < ¢ for an arbitrary chosen é.
Since y(v)/v is of bounded variation in [1/T, ¢], we have, using the
second mean value theorem,
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K2=SE

1T

= Se -l(vﬂ-dv — Tx(%);; cos vTdv — X(“f)g cos vTdv

1T

—Mdv — Se @) cos vTdv
v Ur

for some 1/T < & < &. Thus
" x) <o (1
‘Kz SI/T . dvl < 2x< T) +2y(e) < 40
Therefore from (2.4) and (2.5)

2.9) lI(x T) — ;ﬂg:TMdv‘ < %f_ + o).

This shows the sufficiency of the condition of the theorem and gives
(2.9).

We shall next show the necessity. Define y(v) as before. We see
that y(v) has the limit ¢ as v — +0. If ¢ == 0, then from (2.4)

I(x, T) — CSE—LM——d?}
v

S [x(v) — el — cosvT) +S O g 1 o(1) .
0 v

The first integral of the right hand side is handled in the same way
as in deriving (2.6) and (2.9) with x(v) — ¢ in place of

x(v) = Gv, 2) — G(v,0) .

Actu:/a,Tlly instead of (2.6) we see that K, with ¢(v) — ¢ is bounded by
1
CTS | x(v) — ¢|dv which is o(1). In place of (2.9) we have

0

(2.10) Iz, T) __S 1—cosvTy, 1 S 1) — ¢ g,
21 Jo v 2 Jur v
27r

where C, is some constant.

@.11) Sel:_"'(ﬂdv - 25”_5@_7_’@_01@ > C,logeT,
0 v v

0

where C, is an absolute constant. Choose ¢ for an arbitrary given
N < C, so that |y(v) —¢| <7 for 0 < v <e. Then

2.12)

SE _X_(ﬂ).v_f_f_dv’ <7nlogeT.
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Hence if I(x, T') has a limit as T — co, then in view of (2.11) and
(2.12), (2.10) implies a contradiction. Hence we have that ¢ = 0.
Using (2.10), this yields

Iw, T) — o= SZ /Cf;’) dvi <0+ o(l) .

This proves the necessity of the condition.
3. Remarks. From Theorem 1, we immediately obtain

THEOREM 2. In order that

lim _l_ST e =1 apyar

T,71—ee 2T -t —14T
exists, it 1s necessary and sufficient that (2.1) exists for ¢ > 0. (The
limit is F(x) — F(0)).

Similar arguments apply to the integral

3.1) Jiw, T) = S f(t)e SO gt and T, T) = S I@_‘ii_— .
-r 4
We easily see that J, and .J, are conjugate complex. We may
show that in order for J(z, T) or Jz, T) to converge as T — oo,
it is necessary and sufficient that

(3.2) ety "uﬂ—“ 9 gy < oo

for some ¢ > 0.
(3.1) implies that

(3.3) lim _LST ft)e==dt = 0
Tooo Q7T J—T
which is very well known when Fl(x) is continuous at z. (3.1) says
more than this about the improper integrability of f(¢) near infinity
with the additional condition (3.2) on F(x).
The sufficiency of (8.2) for the existence of the limits of (3.1)
was proved in [2] before.
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