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A CHARACTERIZATION OF PERFECT RINGS

VLASTIMIL DLAB

J. P, Jans has shown that if a ring R is right perfect,
then a certain torsion in the category Mod R of left R-modules
is closed under taking direct products. Extending his method,
J. S. Alin and E. P. Armendariz showed later that this is true
for every (hereditary) torsion in Mod R. Here, we offer a very
simple proof of this result. However, the main purpose of this
paper is to present a characterization of perfect rings along
these lines: A ring R is right perfect if and only if every
(hereditary) torsion in Mod R is fundamental (i.e., derived
from “prime” torsions) and closed under taking direct products;
in fact, then there is a finite number of torsions, namely 2"
for a natural number n. Finally, examples of rings illustrat-
ing that the above characterization cannot be strengthened are
provided, Thus, an example of a ring R; is given which is
not perfect, although there are only fundamental torsions in
Mod R;, and only 4 = 22 of these. Furthermore, an example
of a ring R, is given which is not perfect and which, at the
same time, has the property that there is only a finite number
(namely, 3) of (hereditary) torsiens in Mod R., all of which are
closed under taking direct products, Moreover, the ideals of
R, form a chain (under inclusion) and Rad R, is a nil idem-
potent ideal; all the other proper ideals are nilpotent and R,
can be chosen to have a (unique) minimal ideal.

In what follows, R stands always for a ring with unity, <& for
the set of all left ideals of R and Mod R for the category of all (unital)
left R-modules and R-homomorphisms. Given Le . and peR, L: p
denotes the (right) ideal-quotient of L by p, i.e., the left ideal of all
yx € R such that yoe L. We shall call a subset 2% of &~ a Q-set if
it is closed with respect to this operation, i.e., if Ke. 2% and poeR
implies K:pe . 27; obviously, & and {R} are the greatest and the
least @-sets, respectively. Thus, a topologizing idempotent filter
(briefly, a T-set) of left ideals of P. Gabriel [4] is a Q-set .27 satis-
fying, in addition to the filter properties, also the following “radical”
condition: If L is a left ideal of R such that L:xec .2 for every
element £ of Ke 97, then Le 27, as well.

By a torston T in Mod R we shall always understand a hereditary
torsion; thus, a torsion T in Mod R is a full subcategory of Mod R
such that

(@) T is closed under taking submodules,

(b) for every M e Mod R, there is the greatest submodule (the T-
torsion part) T(M) of M belonging to 7 and
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() T(M/T(M)) = 0 for every M e Mod R.

As a consequence, every torsion in Mod R is closed under taking
quotients, direct sums and inductive limits. There is a one-to-one cor-
respondence between the torsions in Mod R and the T-sets of left ideals
of R:

If 2 is a T-set, then the class T(%") of all R-modules whose
elements have orders from .2 is a torsion in Mod R; on the other
hand, if T is a torsion in Mod R, then the T-set % (T) = {L|Le &
and Rmod L e T} satisfies T'= T[.22°(T)]. Given an R-module M, let
us always denote the T-torsion part of it by T(M).

Thus, given a torsion T, we can define the following two-sided
ideals I, and J,21I, of R:

L= N L

Le > (T)

and
JT/IT = T(R/IT) .

Using this notation, we can prove easily

ProPOSITION 1. The following four statements are equivalent:
(i) A torsion T in Mod R is closed wnder taking direct products.
(ii) For every subset & of o7 (T),

N Le 2o (T).

Les
(iii) I, e 27°(T)
(iv) J.=R.

Proof. The equivalence of (ii), (iii), and (iv) is trivial. Also the
implication (ii) — (i) follows easily; for, the order of an element of a
direct product is evidently the intersection of the orders of its com-
ponents. Finally, in order to show that (i) — (iv), we consider the
monogenic submodule of the direct product

II Rmod L
Leo (T)
generated by the element whose components are generators of R mod L;
it is obviously R-isomorphic to R/I,.

PROPOSITION 2. Let every proper (i.e., # R) two-sided ideal J
of R satisfy the following condition: There is £¢J such that, for
every o€ R with ok ¢J, there exists 0 € R with ook = k. Then every
torsion in Mod R is closed under taking direct products.
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Proof. Let T be a torsion and J, the two-sided ideal defined
above. Assume that J, + R. Thus, there exists £¢J, with the
properties stated in our assumption. Since

L = IT cJ T

Leo (T)

there is L,e 27 (T) such that k¢ L,. Hence
Lok =ReNL):kSJp &k,

and therefore J,: k € %7 (T), in contradiction to the fact that R/J, has
no nonzero element of order belonging to .2 (T'). Consequently, J, = R
and Proposition 2 follows in view of Proposition 1.

THEOREM A. If a ring R satisfies the minimum condition on
principal left ideals, i.e., if R 1is right perfect (¢f. H. Bass [2]),
then every torsion in Mod R 1is closed undertaking direct products.

Proof. Given an ideal J # R, consider the (nonempty) set of all
principal left ideals which are not contained in J; take a minimal
element K of this set, £ € K\J and apply Proposition 2.

REMARK 1. We can see eagily that if R satisfies the minimum
condition on principal left ideals, then every R-module M has a non-
zero socle; the latter property is, in turn, obviously equivalent to either
of the following two statements:

(i) Every monogenic R-module has a nonzero socle.

(ii) For every proper left ideal L of R, there is o€ R\L such
that L: p # R is maximal in R.

Before we proceed to establish the characterization of perfect rings,
left us introduced the following convenient notation and terminology.
Denote by %77~ S & the Q-set of all maximal left ideals of R (R itself
including). Obviously, for every We #~, W = R, the subset

{(W:plpeR}

is a minimal @-set contained in 97°. Denoting by 97, w € 2, all such
(distinct) minimal @Q-sets, it is easy to see that {77, | w € 2} is a cover-
ing of 97, i.e.,

W = LJ?% and 97, N %7, ={R} for w, # w,.
Furthermore, for every 2, = 2, put

o, = N s

1
weR
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of course, %7~ = W, and %, = %, for each we 2. Now, for every
2,02, denote the smallest T-set containing %75 by 77,F. It can be
easily shown (cf. [3]) that 97,* is the unique T-set ~-equivalent to
%5, in the sense that, for every proper left ideal Le 775/,

{L:plpe R} N7, + (R} .
As a consequence,
Haf N = Wy -

Let us call the torsions T(27,*), w € 2, the prime torsions in Mod R
and, more generally, torsions T(77;¥) corresponding to the subsets 2,
of 2, the fundamental torsions (i.e., derived from prime ones) in Mod R.

On the basis of the above characterization of the T-sets 77,7, one
can derive very easily the following well-known

PROPOSITION 3. For any ring R, all the fundamental torsions
T(7,F) in Mod R are distinct and form a lattice ideal of the com-
plete lattice of all torsions in Mod R, which is isomorphic to the
lattice 2° of all subsets of Q.

Proof. In order to complete the proof we need only to show that
every torsion T in Mod R contained in T(7# *) is fundamental. But
this follows from the fact that the T-set .o (T)< 97 * is evidently
~-equivalent to .%(T)N 2~ and since . (T)N W = ¥, for a
suitable 2, Q, we have, in view of the fact that there is unique T-
set ~-equivalent to 7773,

TE(T) = %)
as required.

REMARK 2. We can see easily that the assertion that every torsion
in Mod R is fundamental is equivalent to the assertion that o7 ™* = &,
which in turn is equivalent to any of the statements of the previous
Remark 1 (for, o7 * ~ 9#7).

Now, let us formulate the following

THEOREM B. Let R be a ring such that every fundamental torsion
wn Mod R is closed under taking direct products. Then R/Rad R is
semistmple (i.e., artinian); in particular, 2 is finite.

Proof. For each we 2, put
ws

I
s
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and notice that the intersection

RadR= N W

weR

is, according to Proposition 3, irredundant. For, 2#.* (for each w € Q)
and 97 * are the smallest T-sets containing W? and Rad R, respectively.

In order to prove our theorem, it is sufficient to show that the
socle of R/Rad R is the whole quotient ring R/Rad R; for, R/Rad R is
a ring with unity. First, observe that, in view of the fact that
Rad Re 97 *, the socle of R/Rad R is essential in R/Rad R in the sense
that it intersect every nonzero left ideal of R/Rad R nontrivially. Write

S/Rad R = Socle (R/Rad R)
with the two-sided ideal S2Rad B of R and assume
S+R.
Then, there is a (proper) maximal left ideal W of R such that
SESWcR;
and, We %7, for a suitable w, ¢ Q. Moreover, clearly

Sew) .

wy

Hence, since N, W is irredundant,

nw:= ( n Wizg) WS =Rad R ;

wFwy wFEw]

on the other hand, since Rad R SS W,

(n Wg)nS:RadR,

weR
w#wl

and thus
A W!=RadR,

weR
cu;é(ul

a contradiction.
The proof of the theorem is completed.

Now, the main result of the present paper, namely the character-
ization of perfect rings, follows straight forward from Theorem A,
Remarks 1 and 2, Theorem B and the fact that a (right) perfect rings
can be characterized as a ring R with unity such that every (left) R-
module has a nonzero socle and that R/Rad R is artinian (H. Bass [2]):
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COROLLARY. A ring R is right perfect if and only if all torsions
in Mod R are fundamental and are closed under taking direct products.

In conclusion, let us remark that the above characterization can-
not be strengthened, even if we take into account the additional con-
dition that there is a finite number of fundamental torsions in Mod R
(the fact which is a consequence of our characterization). To show
this, we present the following two examples of rings (which can easily
be generalized):

ExaMPLE 1. Let N be the set of all natural numbers, F' a field.
Denote by R, = R,(¥. F') the ring of all countable “bounded” matrices
over F, i.e., the ring of all functions f: N X N — F satisfying the
condition that there is a natural number 7, such that

f@,7) =0 for v = 7,1 >n, or j > n,
and
f@, %) =fn;, + 1, n, + 1) for all ¢ > #n,,

with matrix addition and multiplication. It is easy to verify that, for
every ne N,

C,={flfeR, and f(1,5) = 0 for j # n}
are minimal left ideals in R, and that the socle

S=@eC,

neN

of R, is a (two-sided) maximal ideal in R,; obviously, R,/S = F. Further-
more, 777 = {S, R} is a minimal @Q-set of left ideals of R,. Also, for
every ne N, the left ideals

W. ={f|fekR, and f(i,n) = 0}

are maximal in R, and belong to the same minimal Q-set 97;’. It is
easy to see that the set of all maximal left ideals of R,

W =7 UA,
and that there are 4 torsions in Mod R, all of them fundamental, namely
0 = T{RY)), TC#7*), T(%#,*) and Mod R = T(7 %) .

Only T(37,*) is not closed under taking direct products. Of course, R,
is not perfect.

ExAMPLE 2. Denote by @t the set of all nonnegative rational
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numbers endowed with the usual order <. Let F' be a field. Denote
by R, = R(Q*, F') the ring of all functions f: Q" — F such that the
support

Supf = {r|re@* and f(r) = 0}

is contained in a well-ordered (with respect to <) subset of @* which
has no finite limit point, with the addition and multiplication defined
by

(f1 + () = fulr) + fulr)

and

(fixf)(r) = te%jl(t) Sor — 1),
respectively.

It is a matter of routine to verify that R, is a (commutative) ring.
Now, for every fe R,, denote by r, the least nonzero rational number
such that f(r;) = 0. Moreover, for every tec @+, denote by f the
function of R, defined by

FO@) = jl for r =1¢,
|

0 otherwise .
Now, we can see eagily that, for every fe R,
F=Foraf,
where f(r) = f(r + r;) for reQ* (and thus, r; = 0). First, we are

going to prove the following

LEMMA. If feR, such that r; = 0, then there is g € R, satisfying
%3 =1 (= unity of Ry).

Proof. In order to ease the technical difficulties of the proof,
observe first that having a well-ordered subset S of @+ with no finite
limit point, we can consider the subsemigroup S of @+ generated by
S: S is again well-ordered and has no finite limit point. Hence, we
may consider, for a moment, that our function f is defined on a well-
ordered subsemigroup S of Q* with no limit point and try to find g
defined on the same set S, i.e., with Supg<S. Write

S={rJ, with 0 =r, <r, <1< oo <1, < oo

Let us proceed by induction: Denoting by g, the function defined by
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.‘71(0) = [f—(o)]_lr 51(7'1) = _[f—(o)]~2'f(7'1) and .61(7') =0 otherWise,

we can see easily that

|

g, = f + hy,
where

Sup g, & {r}i—, and Sup h, S {r;}, .
Assuming that, for a natural » > 1, we have §, e R, and %, € R, with
Sup g, < {r:}i-, and Sup h, S{r},..,
such that
%0, = O + h, ,
let us define
Gutr = Gn + Guv1 s
where
Goii(Ppi)) = —[FO)]h,(r,+) and g,.,(r) = 0 otherwise .
Then,
FGues = [5G0 + F5guss = £ + ho + Fogun
and, writing
Puis = by + FiGuss s
we can easily check that

Sup ey S {13 )inss -

For,
Basi(r) = (F ) () = Oéérf*(t)gm(?’ — 1) =0 for r <7,
and
Bois(Pasd) = Ra(rass) + 0§t§n+lf(t)gn+1(n+l — 1)

= hn(frn+1) + f(o)gn+1(rn+1) = hn(’rnﬂ—l) - hn(/rn+1) = 0 ’

as required.
Finally, to complete the proof of our lemma, denote by g the function

defined by

. giry) for r =r,1=0,1, ..
0 elsewhere .

gr)
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Then,
fxg =1
for, if 1 =1,2, --.
(f_*g)('rl) = (f—* [9: + (@ — g)D(rs)
= (f*gi)(ﬁ) + [.]F*(g — g)1(r:)
= (O + k)(rs) + [F+(@F — ()
=0+ 3 f@ — g — 1)

stsry

=0.

As a consequence, f€ R, is a unit in R, if and only if », = 0.
Moreover, for every 7 < @", there exist two ideals

I, ={f|feR, and 7, = 7}
and
I. ={f|feR, and r, >r};
these are all ideals of R,. Notice that,
I.cI,
and that

r, <7, implies I,\D/I,,;
in particular,
I,=R, and I,=RadR,.
It is also easy to see that there are no divisors of zero in (R, and that
(Rad R,)* = Rad R, .
For, if feRad R,, then r, > 0 and obviously,
f=remmg,

where
_ 1 + .
g(r) —f(?”—f— —27~f> for re Q@+ ;

here, both ‘7 and g evidently belong to Rad R,.
Finally, given a positive rational number ¢, define

RZq = 2/Iq

(similarly, we can consider R,, = R,/I,). It is easy to see that
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Rad R,, = I/I,
satisfies again
(Rad R,,)* = Rad R, ,

but that every other proper ideal (which is isomorphic to either I,/1,
or I,/I, for r = q) is nilpotent; besides,

Socle (R,,) = I,/I, .
Thus, there are only three torsions in Mod R,,, namely
0 = T¢R}), T{R,, Rad R,;})) and Mod R,, = T(F ") .

All of them are evidently closed under taking direct products; but, only
the first two are fundamental. And, R,, is not perfect.
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