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NONSOLVABLE FINITE GROUPS ALL OF WHOSE
LOCAL SUBGROUPS ARE SOLVABLE, I

John G. THOMPSON

In this second paper, the bulk of the work is devoted to
characterizing E,(3) and S.(3). These two groups are ‘‘almost’’
N-groups and it is relevant to treat them separately. The
actual characterizations (Theorems 8.1 and 9.1) are very technical
but the hypotheses deal with the structure and embedding in
a simple group of certain {2, 3}-subgroups.

This paper is a continuation of an earlier paper.! The bibliographi-
cal references are to I.

7. Groups in which 1 is the only p-signalizer.

DEFINITION 7.1. Z/*(p) = {B] (1) B is a subgroup of & of type
(p, »). - (i) N(B) contains a S,-subgroup of &.}.

HyporHEsis 7.1. (i) p is a prime and if Be Z *(p), then no
S,-subgroup of C(B) normalizes any nonidentity p’-subgroup of ®.
(ii) The centralizer of every nonidentity p-subgroup of & is p-

solvable.

Lemmas 7.1, 7.2, 7.3 are proved under Hypothesis 7.1.

LEMMA 7.1. (i) Z(p)SZ (p). (See Definitions 2.8 and 2.10 of I).

(ii) If p =5, then Z*(p) S & ().

(iii) If p = 3 and if no element of Z/(3) centralizes a quaternion
subgroup of &, then Z*(3) = £ (3).

Proof. If p is odd, choose Be Z *(p), while if p =2, choose
Bez(2). We must show that either B centralizes every element of
U@B; p’) or p = 3, Be Z*(3) — Z/(3) and some element of Z/(3) central-
izes a quaternion subgroup of ®. ‘

Let B be a S,-subgroup of N(B), so that P is a S,-subgroup of
®. Proceeding by way of contradiction, let Q be an element of U(B; p’)
minimal subject to [Q, B] = 1. Then Q is a g-group for some prime
q#=p, 2 =[Q,B], and B, = Cx(RQ) has order p. Let € = C(%B,), €, =
Cy(B,), and let P* be a S,-subgroup of € containing €,. Hypothesis
7.1 implies that 0,(€) =1. Let B, = 0,C). If [V, B] < B, then

! Non-solvable finite groups all of whose local subgroups are solvable, I, Bull. Amer.
Math. Soc. 74 (1968), 383-437, which will be referred to as I.
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Lemma 5.16 is violated. Hence, we have |P*: €, | = [B: B, NEC, | =»p
and [gBor §B] %%.

Suppose BSPB,. Then Q = [Q, B]|SP,, so Q =1. This is not
the case, so BLPB,. By Lemma 6.1, it follows that B¢ Z(p). Hence,
by construction, p is odd. Since B Z U,, (B) implies that p < 3. Thus,
p=3 and Bex*3) — Z(3). By definition of Z/(3) and Z *(3), it
follows that Z(B) is non cyclic and B is not contained in the center
of any S,-subgroup of .

Since [Py, B, B] = 1 and since BZ P, it follows that B Z 0,(C,,,),
where €,, is a S, ,-subgroup of € containing P*.

Since B, £ Z(%P), we have B =B, x B,, where B, = Z(P). Since
B, S Z(€), we have B, S 04(€C,,;), and so B, L 0,(C,,,).

Let © be a subgroup of €,, such that

(a) Pr=9.

(b) B, ZO0(P).

(c) £ is minimal subject to (a) and (b).

Let ©, = 0,(9). Since the fixed point subspace of B, on 9,/D(9,) is
of codimension 1, Lemma 5.30 implies that = P*Q*, where Q¥ is a
quaternion group and |P*:9,| =3, so that 9B, = PB*. Since B,
centralizes D(9,), so does Q*. Let Cy (Q*) = Pf. Thus, P, is a normal
subgroup of $ and | 9,: Br| = 9.

Let BF =[9, Q*]. Then P is generated by 2 elements and
BF N PF is of index 9 in P;. Hence, P is either elementary of order
9 or is a nonabelian group of exponent 3 and order 27. Furthermore,
S0 = PP, PrNPS = D(P), and [P, PBr] = 1.

Since B, £ 9,, it follows that €, = B, x (€, N 9,). Hence, D(E)) =
DE . NH)SPr. We will show that D(€)) = 1. Suppose false. Let
C* = C(D(C)), so that €* is 3-solvable. Since €* <] N(D(€)), it
follows that €*%5 is 3-solvable. Since B, = Z (), we have B, S 0,(C*P).
Since Q* centralizes D(9,), it follows that {8, Q*>=C*. Thus,
B, Q*) is 3-closed. This is impossible, since {B,, Q*)> covers H/9..

If %5 is nonabelian, then Q* centralizes Z(P*). Since V* is a
quaternion group, we are done in this case.

We may now assume that PB; is abelian, so elementary of order 9.
Thus, 9, = LF x PF, BF and €, are elementary and Z(P*) = PF x B,
where B = By N Z(P*). Notice that B, = PF. If P 5B, then since
every subgroup of B of type (38,3) is in Z/(3) and since the quaternion
group Q* centralizes Y3¥, we are done. We may therefore assume
that PF =B,. Hence, Z(L) has order 9, |P*| = 34 |€,| = 3. Also,
Z(P*) =B, x B. Let Bbe a generator for B, and let I be the invo-
lution of Q*. Then I inverts L and centralizes B.

Let ! = P, P> < N(E)). Since SL(3, 3) is a minimal simple group,
it follows that N(C)) is solvable. As 0,(N) = 1, we have €, = C(€)).
Since [€,, P*, L*] = 1, it follows that N contains a normal subgroup
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B* of order 8 and that S,-subgroups of M are quaternion. Now B* £ B,
since P does not normalize B, and P* centralizes no subgroup of B
other than 1 and %B,. Suppose B* = B. Since BV = P+, it follows
that S,-subgroups of /B* are abelian. Thus N is 3-closed. But this
is impossible since P = L+, Hence, B* is a subgroup of Z(B*) of
order 3 which is different from L and from B,. Since Z(P*) = B, x LB,
there is a generator for B* of the shape BV, where V is a generator
for B.

Let J be any involution of ®. Then JVJ = V~'and JBVJ = BYV.
Now I and J both normalize P* and PB* = L. Hence, <{I,J) maps
onto an abelian subgroup of Ay(Z(%3*)), which implies that J normalizes
Z(B*YN C(I) = B,. Hence, JBJ = B for some integer f, and the
previous equations yield V* = 1, which is not the case. The proof is
complete.

HypoTHESIS 7.2. (i) If e .S%..(p), then U®QL) contains only 1.
(ii) If 8 is of order » and is in the center of some S,-subgroup
of &, then 0,(IN) is of symplectic type and width w, where M = N(B).

LEMMA 7.2. Suppose Hypothesis 7.2 is satisfied and that if p =
2, then w = 3, while if p =3, then w = 2. Let B be a subgroup of
O,(M) of type (p, p) which contains 3. Then Be & ().

Proof. Let 7 be the set of subgroups of 0,(M) which violate
the lemma. Let 7, be the subset of those L in <" which centralize
at least one element B of Z/(p) which 3B c0O,(M). If ¥, #+ O,
choose B e 7, while if 77, = @, choose L in & .

Let § = 0,(M), §, = Cx(B). We first argue that U(D,; p') is trivial.
Namely, I is p-solvable with O,(M) =1, so Cy(9) = 3(9). This
implies that Cg(9.) is a p-group. Hence, Mgy(Dy; p’) is trivial. Sup-
pose ReWU(D,; p'). It suffices to show that R M. If H, contains an
element B of Z/(p) with 3B, then by Lemma 7.1 we get that B
centralizes R. Hence, RS C(8) =M. If no such elements of Z/(p)
are available, then by construction, 7", = @. But & <] M, so if P is
a S,-subgroup of MM, then $ contains an element B of Z/(P). Let
9, = Cy(B) so that [9: 9, =». If $, N, contains more than one
subgroup of order p, then there is a subgroup B* of §, N , of type
(p, p) which contains 3. Since &, = @, ¥ * e £(p), so RS C(V*) =
C(B)SIN. Suppose H, N , contains only one subgroup of order p.
Then by hypothesis, we have p = 5, and so § is of width 1 and is a
S,-subgroup of . Hypothesis 7.1 guarantees in this case that U(H,; v')
is trivial, so ! = 1. We have thus shown that U(9,; p’) is trivial.

Choose £ in U(B; p’) minimal subject to [B, Q] #1. Then Q =
[B, Q] and B, = Cx(X) is of order p. Clearly, B, = 3. Let M, = N(B,)
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so that I, is p-solvable. By the preceding argument, O, (IM,) = 1.
Hence, 83 & 0,(M,), so that §, contains an extra special subgroup H*
of width w — 1 with §* N 0,(M,)) = 1.

Let X = R,(M,) (see Definition 2.2), Y = Cy(X). Suppose 3=9).
Since Q =[Q, 8] and P <M, we have QL=9. Let X, be a S,-
subgroup of IN, which contains $*. Then £* centralizes Z(X,), so
99* centralizes Z(¥,). Let % be a S,-subgroup of ® _containing %,.
Then Z( EB)CZ(%,,), so $* is contained in a conjugate M of M, MW =
N(Q.(Z(B))). Furthermore since SQC@CSIR O* is falthfully repre-
sented on Qi(M). Let $ =0 (D), and let § = D DH DD S =1
be part of a chief series for M. Then since 83& op(m), it follows that
3 does not centralize §,./9,., for at least _one value of n,0 <n <k.
Hence, l@n Sosr| = p*» where a, = r,(3; ?IR) Then by Lemma 5.4,

7,(3; W) = r.(8; §). Clearly,
7o(3; B) = ro(B; 9%) = p .

On the other hand, §, is a subgroup of 9, so 2w = a,. Hence 2w =
p*~t, If p=05, then w =1 is forced, so every p-solvable subgroup

of @ has p-length at most 1. This is absurd, so p <3. If p =3,
then w = 2, since w = 2 by hypothesis. It is clear that this is im-
possible since $* is faithfully represented on Q;(ﬁl). If p =2, then
w =3 or w = 4, since by hypothesis w = 3. This is also impossible
by Lemma 5.13. We have shown that 3Z 9.

Since X is a p-group, X = M for some G in &. Then XN H¢ is
an abelian subgroup of ©¢ so m(ZE N %) < w + 1 + ¢, where ¢ = 0 if

pisodd and e =1 if p = 2.
If p is odd, then ¥/X N ¢ is faithfully represented on the Frattini

quotient group of 2,(9°), and this latter group is generated by 2w
elements. If p = 2, write 0,, (M%) = H°-R where |R| is odd. Then
[R, ®°] is generated by 2w elements and %/X N H¢ is faithfully repre-
sented on the Frattini quotient group of [R, $¢]. Thus, by a result
of Schur [32], we have m(X/X N M) < w?, that is,

(7.1) mEsw+w+1-+e.

If w=1, then p =5 implies that 0,(M) is a S,-subgroup of .
So every p-solvable subgroup of & has p-length at most 1, a contra-
diction. Hence, w = 2.

There is an elementary subgroup %, of X such that A (X, contains
a subgroup $*L, where Q < .S”Q*Q is special and $* = O* operates
faithfully and irreducibly on Q/D(£). Also, $*Q acts irreducibly on %..

Assumg that p is odd. _
Since ©* is extra special of width w — 1, it follows that m(Q) =

p*~‘a, where ¢ = | F({): F,|. Here, Qisa g-group and { is a primitive
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p" root of 1 in an extension field of the prime field F,. By Lemma
5.3, m(%) = m(Q)b, where b =2/3 if ¢ =2 and b= |F,(2): F,| if ¢ is
odd. Here 7 is a primitive ¢ root of 1 in an extension field of the
prime field F,. Together with (7.1), we get abp”™ = w* + w + 1.
Clearly, ab > 1. Suppose w = 4. Then 3" < p"'<w+w+1, a
contradiction. Suppose w = 3. If p =5, then 5> = 5*~* < p* ' < 3% +
3 + 1, a contradiction. Thus, » =3 and ¢ = 2. Since p = 3, w = 3,
it follows that IN¢/H¢ is isomorphic to a 3-solvable subgroup of the 6
by 6 symplectic group over F,. It follows readily that 2t¢/$° has no
elementary subgroup of order 3‘. Thus, in this case, m(¥) <4 +
+ m(E N H° < 8, against (4/3)-3* = 12 = abp*~* < m(X). Hence w =
2. We now get abp** <7, so p <5. Suppose p =5 and ¢ is odd.
Then ab = 2, so that 10 < 7. Suppose p = 5 and ¢ = 2. Then a = 4,
so ab = 8/3. We get (8/3)-5 < 7. Hence, p =3. Suppose ¢ is odd.
Since a is characterized as the smallest positive integer n with 3" =
1 (mod ¢), it follows that a = 3, so ab = 3. This gives 9 < abp*~' < 7.
Hence, ¢ = 2. Since p =3, w =2, it follows that I°/H° has no
elementary subgroup of order 27. Hence, m(X¥) <3 + 2 = 5. In par-
ticular, m(%,) < 5. Suppose first that £ is abelian. Since Z(sf)*) = 3
acts without fixed points on L, it follows that Cs-(M N 3 =1 for every
non trivial character \ of . So | §*: Cy-(M) | =z 9 for all M = 1. Hence,
m(X,) = 9, a contradiction. Suppose £ is nonabelian. Let X, be a
subgroup of ¥, on which £ acts irreducibly. Thus m(%,) = 2, since
£’ does not centralize X,. Since m(X,) <5, and p = 3, it follows that
X, = %, is an irreducible Q-group. Thus, £ is extra special. But
m(Q) = 6, since ¢ =2 and |§*| =27. This yields m(%x) = 2°. All
possibilities have led to contradictions. So p = 2.

Since 5* is extra special of width w — 1, we get that m(@) = 2wt
Now Lemma 5.3(a) applied with & in the role of B, %, in the role of
V, yields m(%X)) = 2. On the other hand, B, is a normal subgroup
of I, of order 2, so m(X) =1 + 2~.

Let & be an elementary subgroup of ¥ with m(€) = 2¥ + 1, let
G, = EnN H% and let & be a complement to & in &. Since m(E,) <
w+ 2, we get m(€) =a =2 —1— w. Since &, acts faithfully on
0, (M°)/$% Lemma 5.34 implies that O,.(I%)/H” has a subgroup
@/@G which admits &, and such that @1@/.&{)"' is the direct product of
a dihedral groups of order twice an odd prime. Let R be a S,-subgroup
of Q. By Lemma 5.12, [§% R] = & is extra special of width w, < w.
Since 97 is the central product of & and Cype(R), and since GQ =
‘@'N@‘l‘i(%)’ it follows that if M = &/D(&), then A@@(M ) has a subgroup
which is the direct product of a dihedral groups of order twice an odd
prime. Let m(M) = m. Then m = 2w, < 2w. Since w =3 by hy-
pothesis, we get w < 2¥ — 1 — w < a, and so 2w < 2a, whence m < 2a.
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This violates Lemma 5.8, and completes the proof.

HypoTHESIS 7.3. (i) p is odd.

(ii) Pisa S,-subgroup of &, A is a normal elementary subgroup
of B with m(A) = 3, Z(P) is cyclic, and Ay(ZF) = A(¥"), where Z:
WoHBNZP)>1. Also, A< NZ(P) N AN).

LEMMA 7.8. Suppose Hypothesis 7.3 is satisfied. Let 3 = Z(P) N
A. Then each subgroup of A of type (p, ») which contains 8 is in
& (p).

Proof. The lemma is an immediate consequence of Lemma 5.5,
together with Hypothesis 7.1 (i).

HypPoTHESIS 7.4. (i) & is simple.

(ii) {2, 3} =7(®).

(iii) The centralizer of every involution of ®& is solvable.

(iv) The normalizer of every nonidentity 3-sugroup of ® is solvable.
(v) If Ae . F%.y(2) U S%2y(3), then UR) contains only 1.

All remaining lemmas in this section are proved wunder Hypo-
thesis T.4.

DEFINITION 7.2.

A7 ={,B)|1. A is a 2-subgroup of G.
2. B is a 3-subgroup of .
3. <, B> is not solvable.}

We remark that in the following lemmas, Lemma 7.1 may be
invoked, since Hypothesis 7.4 implies that Hypothesis 7.1 is satisfied
for p = 2 and for p = 3.

LEMMA 7.4. If U is a four-subgroup of & which centralizes every
element of UL; 3) and B 1s a subgroup of & of type (3,3) which
centralizes every element of U(B;2), then (A, B)e 4+ .

Proof. Notice that if G, He ®, then the pair (¢ B¥) satisfies
the hypothesis of the lemma.

Suppose the lemma is false and 2, B are chosen so that {3, B>
is minimal. It follows as in Lemma 0.10.2 that {3, B> = A x B. We
may then choose A in * such that E(A) contains an element %, of
7 (2). Hence, {2, B) is solvable. Thus, we may assume that 2 € Z(2).
Let # = N(). Since 2¢ex,, we have 0,(N) = 1. This is absurd since
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B centralizes O,(N) and N is solvable. The proof is complete.

We set

S, = {G|Ge®, C(G) is solvable.}

®, = {G|Ge®, C(@) contains an elementary subgroup & of
order p* which centralizes every element of W(E;q)},
»p=23,¢=2,3,p#4q.

We conclude from Lemma 7.4 that
(1.2) GN&NG, =9 .

There are some subtle consequence of (7.2).

DEFINITION 7.3.

o = {B]|1. B is a noncyclic elementary 3-subgroup of &.
2. Every element of B centralizes an element of Z7(3).
3. B centralizes every abelian subgroup in MU(B; 2).}

LEMMA 7.5. Suppose NeZ(2), Be =z and T is a 2, 3-subgroup
of & which contains {A, B)>. Let T, be a S,-subgroup of T. Then
AL (®) (see Definition 2.7) contains an element M such that

(a) O,(M) =1.

(b) O,(M) is the central product of [0,(M), B], which is extra
special of width w = 2,3 or 4, and of Co,gy(B), which is either cyclic
or of maximal class = 3.

(c) [0(MM), B] is the central product of w B-invariant quaterni-
on groups L, -+ -, L, whose centralizers in B are w distinct subgroups
of order 3. In particular, mo element of B¥ centralizes any four-
subgroup of [0(IM), B]. If w > 2, then Co,uy(B) = [0(M), B is the
center of O,(IN).

(d) <L, M.

(e) BCIM, and if Q is a quaternion subgroup of T, which s
normalized by B dbut is not centralized by B, then Q C O,(M).

(f) If J is an involution of M N C(B), then JecO,(M). If M
contains a S,-subgroup of C(J) (e.g., if C(J) = I), then C(J)<=IN.

(g) WM contains a S,-subgroup of .

Proof. Let &2 be the set of 2, 3-subgroups of & which contain
B, %,>. Choose & in & so that | S|, is maximal. Let &, be a S,-
subgroup of &, p = 2, 3, chosen so that $,=£6,, B S,. Let YU, ---,
A, be all the elements of % (2) in &, By Lemma 7.1, each ¥;
centralizes 04(8), so by Lemma 7.4, |0,&)| < 3. In particular, B is
not contained in 0,(&) and B centralizes 0,S). Since B L F(S), B
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does not centralize 0,&). Hence, 0,S) is nonabelian since Be F.
Let & = 0,(8) N 3(0«&)), so that & = 1. Let N = N(), € = C(R),
and observe that B €. Since the centralizer of every involution is
solvable, € is solvable. Let &* be a S,-subgroup of 9 which contains
©&,. Then €&; is solvable. By D,, in €& and maximality of |[&|,
it follows that &F = &,. Hence, if &;* is a S,-subgroup of & containing
©,, then &, contains every element of Z/(&;*). We may therefore
assume that A, e 7 (&F*).

Since U, centralizes 0,(S), it follows that U, N Z(SF*) S Z(0,S)).
Since B centralizes Z(0,(®)), maximality of | & |, guarantees that &, =

% is a S,-subgroup of ®.

Let < Me _#Z<7(®). Thus, (g) holds, as does (d). Since IN
contains a S,-subgroup of ®, and since 1 is the only 2-signalizer of &,
it follows that O0,(IMM) =1, and (a) holds. Let $ = O,(M). Suppose
$ contains a noncyclic characteristic abelian subgroup £,. Then B

centralizes 9,Z(9) and $,Z(H) contains an element of Z/(&,). This
violates Lemma 7.4.

Clearly,  is noncyclic, since = F(IM) and M is solvable. Thus,
$ is of symplectic type. The width w of & is at least 2, since B is
faithfully represented on 9.

Suppose w = 3 and B ¢ B* centralizes a four-subgroup L of § with
Q.(Z(9)) <B. By Lemma 7.2, B centralizes every element of U(B; 2).
Since C(B) contains an element of Z/(8), (7.2) is violated. Thus, if
w = 3, then no element of B centralizes any four-subgroup of .
This immediately implies that § is extra special and w < 4. Now (b)
and (c¢) follow from Lemma 5.12.

We next prove the first assertion of (f). Let J be an involution
of M NCEB). If w=2, then Bisa S,-subgroup of WM and (f) is clear.
Suppose w = 3. In this case,  is extra special, so $NCEB) = &’ is
of order 2. Let B, be any subgroup of B of order 3. Since J central-
izes 9B,, it follows that J normalizes Cﬁ(%o). We will show that J
centralizes C@(SBO). This is clear if Cg(%o) = §’, so suppose Cg,(?Bo) 9.
Since § is extra special, so is C@(%o), S0 C@(%O) is a quaternion group
on which B/%, is faithfully represented. Since a quaternion group has
no automorphism of order 6, J necessarily centralizes Cy(B,). Hence,
J centralizes <C®(§BO) |6, B, |B,| =3> =9, s0Je. This proves the
first assertion of (f).

Now for the second assertion of (f). If w > 2, then {J) = &’, by
what we have just shown, together with (¢). So suppose w = 2 and
I) A M. Let 9 =1[9, B], O, = Cy(V). Thus, Je9, J# Z, where
Z 1is central involution of §,. Since w = 2, B is a S,-subgroup of M.
Let ¥, be a S,-subgroup of C(J) which is contained in IR. Thus,
C)2ZB, T2 9, X {J), and 9, is the central product of 2 quaternion
groups.
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Since C(J) contains an element of Z/(2), it follows that 0,(C(J)) =
1. Since Z centralizes <, a S,subgroup of C(J), it follows that
Z € 0,C(J)), and so Ze Z(0,(C(J))). Since BSC(J), it follows that
0,(C(J)) e Ugy(B; 2). Hence, O,(C(J)) SO0,(M) = §, since B is a S,-
subgroup of M. Hence, O,(C(J))SH NI, = 9, x {Jp. If O,C(J)) is
not elementary, then {Z)> char 0,(C(J)), and so C(J)S M. Suppose
0,(C(J)) is elementary. Since B is faithfully represented on 0,(C(J)),
it follows that | O(C(J))| = 2'. However, O,(M) contains no elementary
subgroup of order 2! on which B is faithfully represented. This com-
pletes the proof of the second assertion of (f).

We turn to the proof of (e). Let Q be a quaternion subgroup of
M normalized but not centralized by B. Let B, = BN C(Q), so that
BO =B, x B, where |B;| = 3 and B, is faithfully represented on Q.
Let &, =QnN$. By (f), 0, 2Q'. Since /X is an irreducible B-
group, we may assume by way of contradiction that Q, = Q.

Let R be a BQ-invariant subgroup of Qi(IN) minimal subject to
[R, Q] 1. Thus, R may be viewed as a BQ/Q/-group; as such BQ/Q/
acts faithfully. Since w < 4, it follows that R is elementary of order
3* and is centralized by B,. Thus, w = 4 and S;,-subgroups of I are
of order 3°. Also, R is incident with an elementary subgroup %R, of
I such that B, R,> is elementary of order 3.

Let P be a S;-subgroup of & containing (&, R,> and choose U in
2z (P). Then (B, RN,> contains an elementary subgroup & of order 3°
which centralizes 1I. Since &< I, there is an element E of &* such
that N C(E) contains a four-group. But then Fe® NG, NG, a-
gainst (7.2). This contradiction completes the proof of (e) and the lemma.

Throughout the remainder of this section, 3 denotes a S,-subgroup
of &.

LEMMA 7.6. Suppose || > 3

(a) If B, is a subgroup of B of index at most 9 and P, contains
an element of ZZ*(%B), then U(B,; 2) contains only 1.

(b) If A is a subgroup of P of type (3,3) and [P: Cx(A)| = 3,
then A centralizes every element of (L 2).

(e) If A is a subgroup of B of type (3,3), if [P: CxA) | =9,
and if Csp@l) contains an element of Z*(P), then e .

(d) If G is a normal elementary subgroup of B of order 27 and
| B: C%(@)I = 3, then e & (3) for each subgroup W of index 3 in E.

Proof. (a) Let B be an element of Z*(P) with B=P,. We
will show that WU(B;2) contains only 1. To do this, we first show
that if Xe 2/ (3), then |C(¥X)| is odd. Suppose J is an involution of
of C(¥X). By Lemma 5.38, C(J) contains an element 9 of Z(2). Hence,
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by Lemmas 7.1 and 7.4, <%, 9> is nonsolvable, against <%, 9> < C(J).
In particular, X does not centralize any quaternion subgroup of &. By
Lemma 7.1(iii), it follows that B centralizes every element of U(B; 2).
Suppose K is an involution of C(8B). Then by Lemma 5.38, C(&)
contains an element 3 of Z/(2), so by Lemmas 7.1 and 7.4, {8, 3> is
nonsolvable, against (8B, 3> < C(K). We conclude that | C(B)| is odd,
and so MU(B; 2) contains only 1. Since U(PB,; 2) S U(B; 2), (a) follows.

Suppose (b) is false. Let Q be a 2-group normalized by % and
minimal subject to [Q, A] = 1. Then O = [Q, A] is either a quaternion
group or a four-group, and A = A, x A, where |A;| = 8 and A, = Cy(Q).

Let € = C() 2<{Cp(AN), Q). Since Cyx() is of index at most 3 in
P, it follows that Cy(A) contains an element U of Z/(P). We argue
that C;B(i’l) contains an element of .%%Z.,(P). Namely, let

8 = 2Z(CyA)) -

If m(B) = 3, let B be an element of .5%..,(B) which contains 3. Since
A=Y, we get BS Cy(A). Suppose m(8) = 2. Then § = AP, so
by Lemma 0.8.9, 2 is contained in some element of .SZ.4(P). So Cp()
contains an element of .$%.,(B). By Hypothesis 7.4(v), 0,(€) = 1.

Let PB* be a S;-subgroup of C which contains C;B(%I). Since A,
does not centralize 0,Q) = 9, it follows that P* = HCx(A) is a S,-
subgroup of &. Also, since W,H/O < Z(L*/H), it follows that A, =
0,. €). Hence, Q= 0,,(€). Since Cg(i)l) is of index 3 in 9, it follows
that [Q3(C€), 21] is a quatermon group. Hence, € = QP* is a group.
Let = 04&). Thus, $* = &%, and N C(Q) is of index 9 in H,
while .Si) n C(Q) <] P*. Since Q' centralizes no element of Z*(P*), it
follows that § N C(Q) is cychc Since |SBI > 3% so also |P*| > 3%, so
A, is a proper subgroup of &n CcRQ) =

Let §, = [Q, §]. By the three subgroups lemma, §, and %, com-
mute elementwise. Furthermore, either 9, is elementary of order 9
and & = §, x %, or §, is a non abelian group of order 27 and exponent
3 and § is the central product of §, and ..

Since C() N Sé is of index 8 in §, it follows that %, centralizes
A, Set B=CU,A> =% x ¥, and let I be the involution of Q.
Thus, B= C(I) and C(I) contains an element of Z/(2). Thus, C(I)
contains no element of Z/*(3). Since B is of index 9 in P*, it follows
that B is a S;-subgroup of C(I). Let L be a S,,subgroup of C(I)
which contains BLQ. Then 0,8) = 1, so B is faithfully represented on
0,(8). We can thus choose a subgroup B, of order 3 in B such that
9, is faithfully represented on 0,®)N C(B,). Let X = C(B,). Then
0, (%) is of 0dd order by (a). Thus, Oy (%) N ¥, = 1, so that | 0y 4(%) |; <
27. But ¥, is faithfully represented on the Frattini quotient group 8
of Oy ,o(%)/0,(%). Since |B| < 27 and ¥, is cyclic of order = 9, we have
a contradiction. The proof of (b) is complete.
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Suppose (c¢) is false. Let B be a four group in MU(A) which is not
centralized by €. Then A = A, x A, where |A;| = 3 and A, = Cy(B).

Set € = C(2,) and let P* be a S,-subgroup of € which contains
Cgs(?l). By (a), 0,(€) is of odd order, so UA,B is faithfully represented
on 0, 5(€)/0y(€). Set § =P* N 04,(€). By (B), |P: Cx(A) | = 9. Thus,
P* = HCx(A) is a Sy-subgroup of G, so that 0,(€) = 1.

We may now apply Lemma 5.42 with €/9 in the role of &, $/D(9)
in the role of &, and 2, in the role of 8. Let €, be the inverse image
in € of [Qi€), ;). Thus, €, = YO where Q is either a four-group
or is the central product of 2 quaternion groups. Since CgB(E)L) covers
PB*/9, it follows that €, is a minimal subgroup of the group & = B, P*.
Let & = O,(R), so that P*/ is elementary of order 3 or 9. Since
B c €, we assume without loss of generality that LS Q.

Since 2, centralizes D(8), so does Q. Thus, C(Q) N L </ 8. Since
N(Q) N ! normalizes C(Q) N &, it follows that C(Q) N € < PB*. Since 1
centralizes no element of Z*(3), it follows that C(Q) N is cyclic.
Naturally, 2, =S C(Q) N L.

Case 1. PF = 2.

Since A, normalizes B, it follows that &, = P*V is a group and
that ¥ = 0,R). Let 2, = Co(B)2D(8). Thus, 8, <& and P/8 is
elementary of order 27. Also, &, is cyclic, since no element of Z *(3)
is centralized by B. Since £/, is a chief factor of & or order 27, it
follows that € = €, x &,, where £, = [, B] is elementary of order 27,
L, <{R. Let V be an involution of B. Thus, B = {C(V) N L, A is
elementary of order 9 and |¥*: Cyu ()| = 3.

By (b), ®B centralizes every element of U(B; 2). Since C(V) con-
tains an element of Z/(2), (7.2) is violated.

Case 2. P* D LY,.

In this case, P*/¢ is elementary of order 9, so Q is the central
product of 2 quaternion groups.

Suppose ¥ is abelian. Then & = 8, x &, where & =[&, Q] is
elementary of order 3‘ and %, = Cy(Q) is cyclic. Notice that A, < &,.
Since Cy(*V) is of index 27 in £ by (B), it follows that £ N C(AAL) N C(B)
contains a subgroup B of type (3,3). But then |P*:Cy(B)| =3, so
by (b), B centralizes every element of U(B; 2). Hence, =G, N G, N G,
against (7.2). We conclude that £ is non abelian.

Since 2, centralizes D (%), so does Q, so €, = Cy(Q) <|¢. Hence
2, < B*, and &, is cyclic. Let &, = [¥, Q]. Then &,/D (L)) is elementary
of order 3%, ¥ = D(¥) and 2,/D(R,)) is a chief factor of K. Being a
chief factor, £,/D(8) is centralized by €. Hence, [&,, ]S D(Q)S S,
so [8, €, Q] = 1. Since [Q, &] =1, so also [Q, &, &] =1. By the
three subgroups lemma, [2,Q, &) =1, that is, [8, &,] = 1. Hence,
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D) S Z(%). Since £ is nonabelian, so is &,. Since £,/D(2,) is a chief
factor of &, D(R) = Z(8) = =L, so &, is extra special of order 3°.

Now A% is faithfully represented on %,. Also, |:2NCE)| =
[€:2, NCE)| =3, by (B). Hence, & N C(B) = 3. This is not the
case, since &, N C(B) is either extra special or is &!. The proof of (c)
is complete.

Suppose (d) is false. Let © be an element of M(Y; 3’) minimal
subject to [, Q] = 1. Then Q is a g-group for some prime ¢, Q =
[Q, A], and A = A, x A, where |UA;| =3 and A = Cy(Q). By (b),
q+2. Let € =C(,). Since CEB(%I) contains an element of .&#Z_7#5(%h),
it follows from Hypothesis 7.4(v) that 0,(€) = 1. Let PB* be a S,
subgroup of € which contains Cy(,). Since |P: Cx(A) | = 3, so also
| P*: Cp(Wo) | = 3, and so [P*, A A = 1.

Let © be a S, ~subgroup of € which contains B*. Since ¢ is odd,
(B) implies that A S 0,(9). Let H* be a S,,-subgroup of € which
contains ALQ. By Lemma 0.7.5, we get A S 0,(9*), so Q = [Q, A&
0,(9*). This contradiction completes the proof of (d) and the lemma.

LEMMA 7.7. Assume the following:

(a) W is a normal elementary subgroup of P, Y = Ax(TY).

(b) B is the image of P in A and P is faithfully represented
on Q, Q) being a non abelian special 2-subgroup of A.

(c) P contains a subgroup B, of order 3 which centralizes a
hyperplane of LB.

Then B centralizes Q.

Proof. Let Q, = [%,, Q]. Thus, L, is a quaternion group, and
W = W, x W,, where W, = [Q,, W] is of order 9 and W, = Cy(Q).
Since | C(W) | is odd, some involution I of N(TW) maps to the involution
of Q,. Let P, be the normal closure of §,in B. Thus, P, centralizes
Q. Let W, = QS(213) so that Q' is faithfully represented on 2B,.
Suppose P does not centralize Q'. Then by Lemma 4.4 of [17], there
is an elementary subgroup IB* of W, which is of order 27, normal in
P and with | P: C,(TW*)| = 3. Since P, centralizes W*, it follows that
T* N W, is noneyelic. Let B be a subgroup of LW* N L, of order 9.
With £8* in the role of & in Lemma 7.6(d), we conclude that B e & (3).
But now C(I) contains an element of Z7(2) and also contains B, against
Lemma 7.4. The proof is complete.

LEMMA 7.8. Suppose that B is of exponent 3, order 81 and that
[ ZB)| = 9. Then N(P) is the unique element of #<7(®) which
contains L.

Proof. Suppose false. Let & be a solvable subgroup of & which
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contains P and is minimal subject to L <1 &. Let B, = 0,(S). Since
Z(P) P, B, it follows that P, is abelian of order 27. Since & is
not 3-closed, it follows that & = LLO where Q is a quaternion group.

Let B, = B, x B, where P, = C‘,BO(Q)y B, = [Bo, ©]. Thus, [PB;| =
3,i=1,2. Let P, =B, N ZP). Thus, Z(P) =P, x B, and F = P..
Let Q' =<I>S N(). Write N(P) = PR where R is a complement to
B in N(PB) which contains I. Since R normalizes B, it follows that
Ay (Z(®)) is abelian. Hence, Z(p) N C(I) <] N(P). Since Z(P) N C(I) =
B, we get that N(P) S N(L,). Since e N(P), it follows that P, may
be characterized as the only subgroup of Z(P) of order 3 which is
normal in N(P) and is not contained in P'.

Let & be any solvable subgroup of & which contains . We will
show that R S N(B,). We may assume that 8 | & Let B, = 0,&) >
Z(P). Thus, fBO is abelian of order 27. By our characterization of %3,
it follows that 3, <] &, that is, & = N().

Set MM = N(B,), so that IM is the unique element of _ <7 (®) which
contains 3. Let A be any elementary subgroup of B of order 27.
Then LS NA), so NS M. Now let A be any element of L*. We
will show that C(A) S IN. This is clear if A ¢ Z(PB). Suppose A ¢ Z(*B).
Then Cy(A) = A is of order 27 and is abelian. Hence, NQ) < M.
This implies that some S,-subgroup of C(A) is contained in . If
C(A) contains a S;-subgroup of &, then C(4) S M, by uniqueness of
M. So suppose that A is a S;-subgroup of C(4). Then since UXI) is
trivial, we get that U <] C(4), so in any case, C(4)< M.

Let @& be any non identity subgroup of B. We will show that
NE) =M. If || = 3, it suffices to show that V(@)= . If |E| =
3, then € is abelian, since |%¥'| = 3. This, we may assume that € is
abelian. By the preceding paragraph, C(@&)ZIN. Let &* be a S,
subgroup of C(€). Then N(€) = C(€)-(N(€) N N(€*)), so it suffices to
show that N(E*)S . But |E*| = 27, so N(E*) <= M.

It is a consequence of the preceding results, that if § is a solvable
subgroup of & such that § N P is noneyelic, then H = IN.

Let B =P N NK) so that B is noncyclic. Hence, N(Q') S IN.
This is not the case since N(Q') contains an element of %/(2), while
I contains an element of Z/(3).

8. A characterization of F,(3).

THEOREM 8.1. E(3) is the only simple group & with the following
properties:

(1) 1 is the only 3-signalizer of .

(ii) The center of a S,-subgroup of & is noncyclic.

(iii) The mormalizer of every nonidenty 3-subgroup of & s
solvable.
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(iv) The centralizer of every involution of & is solvable.

(v) S;-subgroup of & contain normal elementary subgroups of
order 8.

(vi) If T is a Sysubgroup of & and A e FZ.%), then U s
trivial.

(vii) 2~ 3.

The proof of Theorem 8.1 is elaborate. I am indebted to J. Tits
for helpful discussion.

We first derive some properties of E,(g). We use the notation and
calculations of Ree [30]. In addition, we let B = U9, N = {9, w,, ®,)>.
F, is the field of ¢ = p" elements, and if z € F;, then tr(x) = try r (x) =
Jx°, 0 ranging over all the automorphisms of F,. If reJX, then %X, =
Lz, (t) |t e Fp).

We need the usual sort of omnibus lemma.

LeEmMmA 8.1. Let U, B, 9, N denote the subgroups of E,(q) given
above.

(i) B, = 0w, R w,> is a dihedral group of order 12 and is
a complement to O in N.

(ii) 9 is the direct product of two cyclic groups of order q — 1,
with generators H, = WY.,.), H. = M}s,.). Here z is a generator for
Fr. If W, = 0w, W, = 0w, then

Wl—l-HlWl = Hx_l y WI—IHZWL = H1H2 ’
W;2H1W2 = H1H23 s W;1H2W2 = -E[z)_1 ’

(iii) If q is a power of 3 and v is a nonsquare in F,, then

{@s095(1)s Taaro(1)y Dagran(1)2o046(1); Lot p(1)Tsa15(1)y Tags(1)s015(¥)}

18 a set of representatives for the conjugacy classes of Ey(q) of order 3.
If ce F, satisfies tr(c) = 1, then {x,(1)x,(1)2s,+(ec), e =0,1, —1} is a
set of representatives for the conjugacy classes of elements of Ey(q)
of order 9. 1 1is of exponent 9.
(iv) Assume that q s odd.
(a) Let B = Cyx@), N = Cy(@?). Let € = Cprypp(@i). Then
C = BRB. © contains a subgroup €, = €,E, where €, = SL(2, q),
1=1,2,C NE, = Z€;) =<2, € and €, commute elementwise and
|€:C,| = 2. Furthermore, €, <] €, 1 =1, 2.

(b) For t=1,2, let a; be the tisomorphism from €, to
SL(2, q) induced by x, (t) — ((1) i), z_,(t) — (% g), where r, = a, 7, =
3a + 2b. FEach element X in € — €, induces an automorphism oP
of €, such that a,pPa;* coincides with the automorphism of SL(2, q)
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wnduced by an element of GL(2, q) whose determinant is a nonsquare.

(c¢) There are involutions in € — €,. If X is an involution
m € — €, and ¢ = e(mod 4), ¢ = 1, then C(X) N €, has order 2(q + &)*
and

C(X) N G, = gpdw, w, y, 2| zo+k
=y = g W =1, vy = yx, 272z
= x—Jy Z"lyz - y_ly 2= 1> *

(v) If q is odd, then i(E,(q)) = 1.

Proof. The Weyl group of G, is dihedral of order 12, so w,w, is
of order 6. By (1.8) of [30], (w,®,)° = h(x), for some y € X. We show
that y = 1. It suffices to show that y(a) = x(b) = 1, that is, , =
7, = 1. This follows readily from table (3.4) of [30]. Since w;'wiw, =
wiw%, and w;'wiw, = @ w:, the elements w?w, and W w, are involutions.
We have (0iw,) (@0 w,) = @0iw;'w, ~ 07'0;' = (0,0,)~", proving (i).

It is convenient for calculations to use the following character table:

[ [
ow 2 2
ey PR 4

To determine this character table, we need to compute the values
u(r), u, r € X (see [30], p.433). The relevant values of u(r) are given
as follows:

,
X @ ’ b
a 2 -1
b -3

a l —a 3a +b
b la+b —b

(Using the geometric interpretation of w,, we can read these results
directly from Figure 1 of [30].)
We next compute w,(y) for » = a, b and ¥ = X,.,., Ys..- For example,
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[Wa(Xa, (@) = Yo, (Wa(@)) = Yo, o(—@) = Ya,.(@)™ = 27". Continuing in this
fashion, we get the following table of values:

a b
wa(Xa,z) z—z zs
Wo(Yp,2) 2 2
wb(Xa,z) z—i zs
wy(Xs,.) | 2 2t

Referring back to the character table, we have

wa(%a,z) = Xa—,lzy wa(Xb,z) - Xa,sz,z ’
wb(Xa,z) - Xa,zx'i,z’ wb(Xb,z) = Xb_,lz .

The map from X to © induced by y,..— A(},..) is an isomorphism,
since X and $ have order (¢ — 1).. The previous information, together
with (1.7) of [30] implies that (ii) holds.

Let U, =UNU%, U, =UNU* By using (3.10) of [30] it is
straightforward to verify that 1, U1, is the set of elements of 1l of
order 1 or 3. This then implies easily that every element of E,(q) of
order 3 is conjugate to an element of U, N W, = <X,1s Xootsr Xaarsy Xsars)e
Since B = NU), it follows from Lemma 14.3.1 of [21] that elements
of Z(1) are conjugate in E,(q) only if they are conjugate in B. Since
the action of § on Z(WN) = <(%,,.,, X,,.5 is determined by (1.5) of [30]
and our character table, it follows that any element of E.(q)* which is
conjugate to an element of Z(11) is conjugate to exactly one of x,,.,(1),
Lagrop(1), Xouso(1)%sqr20(1). Furthermore, since the Weyl group permutes
transitively the roots of a given length, and since 2a + b and 3a + 2b
have different lengths, it follows that every element of the shape
xz,(t), re X, is conjugate to an element of Z(1l). Suppose xzell, N,
X = Lgyp(t)Coaro(Ea)Taaro(ts)Tsaras(ts), and that x is conjugate to no element
of Z(). Hence, either ¢, = 0 or ¢, # 0. Suppose ¢; = 0. Conjugation
by x,(—t7',/2) enables us to assume that ¢, = 0. Conjugation by o,
then yields that 2 is conjugate to an element of Z(11). Hence, ¢, == 0.
Suppose ¢, = 0. Conjugation by wx,(t;'t,) enables us to assume that
t, = 0. Conjugation by w, yields that x is conjugate to an element
of Z(). Hence, tt, # 0. Conjugation by x,(—t't,/2)x,(t5't,) enables
us to assume that ¢, = ¢, = 0. Since (Yo, )%urs(E)(Ya,2) ™" = Tors(7L),
we may assume that ¢, = 1. Since h(Y,,.X;,.) centralizes x,.,(1) and
since A(Xa,: X5 %0t5(E) (L a,eXp,2) ™ = Paars(t:27), We may assume that ¢, =
1 or v. A direct calculation shows that the centralizer of ,.,(1)%s,, (%)
does not contain a S,-subgroup of E,(q) for any » in F*, and a further
calculation shows that x,.,(1)2;,.,(1) is not conjugate to x,.;,(1)@s,+5(V),
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completing the proof of the first part of (iii).

If tuw # 0, it is easy to verify that x,(t)x,(u)x has order 9 for all
2 in U, N U, and that (x,(t)x,(u))® = (x.(f)x,(w)x)®. A calculation shows
that § permutes transitively the elements x,(¢)x,(u), tw € F*, so every
element of E,(q) of order 9 is conjugate to an element of the shape
2 (Do, with © in W, NU,. Let @ = uuy(6)@onss(t:)Cagrs (E) Cagas ()
Conjugation by «,(u) enables us to assume that ¢, = 0. A further
conjugation by x,.,(u,)%;,(u;) enables us to assume that ¢, = ¢, = 0.
Thus, it suffices to show that

2, (1)2,(1),4,(w) is conjugate to @ (1)a,(1)2,+4(v)

if and only if ¢r(u) = tr(v). If g conjugates the first element into the
second then ¢ centralizes (x,(1)x,(1))®. A calculation shows that the
centralizer of (x,(1)x,(1))* is U, and a further calculation completes
the proof of (iii).

By a direct calculation, B = (%, X5 0, O, % = LD, W, (0,0,)>.
Suppose @? centralizes xhwz', xcl, heH, w e W, 2’ e, w being the
image of @ in the Weyl group. Then the normal form implies that
x, &', h, w e C(w?), so the first assertion of (iv) is proved.

Let €, =<%&,, ¥_), €, = Fspra0y X_(sarms S0 that €, = €, = SL(2, q).
Clearly, €, and €, commute elementwise. Since ¥s 2,1 = Yo,—1s it
follows that €, NE, = {w?>, so that €, = €€, is the central product

of €, and €,. Setting U = U N B, we have

[T Tive| = [T Beeeoss®| = g,
and 1 N Uwes® = 1, it follows that | € | = ¢*(q — 1)*(1 + 2¢ + ¢°). Hence,
(") €6 =[9:9NC|=2.

Since $ normalizes ¥, for all » in X, (iv) (a) is proved.
We observe that by (1.5) of [30],

h(Xb,z)xa(t)h(Xb,z)ﬁl = xa(z_lt) )
h(Xb,z)m~a(t)h(Xb,z)_l - x—a(Zt) .

Hence, if 7 = ¢}, ) denotes the automorphism of €, induced by A(x,,.)™",
then ana;' is the automorphism of SL(2, q) induced by the map

1 ¢ 1 z't 1 0 1 0

(0 1)—’(0 1 ) (t 1>h_)(zt 1)'
This automorphism therefore coincides with the automorphism induced
by <(z) (1)> A similar argument applies to €,. Since € — €, coincides
with the coset €,(x;,.) whenever z is not a square of F*, the proof
of (iv)(b) is complete.
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Let K = (W, W, By (i), K is an involution, and by (ii), K
inverts . Thus, K is a set of involutions in €. If YK<=EC, we
get H S<HK><C,, against (*). So € — €, contains an involution.

We will use (iv)(b) in the proof of (iv)(c). First, suppose ¢ = —1.
In this case, —1 is not a square in F,. Since €, and €, commute
elementwise, we assume without loss of generality that for 7 =1, 2,

a,pPa;t is the automorphism of SL(2, ¢) induced by <_ é g) Hence,

€, N C(X) is cyclic of order ¢ — 1. Since the commutator of (“1 0

and (_(1) (1)> is —1I, and since (_g (1)> inverts (g 2_1> for all ng}",

@iv)(c) follows in this case. :

Now suppose ¢ = 1. In this case, —1 is a square in F,. Choose
a, be F, such that o + b = ¢ is a nonsquare. We may assume that
for ¢+ =1, 2, a;pf¥a;" is the automorphism of SL(2, ¢) induced by
(g _2). A short calculation shows that (iv)(c) holds.

Since | C(@?)| = (q(¢* — 1))?, it follows that C(®2) contains a S,-
subgroup of E,(q). Thus, to prove (v), it suffices to show that each
involution X of € is conjugate to w? in E,(q). Since E,(q) is simple,
Lemma 5.38 (a)(i) implies that X is conjugate in E,(q) to an element of €,.

Thus, it suffices to show that all involutions of €, are conjugate
in E,(q). Since €, has just involution for 7 =1, 2, it follows that
every involution of €, different from w? is of the shape I.I, where
I;e@, and I} = w:. Since €, has just 1 conjugacy class of elements
of order 4, it follows that €, has two conjugacy classes of involutions.

Case 1. Every involution of § is in €,.

By (ii), all involutions of § are fused in M. By the preceding
paragraph, (v) follows.

Case 2. J is an involution of (€ — &) N $.

Set I = w%, K = (W, W,)?, so that K inverts $ and so centralizes
I and J. Let %A =<, J,K)>. By (ii), the involutions of 2{ are fused
in 9 as follows:

I~J~1J,IK ~JK ~ IJK .

It is clear that in € all the involutions of € — €, are conjugate.
Let A, = ANE,. Thus, 2, is one of I, K>, I, JK>. Suppose U, =
(I, K». Then, J,JI, JK, JIK are the involutions of 2 — 2, so are
all conjugate in €. Since K e @,, K and KI are conjugate in €,. Thus,
all involutions of 2 are conjugate in FE,(q), so (v) follows. Suppose
A, = I, JK>. Then, J,JI, K, KI are the involutions of A — 2, so
are all conjugate in €. Again all involutions of 2 are conjugate in
E,(q). The proof of (v) is complete.
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LEMMA 8.2. (a) Suppose & is a finite group and B is a four-
subgroup of ®. Suppose also that whenever I and J are distinct
involutions of B, I and IJ are conjugate in C(J). Then A(B) = Aut ().

(b) Ag(B) = Aut (B) for every four-subgroup B of E(3).

Proof. Choose X in C(J) such that X—'IX = IJ. Thus,
XeNV)NnCJ) .

Replacing the pair I, J by the pair J, I we choose Y in C(I) with
Y-'JY = 1J. Then U =<XY) permutes I, J, IJ cyclically. Thus,
<X, Y) maps onto Aut (L), proving (a).

Let B be a four-subgroup of E,(3) and let I, J be distinct invo-
lutions of BL. We will produce X in C(J) such that X—'IX = IJ. We
may assume that J = @2, since #(E,(3)) = 1. Since 0,(C(w?)) is extra
special, we are done in case IeO,C(w?)). If I¢ O0,(C(w:)), then I
induces an outer automorphism of both quaternion subgroups of 0,(C(®?)),
so again X is available. Now (b) follows from (a).

We omit the proof that € = Cj,,(®;) has exactly 19 + 72 invo-
lutions; namely, O,(€) has exactly 19 involutions, while all involutions
of € — 0,(Q) are conjugate in €. Furthermore, it is straightforward
to verify that € has exactly 3 conjugacy classes of elementary subgroups
of order 8. Representatives ¢, &,, &, for these classes may be chosen
so that if T denotes a fixed S,-subgroup of €, then €, <]<, and
¢, c0,0),1=1,2.

We argue that & and &, are not conjugate in E,(3). Suppose
¢¢ = ¢,. Then I normalizes ¢,, as does £. Then I¢ = T for some
Nin N(€,). Hence, GN'e N(Z) =T, so GeINZS N(E,). Since G =
&,, we get &, = @,, a contradiction.

Set B = &, N &, so that B is a four-subgroup of T and 0,(T) N C(V) =
@€ ,E, is the direct product of a group of order 2 and a dihehral group
of order 8. Let D = Cp,;(B) = Cx(B), a group of order 32. We omit
the proof that © has exactly 4 elementary subgroups of order 8, among
which are @, and €¢,. By Lemma 8.2 (b), N(B) has an element A of
order 3 which permutes transitively the involutions of 8. If A normal-
izes both &, and &,, then A normalizes the derived group of € &,, that
is, A normalizes {®>>. Since this is not the case, we can choose 7 in
{1, 2} so that the orbit of &; under {A)> has 3 elements. Since &, and
@, are in different orbits under {4), it follows that A normalizes €;,
where {7, j} = {1, 2}.

We omit the proof that N(E;) N € permutes transitively the invo-
lutions of &; — {w:>. Since A does not centralize ®?, it follows that
N(E;) permutes transitively the involutions of &,. Thus, |N(E;)| =
T-|NE;)N €| =8-24.-8. Hence,
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?IE2(3)(@J') = Aut (§)) .
We have proved (a) of the next lemma.

LEMMA 8.3. (a) E,3) s not an N-group.
(b) E,(3) satisfies the hypotheses of Theorem 8.1.

Proof. It suffices to verify (b).

By Lemma 8.1 (iv), hypothesis (iv) of Theorem 8.1 is satisfied. By
definition of ~, so is hypothesis (vii), Cy,(®}) being the relevant
solvable group. Hypothesis (ii) is clearly satisfied, since

Z(ll) = <:’£za+b9 %3u+2b> .

Clearly, 1 is the only 2-signalizer of C(®?), so if £ is a S,-subgroup
of C(®%) and & is a nonidentity 2'-subgroup of FE,(3) normalized by <,
then ®? inverts £, so L is abelian. Furthermore, £ is a 3-group, as
every {2, 3}-subgroup of FE,(3) is cyclic. Since 2 is a faithful ¥-module,
|®] = 3% Since 11 has no abelian subgroup of order 3, it follows that
is elementary of order 3. It is straightforward to verify that every
elementary subgroup of U of order 3* is conjugate to

<%2a+b) Xaasvr Xasor %3a+zb> ’

the normalizer of this last group is B, so does not contain a S,-subgroup
of E,(3). Thus, 1 is the only 2-signalizer of E,3). It is trivial to
verify that 1 is the only 3-signalizer of FE,(3), so hypothesis (i) is
verified.

Since E,(3) is of order 2°.3%7.13, and since the centralizer of every

nonidentity 3-element of F,(3) is a 2, 3-group, it is easy to check that
hypothesis (iii) is satisfied. Since S,-subgroups of FE,(3) are of order
64, and since (**) holds, hypothesis (v) is satisfied.

Suppose that W e & _+3(PB) for a S,-subgroup P of E,3), and
B is minimal nontrivial element of U(Q(). Then AVB is contained in the
centralizer of an involution; say AB S € = C(w?%). But, by Lemma 8.1
(iv), € contains no nontrivial 2’-subgroup % for which N(®B) contains
an elementary subgroup of order 2°. This contradiction proves that
Q) = {1}, which is hypothesis (vi). The proof is complete.

The remaining results in this section are proved under the hy-
pothesis that & satisfies the hypothesis of Theorem 8.1.

LEmMA 8.4. (i) O satisfies Hypothesis T.4.
(ii) & satisfies Hypothesis 7.1 for p = 2 and for p = 3.

Proof. We first show that .&#% 73(3) # @. Suppose false. Let
P be a S,subgroup of &. Since & 4HP) = @, it follows that
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2,(PB) = 2(Z(P)) is of type (3,3). This implies that every 3-solvable
subgroup of & has 3-length at most 1. Since 1 is the only 3-signalizer
of ®&, it follows that B = C(2,(Z(%3))). Hence, 1 is the only element
in U(R(Z(P)); 3). Thus, if & is a 3-solvable subgroup of & and S,
subgroups of & are noncyclic, then & is 38-closed. This implies by
definition of ~ that Ag(2.(Z(*))) contains an abelian subgroup of type
(4, 2) or an elementary subgroup of order 8. Neither of these possi-
bilities holds in Aut (2,(Z(%3))). Hence, $%.43) #* @. We have shown
that (i), (ii), (iii), (iv) of Hypothesis 7.4 hold. If W e $Z.,(2), then U)
contains only 1 by Hypothesis (vi) of Theorem 8.1. Suppose U € .5%Z..4(3),
and QeUQD), Q # 1, QO minimal with these properties. Let P be a
S;-subgroup of N(U). Since Z(P) is noncyclic, we may choose Z in
C(Q) N Z(P):. It follows that Q= 0,(C(Z)) against Hypothesis (i) of
Theorem 8.1. (i) is proved.

Hypothesis 7.1 follows from Hypothesis 7.4 since if p = 2 or 3
and B e Z*(p), then C(B) contains an element of .SZ.,(p).

In the remainder of this section, {3 denotes a S,-subgroup of ©,
and Be Z(P).

Let 9B,,1 <1 =<4, be the subgroups of B of order 3. Let N, =
N(B)), let D, = B% and let €; = Cy(D,). Since 3ex, and PSN,, we
have O, () = 1. Hence, by Lemma 5.10, ®; is 3-reducible in N,
Finally, let &, = 2N,;/€,. Thus, ¥; may be identified with a subgroup
of Aut (D;), 8; = Ay (D), and as such £; is a 3-solvable group with
no nontrivial normal 3-subgroups. We let &; = 0¥(8,), so that &; is
that subgroup of ¥; generated by the 3-elements of &,.

The following lemma is important.

LEMMA 8.5. Suppose for some 1,1 < 1 < 4, &; contains an element
of order 3 which centralizes a subgroup of D, of index 3. Then

(a) [D;]=27.

(b) &, = SL(2, 3).

(c) D, =3, x G, where G, N,

(d) &; is faithfully and irreducibly represented on ;.

Proof. Let U1 be the set of 3-elements of N; which centralize
some subgroup of index 3 in D,. Since D, <]N;, U is an invariant
subset of M;. By hypothesis, U — €, = @&.

Let W* =0 NP, and let U, = U | Uel*). For any subset § of
N:, let = HC,/C;. Since ; is 3-reduced, so is &,. Furthermore, if
Uell — €, then U is an exceptional element in the sense of Hall-
Higman [26, p. 10], or as we might say, an exceptional element, being
the identity on a hyperplane of ©,. (In a perhaps more frequently
used terminology, U is a transvection.)

Let © = 0,(; mod €,), so that U, is faithfully represented on 9.
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By (B), II, centralizes some S,-subgroup of §. Let & = [, 1,]. Since
& is solvable, it follows that & is a H-invariant 2-group on which U,
is faithfully represented, and that & = [R®, I,]. By Lemma 5.17, & is
spegial, since by (B), 1, centralizes every abelian 1l-invariant subgroup
of &.

It may now be verified that if Uell* — €; and ¥ = {U), then
[®, ] is a quaternion group and [®, B] centralizes a subgroup F of
index 9 in ®,. Furthermore, ®, = €, x §, where €; = [R, L, D,] is of
order 9, and €, = [E;, V] is of order 3. Since §; and F are U-invariant,
and since U centralizes some hyperplane of D;, it follows that Cq,(U) =
€, x B

Let B, = £ N CR) and let & = PR. Since L is faithfully repre-
sented on D;, so is its subgroup B,.& = B, x K. Hence, by Lemma 3.7
of [20], & is faithfully represented on D, = Co,(B). Since BB, is
faithfully represented on &, it follows that &/, is faithfully repre-
sented on ®,. By Lemma 7.7, £/%B, centralizes &E,/%B,. Since K, =
! x 531, it follows that STS centralizes &'.

Since 1I, is faithfully represented on &/&’, and since each element
11* centralizes a subgroup of &/& of index 4, it is straightforward to
verify that 1I, is elementary. It then follows that every element of
1I# is exceptional (though we don’t contend that every element of 1i,
centralizes a hyperplane of 9,).

The preceding paragraph, together with [&’, 8] = 1 and Corollary 2
of §2.6 of [24] imply that I, = Z(®). Returning to B, we see that
[R, B] is P-invariant. This in turn implies that § is P-invariant. If
|| =9, then ¥ contains an element of Z *(3) and Lemma 7.4 is
violated. Hence, || < 9. Since B; =F, we see that (a) and (c) hold.
By construction, (b) and (d) follow. The proof is complete.

J denotes the subset of {1, 2, 3,4} whose elements satisfy the
hypothesis of Lemma 8.5.

LEMMA 8.6. Let ieJ and let A be a subgroup of &; of order 3.
Let N = N\, let N be the normal closure of B, in N and N, be the
normal closure of D; in N. Then

(a) [% %] =1

(b) [, R]S U

Proof. Let A* = A x B;. Since the subgroups of &; of order 3
are permuted transitively in %;, it follows that Cgy (2*) contains a S;-
subgroup P* of &. Thus, B; is contained in the center of a S;-subgroup
of M|, namely P*. By Lemma 5.10, 9t is 3-reducible in N. Since
P*SCx(A) and 3em, we have 0,(Cx(A)) =1, which implies that
0, (Cx()/A) = 1. Since D,/AS Z(P*/A), we conclude that
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Di/UAS O Cy(A)/A) S O(N/)

and so O, CC%(%), by 3-reducibility of 5t in N. Since C. (ER) < N, we
have [}, ft.] = 1. Since D,/A<S Z(0,(N/A)), we also have A=

We now set D =<9, D,, D, D). Since B Z(P), it is clear that
B Z(D) and that D <] P.

HypoTHESIS 8.1. (i)

€ = Cyy(®), B* = Vicely(D); P) -

(ii) B*ZG.

The long argument to follow is carried out under Hypothesis 8.1.

Choose G in & so that D= P but D*Z €. The element G plays a
passive but important role. If § is any subset of ®, we set $° = §°,
while if © is any subset of I, we set § = HC/C.

Let R be any subgroup of O, (M) which admits ®* and is minimal
subject to [D°, R] = 1. (Notice that R is available.) Let N = NR) =
{111 <17 =<4,9; does not centralize Cy(®;)}. We argue that N = .
This is clear if B* centralizes R, so we may assume that [B°, R] #= 1.
Since B* is noncyclic, it follows that R=< RN CB;) |1 = < 4), so
we can choose ¢ such that ©* does not centralize C(%®B;). Minimality
of N guarantees that R = Cy(*B;). Thus, B. does not centralize
Cy(3B;). Since B =& D;, we have 1€ N(R). In the following discussion,
R is a fixed subgroup of O, (M) which admits D and is minimal subject
to [D, R] # 1, and j is a fixed element of N(R). As already observed,
B; centralizes R.

Let Q be a ®;-subgroup of R minimal subject to [®;, Q] = 1.
Let ®; = ker (D; — Aut (Q)), so that |D,;: D,| = 3 and B, =D,

Since £ is faithfully represented on ¥, Lemma 3.7 of [18] implies
that £ faithfully represented on Cyx(D;). Since D; does not centralize
Cy(D;), we may choose V in Dy(D;) — C(D;). Then

Thus, GVG™ is a 3-element of N, — €, which centralizes a subgroup
of ®; of index 3. By Lemma 8.5,

(8.1) jed, | D] =27, - .

This implies that | Cg(D;): Cu(D;) | = 3, which in turn implies that Q
is a quaterpion group.
Since £ is a quaternion group, the following assertions hold:
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(a) D centralizes a S,-subgroup of 0,(IM).

(b) 9 centralizes every abelian subgroup of 0, (It) which -
normalizes.

(c¢) If ¥ is the normal closure in B of D, then [F, 0,(M)] = &
is a special 2-group whose derived group is centralized by . Namely,
if either (a) or (b) were false, we could find R such that R contains
no quaternion group. Since this is not the case, (a) and (b) hold.
Now (c) follows from Lemma 5.17, together with the solvability of
0,(M). We retain the previous notation and continue the argument.

Let 2+ = [Cy(;), D;]. Thus, A+ is a subgroup of &; of order 3.

Let ¥ = B, x B,, where B, = Cx(L), B, = [B, 0]. Since A =B,
we have VS NQ) =N, so that [B, B;]=B;*. By Lemma 8.6,
[B, B;, ;] = 1. This implies that & centralizes [B, B;], which in turn
implies that [, Slﬁ]C% Hence, B; centralizes B,. Hence, ®; central-
izes [B, ©;]. As £ normalizes [B,, D;], it follows that & centralizes
[B,, ©;]. By definition of L,, we get [L, D;] = 1. Hence, [B, D3] =
A and |B,| = 9.

Suppose P centralizes €. Since O <€, it follows that ETE central-
izes £, a group of order 2. Hence, ¥ normalizes B, = C%(Q) Since
the inverse image of £’ in M contains an involution, it follows that
B, contains no element of Z*(3). But B, < B, so the only possibility
is that %, is cyclic. Since Z(%) is non cyclic, we get |B,| = 3.

Suppose B does not centralize €. Let €, = [&, F], and let T
be a subgroup of LB which admits ‘4_3@’ and is minimal subject to
[€, W] =~ 1. Since § centralizes &, it follows that ¥ centralizes ;
so ©- centralizes L. Hence, WL, x A. By Lemma 4.4 of [19],
B contains a subgroup W, of order 27 such that W, <] B, | P: C,B(QBO) | =
3. Since | A | = 3, it follows that B, N LY, is noncyclic. Let W, be a
subgroup of B, N W, of order 9. Since || is clearly larger than 3¢,
we conclude from Lemma 7.6 (d) that T, € & (3). Let I be an involution
in the inverse image of £ in IM; then I centralizes B,, so centralizes
8,. Hence, by Lemma 7.4, C(I) is nonsolvable. This contradiction
shows that [B, €] = 1. Hence, |B,| = 3, an important equality.

Since M e _#57(G), it follows that I = N(LB,), so that M = N,
for some 4,1 <1 <4. Thus, 1¢J,8, =B, B, =CF, BL=9, C =C,.

Let %5 = BN EC;, N = Ny, (By), so that NE, =N,. Let Q, be a
S,-subgroup of N, permutable with B. Let & = PQ, N C(B;), and set
Q=6NQ. Then & = PQ.

Since 7 € J, Lemma 8.5 implies that a S, ;-subgroup of %,/€,; is not
3-closed. Since PQ, is not 3-closed, neither is &, since | PQ,;: S| < 2.
Let I be an involution of Q. Suppose D, N C(I)>B;,. Then D, N CU)
contains a subgroup ® of order 9 with ® 5 B,. Since & permutes
transitively the subgroups of &, of order 3, it follows that © is central
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in some S,-subgroup of &, that is, I centralizes an element of Z/(3).
This is not the case, since C(I) contains an element of %/ (2). This
contradiction forces D, N C(I) = B, for all involutions I of Q. Since
P 4 S, Qis not cyclic. Thus, Q is a quaternion group. Also, B, =
0,8) = NE; and &/P, = SL(2,3). In particular, B;=P,, while
D; & P

Since jeJ, it follows that [Cy(B;), D;] < €;. Since B; &P, and
D; £ P, it follows that €; £ B,. Hence, €; N L, = A+, This implies that

(8.2) [Cy (B5), D3] = A~ .
For any subset T of &, let & = IE,/E,. It is important to show that
(8.3) C5,(B;) = Cp,(B)/C; .

Namely, suppose P in %3, satisfies [B;, P]= ¢, Now ¢, = A+ x A*,
where 2+ and A* are of order 3 and A= E;. We may apply Lemma
8.6 to Y. Since PeMN:, we get [B;, P, D;] = 1. Hence, [¥B;, P]=
E; N C(D;) = A-. Consider the group B; x A+, which is normalized by
the 3-element P. Since N; permutes transitively the subgroups of &;
of order 3, it follows that B; x - is in the center of some S;-subgroup
of &. Hence, Ayx(B; x A*) is a 3'-group, so P centralizes B; x Ac.
We have proved (8.3).
Since A = E,;, so also P, & N*. Hence

(8.4) [, D5, D] <A,

by Lemma 8.6 (b) applied to 9t*. We will use this fact several times.
We next show that

(8.5) Cp,(Q) = Cy(Q) .

Since QC; is a Frobenius group, it suffices to show that Cg(Q) =
Cg, (). Let & be part of a chief series of & from 5, to 1, one of
whose terms is €;,. If ¥ is a chief factor of &, it suffices to show
that if Q' centralizes ¥, so does Q. If this were not the case, then
elements of ®; — P, would have minimal polynomial (z — 1)* on $,
against (8.4). Thus, (8.5) holds.

Suppose & centralizes B,. Let P, = Cy (). We get T, = P,E,,
B, NE = 1. Since E; is an irreducible O-module, we have L, = L, x
@,. If P, is not cyclic, then Q' centralizes an element of %/ *(3), which
is not the case, since Q) centralizes an element of Z7(2). Thus, P, is
cyclic. Clearly, 9, #= 1, since B, & B,. If

|*B,] >3, then g'(P) W, N5,

while it is trivial that {®;, ;> is non solvable. Hence, P, = B,. But
then Lemma 7.8 is violated.
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Let P, = [B,, Q]. By the preceding paragraph,
(8.6) P, = 1.
We will show that

(8.7) B, is of exponent 3 and class at most 2 .

Let R, = [P, D;]. Since P, =N, Lemma 8.6 (b) implies that [R,, R] <
A, so that R, is abelian. Since D; is elementary so is R,. Thus R,
is a normal elementary subgroup of §5,. Let Q be an element of Q
of order 4, and set R, = R¢. We argue that R,R, = B,. To see this,
observe that since Q' inverts 3,/D(%,), and since the minimal polynomial
of each element of ®; on R,/D(P,) is a divisor of (x — 1)?, it follows
that R, R, map onto subspaces of ‘32/0@2) which generate iTSz/D(‘EZ),
so our assertion follows. Since R,, R, are normal elementary subgroups
of P, (8.7) holds. Since we now have D(R,) = [R, R,]= R, and
since ®; centralizes R,, it follows that

(8.8) Q centralizes D(E,) .
Since Q has no fixed points on B,/D(%R,), it follows from (8.4) that

Q operates on ,/D(R,) as a multiple d of the

8.9
8.9) faithful irreducible Q-representation .

In particular,
(8.10) | B D(P.) | = 3% .

Let B a generator for B;, and for any element S of &, let S| be
the mapping of 3, into itself which sends P to [P, S]. We may view
B] in more than one way. Since Q centralizes B3,/%B,, we have B = CU,
where C e Cy(Q) and UeP,. Since Ue P, B] and C] induce the same
mapping from B./D(P,) to itself. In particular, [{B,, B]D(,) admits
€. By Lemma 8.6 applied to 9-, we have [{,, B, ;] =1. This implies
that Q centralizes [,, B]D($B,)/D(B,), so by construction of PB,, we have

(8.11) [%B., BIS D(B,) -

Hence, [P, C]S D(B,). Since C centralizes Q and Q centralizes D(,),
we conclude that C centralizes %,, by the three subgroups lemma.
Hence, B and U induce the same automorphism of 2}_32.

By Lemma 8.6 applied to N, B centralizes the normal closure of
D; in N*. Hence, Cg,(B)2[B,, D;]EP;.. We will show that

(8.12) Cy,(B) = [B,, D;]C:P; ,
(8.13) | Ca(B): D(R.) | = 3.
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Let 8, be the set of fixed points of ®; on PB,/D(R,), let
B, = [, s‘Bz}D(21_32)/0(;’32) , and let W, = CSBZ(B)/D@—Sz) .

From (8.2) and (8.3), we get that %, = W,. By Lemma 8.6 (a) applied
to N, we get W, =W,. By (8.10) and Lemma 5.2, it follows that
|8, | < 3% Using (8.10) once again, we get |,| = 3% Since W, S
W, =W, it follows that LW, = W, = W, is of order 3¢ This yields
(8.12) and (8.13).

Let B* = B;¥. Since P centralizes A, we have B* =B;*. By
Lemma 8.6, B* and ;¥ commute elementwise. Set B, = [B,, B*]E; <] B.
Since B centralizes B,/D(%,), (8.8) implies that Q normalizes B,. Thus,
P, <! S. Since D;* and B* commute elementwise, [B,, D;] centralizes
P,. Hence, [P,, D;]¢ centralizes P¢ = P,, @ being an element of O — Q.
Since P, = [B,, D;][B., D;]¢, it follows that P, centralizes Ps.

Let §;, = B, N €(Q). Thus, P, = P, x E. Clearly, Ng(Q) normal-
izes §B,; so does P, since P, centralizes B, Since & = P,N(Q), we
have 5, <]®. Since QO contains an involution, no subgroup of §, is
in 2*(P). Hence, P, is cyclic. Since P, is isomorphic to a subgroup
of $,, it follows that P, is of order 1 or 3.

Suppose [B,, B]= E;. Then (8.3) forces [¥,, B] = 1. This violates
(8.6), (8.10), (8.13). Thus, P, is of order 3 and P, = [P, B]E;, and
[B,, B] is of order 3. Now (8.10) and (8.13) yield that d = 1.

Suppose D(%,) = 1. Then by (8.11), B centralizes §,. This conflicts
with (8.10) and (8.13). Hence, D(%,) = 1, so that

(8.14) [P =3

Si~nce BB, is a normal subgroup of & centralized by Q, we get
B; = B,, as Q centralizes no element of Z7*(3). Hence,

(8.15) Z(P) =D, .

Since P, is the normal closure of [P,, ;] in &, and since D;* is
of exponent 3, it follows that 9, is generated by elements of order 3.
Since B, is of class 2, it follows that

(8.16) B, is of exponent 3.

Since B; < P,, the group B./B,; is of order 3* and is inverted by
the involution of Q. Hence, P, SB,. Since P, is non abelian it
follows that

(8.17) B= B, .

We next show that Be®,. Namely, B = CU, so that [C, U] =
[C,CU] = [C, B]. As we have already seen, C centralizes %,, that is,
[C, Ule@,. Since[C, U]=]C, B], (8.3) implies that [C, B] = 1. Since
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we have also shown that [B,, B] has order 3¢ = 3, it follows that U
is not in Z(P,). Since B,/P; is an irreducible Q-module, it follows that
C centralizes 9, as C centralizes an element of 3, (namely, U) which
does not map into ;. Since C and U commute, and since B and U
have order 1 or 3, it follows that C has order 1 or 3. If C¢%,, then
2,(C,(B,)) N C(Q) is noncyclic, so that QO centralizes an element of
Z*(8). Since this is not the case, we conclude that

(8.18) Bep, .

We will next show that B, = L,.

Since B e P, [Py, B] is a subgroup of P, centralized by ®;. Suppose
[Bo, B]ZB;, (=8B;). Let B; be a generator for B;,, A a generator for
2. Choose P in %, so that [P, B] = BfA® with b = 0. Clearly, a = 0,
since Ay({B, A)) is a 8"-group. Since [P, B] = P; = B;, we may choose
P, in %, so that [P,, B] = B;*. Then [PP,, B] = A®, which is impossible.
Hence, [B,, B] = B;. Hence, [B, B,] =1, by the three subgroups
lemma. Here B, = B, N C(Q). Hence, P, <{ S, so P, is eyclic, as Q
centralizes no element of % *(3). If |B,| > 3, it is easy to verify that
J'(B) <N, N;) against the nonsolvability of (N, W;>. Hence, P, is
of order 3, so that L3, = B,. Hence,

(8.19) B, = B, is of order 3°,
(8.20) B is of order 3°.

With the preceding information at our disposal, we turn our
attention to M = N, once again. Let & be a Siz,5-subgroup of IN
permutable with . Then & centralizes ®,, for otherwise 2°-3.13
divides Ag (D)), forcing nonsolvability of Ag(D;).  Since [O,(M): D, | <
9, © also centralizes 0,(I)/D,. Hence, & centralizes 0,(I¢M), or equiva-
lently,

(8.21) M is a 2, 3-group .

Let ¥ be a S,-subgroup of M, containing Q. Since &, e Z*(P),
no element of ¥ centralizes ¢,. Thus,

(8.22) B, = CE) .
Since B, =B, it follows that CEB) &SN, = M. By Lemma 7.4,

|C(B)| is odd. From (8.21) we conclude that
(8.23) B = C(B) .

By construction, D; = %,. Suppose j, is an index such that D, & P.
Then [D;, D;] # 1. In this case, two applications of Lemma 8.5 imply
that [D;]| = |9, | = 27 and that [P, D; ] isof order 3. Hence, [P, D, ]| =
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[D;, D, ] so that D;, centralizes B,/D;. This contradicts (8.6) and (8.19).
Hence, no such j, exists, that is,

(8.24) DB, .

Our previous information shows that Z(P) = B. Hence, N()
normalizes B, so permutes the groups B¥B¥ among themselves, 1 <
k < 4. By definition of D, we get

(8.25) N(B)= N(D) .

Suppose D <] P. Since D < B, it follows that D <J P, B>, We
can choose N in N(D°) so that B¥ = B. Hence, DV = D* and P¥ =
PB. Let H=GN. Then © = D7 and He N(P). By (8.25), we get
D =D =D. This conflicts with (8.24), since by construction D* £ L,.
Thus,

(8.26) D AP

Suppose P* is a S;-subgroup of N; and that PLHSN,. Thus,
Z(PB*) =D, ND; = A. This is impossible since | A+ | = 3, | Z(P*) | = 9.
We conclude that

(8.27) N, N N; contains no S;-subgroup of & .

Since D 4 P, (8.20) implies that |D| < 3% Suppose |D| = 3%
Then D29, implies |D| =3P and D =D,. Thus, for each k,1 < k < 4,
we have BES D, =9;,. If B = P, then N, normalizes C(B). By (8.23),
we have P <{N,, so by (8.25), we have N, = N(D). Thus, if |D| = 3,
then (N, N, N, N> S N(D). Since A- = Z(P), it follows that A = B,
for some k. Hence, N )= N,. But A is a subgroup of D;, so there
is a S,subgroup PB* of N; which contains - in its center. This
viclates (8.27). Hence, |®| = 3% Since Lz, O D DD, we conclude that

(8.28) D is elementary of order 3*.

Let € be any subgroup of ®; which is of order 3 and is not
contained in B,. Thus, D; = € x B; x A+, Since D= P, it follows
that D S Cy(D;) = €-Cp (D;), and as we have already shown, Cg (B;) =
D;B; (that is, B; £ Z(P,)). Since D; does not centralize &, it follows
that Cy (D;) = B; x B; x A, Since D* ¢ P, it follows that Ng(D) =
D E,. Choose P in B, — N;_E(@'). Since

[Py %53 %n,%[.] g%zg @. 9

it follows that [P, C|¢ 9+, where C is a generator for €. Hence,
[P,C] = DE; with E;in &, — - and D in © N P,. Hence, [P,C,C] =
[DE,, C]| =[E,, C] is a generator for 9A*. This is a subtle and important
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bit of information, since it shows that the € module B,/B; has an
indecomposable constituent of dimension 3. Thus,

the indecomposable direct factors of B,/%;

(8.29) as €-modules are of dimensions 1 and 3.
We note
(8.30) B = Vicely(D); P) .

Namely, Q does not normalize ®, D2 = PB,. Since P = (B, D),
(8.30) holds. This fact has an important consequence. Namely, if
PSS M* e 7L (®) and P ¢ M*, then M* satisfies Hypothesis 8.1. If
this were not so, then ZBQCW(QL(ZGB))%). Now (8.23) implies that
B M*. Thus,

if PSM* e _#”(®), then either P < M*

8.31
( ) or IM* satisfies Hypothesis 8.1 .

Let $t be an element of 2" (®) which contains N(2(*) and let
B, = 0,(M). We argue that

(8.32) P4 NQUA) .

Namely, S NQ). Also, N(*) contains a S,-subgroup of ;. By
(8.27), this implies that N(2) has more than one S,-subgroup so (8.32)
holds. By (8.31), it follows that |, | = 3° and that 0t = N(X), where
% is some subgroup of Z(B) of order 3. Clearly, ¥ # B,, since N(*) &
M. On the other hand, if I is the involution of Q, then Ie M. Since
A+ and B; are the only subgroups of Z(P) of order 3 which are
normalized by I, it follows that ¥ = 2.

Since IN = W, so also P, # iﬁ‘o. Hence, (8.20) implies that 3, N SEO
is of order 3. Now (8.24) implies that D = L, N o, so by (8.28), we have

(8.33) D=BN%E,.
Since M = N@EL), we have @'203(‘5&). Hence,
(8.34) B =<D, DD

Since I inverts A+, we have I¢ ﬂNTE.~ Let £ be a S,-subgroup of 03’(5172)
which is norrgalized by I. Thus, £ is a quaternion group, and by
(8.22) (with M in the role of M), we get that

(8.35) @(I) is a S,-subgroup of I .
Let J be the involution of Q and set

(8.36) =<1, J>.
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Thus, $ is a four-group and < N(P). Since B; = Z(P) N C(I), it
follows that = 8. Hence,

(8.37) BIPH =M M.

Notice that by (8.22), we have I = &J). Consider Cyy(I) = Cx(I)<J).
By (8.5), it follows that Q <] Cg(I). Thus, J normalizes Q so that

(8.38) KT is a S,-subgroup of M .

Let Q be an element of Q of order 4 which normalizes § and let
Q be an element of & of order 4 which normalizes $. By (8.22), it
follows that Ng,(Q)/Ng,(Q) = GL(2,8). Similarly for 9. Hence, neither
Q nor @ centralizes §, that is,

(8.39) {Q, > and Q, $> are dihedral groups of order 8.
We set

(8.40) IL=JQ, L=1Q.

Thus, I, and I, are involutions and

LJI, = JI, LIl =1,

(8.41)
LJI,=J, LI =1J.

Finally, we get
(8.42) %o = <Ily Iz>g N(Sé) .

We next show that 3, is complemented in M. It is clear from
the structure of I =N, that Cy(I) covers N;/C; = N;/PB, and that
Co(I) N By = B,. Hence M will split over P, if Cyy(I) splits over B,.
Since B, is an abelian 3-group, this occurs if and only if a S,-subgroup
of Cgy(I) splits over B;, hence, if and only if C (1) is elementary of order
32, Regarding I as an element of ™, we know from the structure of
this group that Cy(I) = Cg,(I). But B, has exponent 3, by (8.16) and
(8.19). Since the structure of I implies that ECzB(I )| = 3%, we have
proved that

(8.43) M splits over B,; m splits over 5, .
We define
(8.44) X, = A, % =B, X, = A%, = %2
Since <X, %, %> = B® and (&, %, X> = B!, (8.28) implies that
(8.45) D = (X, X,y Xy X

We set
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(8.46) X, =%, %, =%2.
It then follows that

(8.47) Ky ooo &6. i‘s a subgroup of P of
order 8*% 4=0, ---, 5.
Further, by construection,

(8.48) 9 normalizes %, 1 <1 <6.

We now set up a 6 by 2 array whose (¢, j) entry is X!/, in case
%I =B, and is-otherwise.

I, I,

X, % | —

X | — X,

(8.49) %, %, %,
X, %, X,

%, %, X,

%, x, %,

We will eventually determine 9% and $ in terms of generators
and relations. To do this, a number of choices must be made, and
some care is required to guarantee that these choices are possible.
We have already chosen the groups %, 1 < ¢ < 6, each of order 3 and
each normalized by $. Since %lgt__if%o, and since X, centralizes J, we
have %, & Cyy(J) = @(I >%,%;. Hence, %, normNalizes . We therefore
may choose a generator X, of ¥, such that X,Q has order 3. Namely,
let X, be any generator for %, Then (X,Q) e {J>, so either (X.Qy=1
or (X,Q) =J. Since @J = @, in the second case we get (X,0~)* = 1,
or equivalently, (@X:")* = 1, or equivalently, (X'Q)® = 1. Thus, we
may assume that

(8.50) (XQy=1.

For the same reason, we may choose a generator X, for X, such that
(8.51) (XQ¥=1.

We set X, = X2, X, = X¢, X, = X, X, = X2 Notice that

(8.52) X>=%,1<i1<6.

It is now convenient to draw up a table listing the action of $
on each ¥%,. This information is available since we know the action
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of § on %, and %,, and we know the action of Q, @ on §, and of course
we know the way in which @, @ permute the ¥X;. The result of this
calculation is given in the following self-explanatory table:

I J

X, -1 1

X, 1 -1

(8.53) X, | -1 | -1
X, -1 -1

X; 1 -1

X, -1 1

Since ~Q2 = I, @* = J, we couple our two tables and determine the action
of @, Q on B, P, respectively. The result of this calculation is summa-
rized below:

Q Q

X, X —

X, — X,

(8.54) X, | X | X
X, X, Xt
X, X, Xt

X, X X,

It remains to determine the commutation relations in . Since D is
abelian and ®; = Z(}3,), we get

[X,;,Xj]:]., 3£i,j§6,
(8.55) .
[Xqu]:la 4<7=6.
Since <%, %, > = Z(B,), we get
(8.56) [Xe Xi] = [X,, Xi] = [X, Xl =1.

The three remaining commutation relations can be written as follows:

(8-57) [le X3] = Xﬁa ’
(8.58) [X., X] = X¢.
(8.59) [X, X)] = Xs XX XT .

Here a, b, ¢, d, ¢, fe F,. Since P, and 5, are non abelian, we see that
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ab = 0. It follows from (8.29) that [X,, X,, X,] does not lie in %;, so
d # 0. By symmetry, ¢ % 0. To determine the values a through f
explicitly, we make use of the following identities:

[AB, C] = [4, Cl[4, C, B][B, C]
[4, BC] = [4, C]I4, B[4, B, C]
[47, C] = [4, C, A4, CI
[4, B-'] = [4, B, B~]"'[4, B!

[4~, B-] = [A, B~, A~]"'[A, B~']" .

Since X,Q has order 3, we have
QX.Q = IQX,Q = IX;'Q7' X' = XXyt .

Using this relation, conjugate (8.59) by @, to obtain

[X,, X7'QX:'] = X Xe X X7 .
Since X, and X, commute, we have

[Xs X7'QX] = [ X, QX7] .

By the preceding identities, [X,, @X;'] = [X;, Q][ X, Q, X7']. Now

[X: Q] = Xi'@'X,Q = XX,
so that

X, QX] = X7 X[ XX X3

Since ¥, and ¥, commute, we have [X;'X(', X;']=[X{), X7']. Now
by the preceding identities, we have

[XT X3 = [X, X X0 X X
= [[X,, X,, X7 X, X.]7, X7
x ([ X, X, X7 [X, X7

Since [X,, X,, X;'] € &,, it follows that
[[X, X., X7 X, Xo7, X0 = X, X)X

We get that [ X7, X;7'] = X Xy XX X{,  Since X' X! = X' X' X5e,
we see that [X;, X;7'QX;'] = X' X' Xo o Xy X2 X X/ This gives
us the following equations: ¢ =1,d = —f, f + bd = d. Conjugating
(8.59) successively by I, J, IJ and using the fact that d % 0 yield the
values b = —1,a = e¢,d = —f. No more information is forthcoming
from I, so we conjugate (8.59) by @ and work in . We state the
result of these calculations:
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(8.60) a=-1,b=—-1,¢c=1d=—-1,e=—1,f=1.

Let ®* = X, X5 ang note that R* = Cy(I). By construction,
X, S 0,(M) and %, S Z(0,(M)). Hence,

Cqs(,&z) = Cq;(ER*) = <X2’ XSa X5, Xe> ’

so that | P: C;B(?R*)l = 9. With R* in the role of U in Lemma 7.6 (¢),
it follows that R* centralizes every abelian subgroup of U(R*; 2).

Since O (M) N C(I) = R*Q, it follows that Q is normalized by R*
but is not centralized by R*. Let T* be a S, ,-subgroup of C(I) which
contains R*Q. Then T* contains an element Z7(2). Let T, be a S.-
subgroup of T* which contains Q. By Lemma 7.5, there is an element
M, of _Z<(®) such that (R*, T, T,, & = 0,(M,), M,) satisfies all parts
of Lemma 7.5 with R* in the role of B, & in the role of £, M, in the
role of M. Since by (e) of Lemma 7.5, Q S &, it follows that I, = C(I).
Hence, Je ..

The next task is shown that

(8.61) N(ED) S N(P) .

By our preceding results, ® <] B. It is straightforward to verify that
Ngp(D) & Ngpp(P).  Let M* e _2Z7(®) with ND)SM*. If P M,
we have our desired containment. Otherwise, I* satisfies Hypothesis
8.1. Hence, N(D) = Ngy(D) S Ngp(B) S N(P), as desired.

We next show that

(8.62) if Xe¥, Ye¥, then |C(XY)|,=3".

Let Z=XY. Let X* =X Y*=Y? Z*=X*Y*, Then X*c¥%,
Y*eX%, so it suffices to show that ® is a S,-subgroup of C(Z*).
Suppose false. Let ® be a S,-subgroup of C(%*) which contains D,
and let DS D*S D, with [D*: D[ =3. Then D* = N(D) S N®), so
D*=PB. However, D = Cy(Z*). Notice that we have shown that
DAC(Z*). Namely, Dis a S,-subgroup of C(Z*), and since D € .F..,(P),
we have 0,(C(Z*)) = 1 so that

(8.63) D is a normal S;-subgroup of C(Z*) .

Retaining the preceding notation we will show that {I) = Cx(Z).
Suppose false. Since {I) = C(R*), it follows that 1 = [Cy(Z), R*].
This violates the fact that C(Z) is 3-closed by (8.63).

We next observe that X, ~ %, so that | C(%,) [, = | C(%;) |, = 8. These
equalities together with the preceding paragraph show that & is extra
special of width 2 and that

& is the central product of quaternion groups

(8.64)
Q, Q,, where Q = Cy(%;), Q. = Cy(X) -
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This choice of notation conforms with our previous definition of Q.
Since R* maps onto a S,-subgroup of A (R), it follows that
R*Q <] M,. Let

(8.65) 2 = Ny (R*) ,

so that N R =), and M, = L. ¢ acts as a permutation group
on the subgroups of R* of order 3. By the previous arguments, %,
and %, are permuted among themselves. Let

(8.66) B* = Ng(¥,) = Ng(%,)

so that |R:8*| < 2. Also, if L € 8% and L centralizes %;, then L e R*{I).
Hence, %* = R*H, and |IM,: KL* | < 2. Let &, be a S,-subgroup of &
which contains . Thus, [%,] = 4 or 8.

We must now show that

(8.67) e =9,

Suppose false. Since R*? = (%, X, it follows that L% normalizes
{¥%;,X,>. From (8.63), we conclude that ® char C(%,%X,). Hence, N(X.,X,) =
N(®). Now by (8.61), we have N(®) SN (). Thus ¢ normalizes P.

It is a straightforward consequence of (8.55) through (8.60) that
LB U f@o is the set of elements of P of order at most 3. Hence, P
contains exactly 3° — 2.3° 4+ 3* = 4.3* elements of order 9. Thus, some
involution I, of Q¢ centralizes an element P of P of order 9. It is
clear from (8.53) that I,¢ 9.

If X e X%, we will show that C(X)Z N(B). Suppose false. Let
M*e 7/ (®) with C(X)SIM*. We may apply all the preceding
results to M* in place of M and conclude that O,(D*) is of exponent
3 and order 3°. However, P, and P, are the only subgroups of P
meeting these conditions, so C(X)&S M or C(X )giffl, from which the
desired containment is obvious. In particular,

(8.68) C(P) S N(P) .

Let N, be a S,-subgroup of N(B) which contains 24, By (8.23)
N, is faithfully represented on B = Z(P) = (&, ¥;». It is clear that
Aut (P) is a 2, 3-group, so we conclude that

(8.69) N(P) = PLe .
It now follows from (8.68), (8.69), and (8.53) that
(8.70) C(P*) = B,y .

By hypothesis, C(I,) is solvable. Let § = 0,(C(I,)). Suppose {P)
acts faithfully on . Then m(g) = 6, since P has order 9. But I,
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contains a S,-subgroup of &, and since S,-subgroups of I, are ex-
tensions of & by a 4 group, it follows that every 2-subgroup of & is
generated by 4-elements (naturally, this uses the action of the 4-group
on ). Hence, P° centralizes . By (8.70), we get § = {I,).

By Lemma 5.38 (a)(ii), C(I,) contains an element 11 of Z/(2). Since
0,(C(Iy)) = LIy, we get that 0,,(C(I,)) = {I,) x 0,(C(I,)), so that by
Lemma 7.1, U centralizes 0,,(C(l,)). But C(I,) is solvable, so that
0,,,(C(l,)) contains its centralizer. Thus, 1 = 0,,.(C(I,)), an absurdity.
This contradiction establishes (8.67). Notice that (8.67) is equivalent to

(8.71) M, = KR .

Since J inverts R*, it follows that QJ> and QJ) are both
isomorphic to S,-subgroups of GL(2,3). This implies that

(8.72) Cyn(J) is elementary of order 8.

The hard work is now completed. We may now determine the
Weyl group. Recall that I, = JQ, I, = IQ, so that I, and I, are invo-
lutions. Let W = I.I,. Thus W?® centralizes . Since W centralizes
no element of % W? is not in §* Since W3 ec O(H) S M, and since
the structure of Cyy,(J) is given in (8.72), it follows that W° =1, so
that W is of order 3 or 6.

From (8.49), we get that ¥/° = ¥z = ¥,, and conclude that W is
of order 6. Thus,

(8.73) W, = W?® is an involution in the center of {[,, I,) = T .
We argue that
(8.74) PAPo=1.

Since P N P70 is normalized by $ and by W, (8.53) implies that if
P* = P N P, then

P o= (P N <X, XD)(PB* N <Eyy )P N <Eyy E)

If X c%i%:, we know that C(X) = N(D). This fact, coupled with (8.49)
implies that P* = 1, so that (8.74) holds.

Let B=9%. (No confusion with previous notation is to be feared.)
We then get that I = B U BLB, M = B U BLB. Hence, (8.49) implies
that conditions (i’) and (iv) of Théoréme 1 of [40] are satisfied. Hence,
BWDB = &, is a group and if we let B, be the largest subset of B
such that 8L S P70, it follows easily from (8.74) that each element of
@&, has a unique representation of the shape BXBy, Be B, X e,
By e®B;. Thus, |®,| = | E,3)|, by an easy calculation. Hence, (8.41),
(8.50), (8.51), (8.53), (8.54), (8.57), (8.58), (8.59), (8.60), (8.73) determine
the multiplication table of &,. Thus, if &* is any group which satisfies
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the hypothesis of Theorem 8.1 and also satisfies Hypothesis 8.1, it
follows that &* contains a subgroup isomorphic to &, Since we may
take ®* = E,(3), it follows that &, = E,3), and so (&, = 1. Clearly,
®, contains I,, so that &, contains the centralizer of each of its
involutions. Hence, #(®) = 1, by Lemma 5.35.

Since E,(3) does not satisfy E,, (by Sylow’s theorem), it follows
from Lemma 5.35 that &, = & = E,(8).

The remaining lemmas are proved under the following hypothesis:

HYPOTHESIS 8.2. Whenever $S M e _ZF(®) and B = 2,(Z(P)¥,
then V(celg(D); PB) S Cqp(B).

We must derive a contradiction from this hypothesis. When this
is done, the proof of Theorem 8.1 will be complete.

LEMMA 8.7. If T is a 2, 3-subgroup of & and T, 1s a S;-subgroup
of T, then V(ccly(D); T, 2.

Proof. We assume without loss of generality that £, 3. First,
suppose T, = P. Let TS Me _~Z¢(®), and let T* be a S, ;-subgroup
of M containing T. Let B = Q(Z(P)™, € = Cyy(V). As C<JM,EN T
is a S, -subgroup of €. By Hypothesis 8.2, B* =€ N T*, where B* =
B(cely(D); B). Since BS BV, Lemmas 7.4 and 5.38 imply that |€ N T |
is odd. Hence, € N T* <] T* implies B* = V(cely(D); € N TF) < T*.

We may now assume that T, PB. We proceed by induction on
[B/|Z,]. Let B* = Vicel((D); T;). As B* is generated by conjugates
of B, it follows that B* centralizes 0,(Z). Hence, if B* £ 1, then
0,(%) = 1, so that 0,,(%) = 0,%). If B* =1, the lemma is trivial, so
suppose B* == 1. In particular, 0,%) = 1. If <, is not a S,-subgroup
of N(0,X)), let T* be a S, ;-subgroup of N(0,(X)) containing T, and let
%3 be a Sy-subgroup of T* which contains T,. Then V(celx(D); TJ) <
Z*. In particular, [B*, E] is a 3-group, so B* <] L. Hence, we may
assume that £, is a S;-subgroup of N(0,()).

Let 2B, = 2,(Z(04%))), so that BS W,. Since | C,(LW,) | is odd, it
follows that 04(%) = C4(W,). Suppose B* Z 0,(T). Choose G in & so
that 9= B* but D¢ L 0,X), and for any subset & of ®, let S = &°.

It is a straightforward consequence of Hypothesis 8.2 that ® = 1.

As D acts nontrivially on Qi(%), we let Q be a D--invariant
subgroup of Qi(¥) minimal subject to [, Q] # 1. Let D; = C4-(Q),
so that | ®': D;| = 3. Thus, B, = Cy,(D;) is invariant under ®* and Q.

Let N={i|1=Z2154,8;,=9;, D; £}, If B-=D;, then it is
obvious that N = @. If B:<D;, then no D; is contained in D;, 1 <
1 < 4. Since BN D; is of order 3 in this case, we again conclude
that N # @. Choose t€ N. Thus, © =<(¥;,d;>and |D;: ;N D; | =
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3. Since Q is faithfully represented on 28, it follows that [®;, ] == 1.
By Lemma 8.5, [Q, ﬁﬁo] is of order 9 and is not centralized by 9-.
Since BSW,, so also BSW,. Hence, O centralizes some B of B,
so if Q = Q*/C (W), then (D, Q*)>< C(B). By the preceding argu-
ment, [Q* D] is a 3-group, violating the nontrivial action of ®° on
Q. Thus, B* S 0,(F), and so B* <| T, completing the proof of this
lemma.
For the remainder of this section, we let

B = V(celg(D); B), N = N(B) .

LEMMA 8.8. (i) N contains no element of 7 (2). (See Definition
2.9.)

(ii) If g, is any 2-subgroup of N, then Ay(Z,) does not contain
a subgroup of type (3, 3).

(iii) If € 1s any subgroup of Z(B) of type (3, 3), then (A, €) e 4~
Jor all Ae Z7(2). (See Definition 7.2).

(iv) If Z, is an abelian 2-subgroup of N, the Ay(T)) is a 3'-group.

Proof. We first prove (iii). We invoke Lemma 7.4, so that (iii)
will hold if we can show that € centralizes every element of U(C; 2).
Suppose Q € U(€; 2) is minimal subject to [Q, €] # 1. Let €, = Cx(Q) #
1. Let € be a S, -subgroup of C(€,) containing €Q. Since C(C) 2B,
it follows that if ¥, is a S, ;-subgroup of C(€, containing B, then
LS 0,2Z,). By Lemma 0.7.5, we have €S 0,), so that [Q, €]<
QN 0T = 1. (iii) is proved.

Let ¢ 7 (2),T=SN. We may assume that T is a noncyclic
abelian group of order 8. Since B = Z(V), Z(V) is noncyclic. Hence,
< contains an involution I such that C(I) N Z(B) is noncyclic. Thus,
C(I) contains an element of Z7(2) and also a subgroup € of Z(B) of
type (3, 3). By hypothesis, C(I) is solvable, in violation of (iii). (i)
is proved.

(ii) is a straightforward consequence of (i).

To prove (iv), let <, be an abelian 2-subgroup of N minimal subject
to 3 || Agp(T)) . Thus, T, is a four-group, and the involutions of ¥, are
all M-conjugate. Thus, (iii) implies that C(I) N Z(BV) is cyclic for all
Ie¥i. This implies that | 2,(Z(B))| < 3°. Since the reverse inequality
holds by (B), we find that Z(B) N Z(Y) is cyclic. This is not the case,
since B = Z(P) N Z(V). (iv) is proved.

LEMMA 8.9. If T 1is a 2, 3-subgroup of & and T contains a
conjugate of B, then T is contained in conjugate of N.

Proof. We assume without loss of generality that < is a maximal
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2, 3-subgroup of &, and that BSZ. Since B centralizes 0,T), it
follows that 0,() = 1, and so 0,X) = 1. Let T, be a S,-subgroup of
<. By maximality of ¥, ¥, is a S;-subgroup of N(0,(¥)). We assume
without loss of generality that T, . This implies that B = Z(0,(2)).

If T contains a conjugate of ©, we are done by Lemma 8.7. We
therefore suppose that for each G in &, DL Z.

Suppose 1 <7=<4, and D,N0,T) = D, N<T,. We conclude that
D, S 0,(%F). Since DLI, we may choose ¢ with 1 < ¢ < 4 such that
D,NO0R)CTDNZT,. Set F=D,N02), F*=D,NZT,. The index <
is fixed in the following discussion. We note that § and F* are
normal elementary subgroups of Z..

Let © be a H*-invariant subgroup of Q;(¥) minimal subject to
[%*, Q] # 1. Thus, §* acts irreducibly on the Frattini quotient group
of ©. We remark that Q is available, since 0,(%) = 1.

Let B, = 2,(Z(04%))), so that BS LB,

Choose Qe — Q'. We will show that B° N C(D;) = 1. Suppose
false, and that B in % satisfies B¢<c C(D;). Hence, for D in §* (£9),),
we have B? = B?, or B?°’?"' = B. Hence, QDQ'D~' centralizes B
for each D in $*. This implies that Q centralizes B. Apply Lemma
8.7 to C(B) and conclude that if Q = Q*/0,(T), then [Q*, F*] is a
3-group. As this violates the nontrivial action of §* on Q, the as-
sertion follows.

Since BS 0, =T, =P, we have BUS N(D,). Since D, is 3-
reducible in N(9;), it follows that B° is faithfully represented on £ =
0.,(N(D,)/C(D;)). On the other hand, if B¢ ¥#, then [C(B)?, B¢, B = 1.
This implies that B? centralizes every 2’-subgroup of £ which 82
normalizes. Thus, there is a 2-subgroup &, of N(2D;) such that Ay, (<<,
contains a subgroup of type (3,3). This violates Lemma 8.8 by D,
in N(®,). The proof is complete.

LEMMA 8.10. If € us any subgroup of & of type (3, 3), then €
centralizes every abelian subgroup in W(E; 2).

Proof. Suppose L is a four-group in U(C;2) with [Q, €] = 1.
Let €, = Cx(Q). Let T be a S, -subgroup of C(€,) which contains €Q.
By Lemma 8.9, =N for some G in ®&. Lemma 8.8 (iv) is violated.

LEmMA 8.11. Hwypothesis 7.2 1s satisfied with p = 2. Further-
more, WM has the following properties:

(i) S;-subgroups of M are nmoncyclic.

(ii) M is a 2, 3-group.

(iii) I contains no elementary subgroup of order 27.

(iv) m(IM,) < 2 for every 3-subgroup M, of M.
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Proof. Let ¥ be a 2, 3-subgroup of & which contains elements
of . (2) and .7 (3); ¥ is available by hypothesis (vii) of Theorem 8.1.
We assume without loss of generality that < is a maximal 2, 3-subgroup
of &. By Lemma 8.8 (i), £ is contained in no conjugate of 3t. By
Lemma 8.9, ¥ contains no conjugate of B. This fact together with
maximality of ¥ implies that 0,%) = 1.

Let € be a subgroup of T of type (3, 3) and let &, be a S,-subgroup
of ¥ containing €. By Lemma 8.10, € centralizes Z(0,(%)). Hence,
2,(T;) centralizes Z(0,%)). By Lemma 8.9, each S, subgroup of
N(2,(Z,)) is contained in a conjugate of N. Hence, T, centralizes
Z(0,%)) by Lemma 8.8(iv). By hypothesis (iv) of Theorem 8.1,
T C(Z(04T)) is solvable, so by maximality of ¥, we conclude that T
is a S, -subgroup of TC(Z(0,(T))). Hence, we can choose a S,-subgroup
B, of & such that P, N T = T, is a S,-subgroup of T, and be guaranteed
that Z(B,) S Z(0,(¥)). Hence, T <= C(Z(%3,)), so by maximality of Z,
we have T, = 3,.

By Lemma 7.4, Q/(Z(0,(X))) = 2,(Z(¥,)) is of order 2 and

NR(Z(Z,)) = Me #Z7(G) .

By construction, T, IN, so (i) is satisfied. By Lemma 7.5, O,(IN) =
is of symplectic type with w < 4. (ii) is an easy consequence of this
fact together with (i).

Suppose € is an elementary subgroup of I of order 27. Clearly,
the width of © is at least 3. By Lemma 7.5, no element of &* central-
izes any four-subgroup of $. This is obviously impossible.

It remains to prove (iv). By Lemma 7.5 (¢), I, is isomorphic to
a subgroup M, of (Z,§ Z,) x Z,, By Lemma 8.11 (iii), the intersec-
tion of M, with the normal abelian subgroup A such that m() = 4
in (Z, ~ Z;) X Z,, is of order at most 3°. It follows that I, is either
trivial, abelian of type (38), (8, 3) or (8% 3), or non abelian of order 3°.
In all cases, m(IM,) < 2. The proof is complete.

Let € be a subgroup of M of type (3, 3), let <, be a S,-subgroup
of M containing €, and let H, = [9, €], where § = 0,(IM). Let I be
the involution of §’. Choose C in €* so that Cgy(C) = is not
centralized by €. We may assume that Cg,(C)< MR, since replacing
I by a suitable conjugate guarantees this. Let £ be a S, ;-subgroup
of M containing €Q. This notation is fixed throughout the concluding
argument.

LEMMmA 8.12. (i) Q s a quaternion group.

(ii) N s a 2, 3-group.

(iil) Ne 7 (®) and N is the only element of _#Z7(®) which
contains P.

(iv) N is the only element of _#Z<(®) which contains €.



492 J. G. THOMPSON

Proof. Since $, is extra special, so is Q. Since QS O0*N),
Lemma 8.8 and Lemma 5.27 imply (i)

By (i) and Lemma 8.8, Q is a S,subgroup of O¥(M). Clearly,
since M is a 2, 3-group, Ny (Q) is a 2, 3-group. Since QS O*(N), it
follows that Q< O0¥(N)’. Hence, L has a normal complement £ in
O¥(N)Y. To prove (ii), it suffices to show that & is a 3-group. Let
K, be a S,-subgroup of & normalized by Q. Then I inverts &, since
M is a 2, 3-group. Choose F char O,(&) with ker (R — Aut (§)) a 3-
group, and with & of exponent 3. Such an ${ is available by Lemma
5.18 and 0.3.6. As Q is nonabelian, &, is noncyclic. It follows readily
that I centralizes a subgroup of F/D(F) of order 27. This implies that
C5(I) contains an elementary subgroup of order 27, in violation of
Lemma 8.11. (ii) is proved.

Let PN, e _~7<”(®). By Hypothesis 8.2, it suffices to show that
Cy(B) SN, where B = Q,(Z(P)™. Since Cy (V)< N(Q(Z(P)), and
since Ie N(P)= N(Q2.(Z(P))), we may replace N, by an element of
A (®) which contains N(2,(Z(%))) and so assume that IeN,.

Let & be a S,-subgroup of N, which contains I. By Lemma 8.8 (i)
and Lemma 8.9, it follows that & has a normal 2-complement &. Since
M is a 2, 3-group, [ inverts K. Suppose by way of contradiction that
&+1. Since 0,(N,) =1, KT is faithfully represented as automorphisms
of 0,M,). By Lemma 8.11 (iv), the only possibility is that |&] =5,
that C(®) N 0,(N,) 2 D(0,(N)) and that O,(N,)/C(K) N 0,N,) is elementary
of order 3. Since & is an S-subgroup of M0, it follows that K0, (N,)/
0, () is a chief factor of N,. Hence, I¢N]. This implies that
O,(N) =B, so that N, S N(B) = N. Hence, N, = N. This is absurd
since 1€ Y'. This contradiction forces & = 1, that is, N, is a 2, 3-group.

Since | C(2.(Z(P))) | is odd, it follows that Cy (B) = Cyx(B) S PSN.
Thus, (iii) holds.

We turn to (iv). Let . &% ={%,] (i) B, is a 3-subgroup of N, (ii) P, 2
BY for some N in N, (iii) P, is contained in a solvable subgroup of &
which is not contained in 9t.}. Suppose by way of contradiction that
Z #+ @. Choose L, in & with |P,| maximal. We assume without
loss of generality that B, =& B. Let & be a solvable subgroup of ®
which contains B, and is minimal subject to R £N. Since Pe .72, it
follows that P, <P, so maximality of |%B,| forces NEB(EBO),@.?. In
particular, N(B,) =%. This implies that B, is a S,-subgroup of K.
Minimality of & yields that £ = L&, where &, is a g-group for some
prime q =+ 3.

Since BY =P, for some N in N, it follows that 0,(K) SN, as
0.(R) is generated by its subgroups O, (&) N C(B), B e (*BY)4

Suppose ¢ = 2. Then by Lemma 8.9, <N’ for some G in &.
Hence P, =N¢ Let P* be a S,-subgroup of I N N which contains L,.
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Maximality of | %3, | forces B, = LH*. But then since N(P,) SN, we get
that B, is a S,-subgroup of N¢. This is absurd. Hence, q # 2.
It is a consequence of [43] that & = 0,(®)A,2A,, where

A = Co(Z(Po), W = Ng(J(By)) -

Maximality of |B,| forces N(Z(P,) SN, NJ(L)) SN, so R&SN. This
establishes (iv).

We may now complete the proof of Theorem 8.1. Choose C, in €%
Then C(C)=293, so that C(C,)=%. Hence, =N, in violation of
Lemma 8.8 (ii).

9. A characterization of S,(3).

THEOREM 9.1. S,(3) is the only simple group & with the following
properties:

(1) & contains an elementary subgroup of order 27.

(i) If P is a S;-subgroup of & and W e .S%.,(B), then UQ) is
trivial.

(iii) The center of a Sy;-subgroup of & is cyclic.

(iv) The mormalizer of every monidentity 3-subgroup of & ts
solvable.

(v) S,-subgroups of & contain normal elementary subgroups of
order 8.

(vi) If € is a Sysubgroup of ® and B e S%.4%), then UFB) is
trivial.

(vii) The centralizer of every involution of & is solvable.

(viii) 2 ~ 3. (See Definition 2.9.).

After careful translation, it can be shown that Dickson [12] lists
several properties of S,(3). Namely, A(4, 3) is Dickson’s notation for
S.(3) (pp. 89-100). Now in §194 (pp. 109-191), Dickson sets F'O(m, p") =
O.(m, p*) (for m odd), so by §189 (pp. 179-183), A(4, 3) = FO(5, 3) =
S,(3). Thus, by §270 (pp. 292-293), S,(3) has a subgroup of index 27
which is a split extension of an elementary group of order 16 by A,.
So S,(3) is not an N-group. That S,(8) satisfies the hypothesis of
Theorem 9.1 is left as an exercise. We remark that (viii) holds for
S.(8), the centralizers of suitable involutions exhibiting 2 ~ 3.

Throughout most of this section the following notation is used:
P is a S,-subgroup of &,

8 = QUZ®)), N = N(B), § = 0(N) .

By hypothesis (iii), | 3| = 3, and by hypothesis (ii), 0,(3) =1. By
hypothesis (iv), R is solvable, so by Lemma 1.2.3 of [26], Cy(D) = Z(9).
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Clearly, Cy(9) = C(9).
We remark that & satisfies Hypothesis 7.4 and also satisfies Hy-

pothesis 7.1 for p = 2 and for p = 3.

HyroTHESIS 9.1. © is the central product of a cyclic group and a
nonabelian group of order 27 and exponent 3.

LeMmA 9.1. Assume that Hypothesis 9.1 is satisfied. Then
(1) [P: 9] =3.

(ii) [ =21

(iiiy O0*()/9H = SL(2, 3).

Proof. We remark that GL(2,3) contains no noncyclic abelian
subgroup of order 8.

As N/9 is faithfully represented on 2,(9)/D(2.(9)), it follows that
N is a 2, 3-group, and N/ is isomorphic to a subgroup of GL(2, 3).
As © contains no elementary subgroup of order 27 and P does, (i)
holds.

Let 2 be a normal elementary subgroup of B of order 27. Since
|B: & | = 3, it follows that O¥(N)/H = SL(2, 3), yielding (iii). Let Q
be a S,-subgroup of 0% (N) so that Q is a quaternion group. Let Y, =
AN H. Let I be the involution of Q. As I inverts every element of
02.(9)/8, it folllows that I normalizes ,. Since I also normalizes P,
it follows that I normalizes Cg(2,) = U, Z(9)>. Hence, I normalizes
2,(Cy(2,)) = A Since I centralizes the factor O%(9)/0(N)'H = P/Y,
it follows that 20 — 2, contains an element A4, such that A = A,. Since
I also centralizes 3, it follows that Cy(I) = <{4A)> x 8 = . Also,
Cy(I) = A.B,, where 8, = Z(9), and it is clear that Cy(I) is a Se-
subgroup of Cg(I).

Suppose | 8, > 3. Thus, | B| > 3%, so Lemma 7.6 is at our disposal.
If Ge® and 87 B, then 7F'(3%) centralizes 9, and so 2,(3%) = 2,(8) =
8, so that GeN, 8¢ = B,. We may therefore apply Theorem 14.4.2
of [21] and conclude that PSI'. Since Aut (3,) is abelian, this implies
that B, = Z(¥). We may therefore appeal to Lemma 7.6 (d) and con-
clude that if 20* is any subgroup of U of type (3, 3), then 2* centralizes
every element of U(2*;2). Taking A* = A, Lemma 7.4 is violated.
This completes the proof of (ii).

LEMMA 9.2. Assume that Hypothesis 9.1 s satisfied. Let
We . .(B) and let I be an involution of W. Then
(1) S;-subgroups of N are quaternion.
(ii) If A, = Cy(I), then
(a) || =09.
(b) A, contains a subgroup A, of order 3 such that C(A,) £ N.
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(iii) If M = C(I), then O,(M) is extra special of width 2, 0, (M) =
1, and | IM: O,(M) |, = 2.
(iv) AxQ) = 2.

Proof. Let £ be a S,-subgroup of 0¥(M). By Lemma 9.1 (i), Q
is a quaternion group. It clearly suffices to prove the lemma on the
assumption that I is the involution of Q.

By Lemma 9.1 and hypothesis (i) of Theorem 9.1, the group P is
Z,\ Z,. Hence, A char . Since I normalizes P, it therefore normal-
izes A. This implies (ii)(a), since I centralizes Z($) and 0% (N)/0* (N)'.

Clearly, It contains an element of Z/(2). It is equally clear from
(B) and Lemma 9.1 that

() if X is any noncyclic subgroup of 2, then %
%
centralizes every abelian subgroup of U(X;2) .

Let T be a S, ,-subgroup of M which contains {2, Q). Let T,
be a S,-subgroup of £ which containg ©. We may apg}y Lemma 7.5
with 2, in the role of B. Thus, there is an element M of _#ZS7(®)
satisfyirLg the conclusions o~f Lemma 7.5. By Lemma 7.5(e), we get
QS 0,(M). Hence, I> <M, so M= C(I) =M. Since Iy is a S,-
subgroup of C(2,), it follows that

“.1) 0,(M) is extra special of width w = 2,3, or 4.

Thus, (ii)(b) holds.

Again, let ¥ be a noncyclic subgroup of 2. Suppose that
|C(®) N NQ)| is even. Then of course |X| = 9, as U is a self-central-
izing subgroup of &. Let J be an involution of C(X) N N(). Then
() and Lemma 7.5 yield that J and I are conjugate in ®&. Since %
is faithfully represented on 0,(C(J)), we can choose a subgroup 9 of
% of order 3 such that

9.2) % does not centralize C(%)) N 0,(C(J)) .

Thus, C(Y) is not 3-closed. Thus, 2 is not a S,-subgroup of C(). This
implies that

9.3) C(?) contains a S;-subgroup of & .

Let P be a S;-subgroup of C(Y) which contains . Thus <5E, J>=
C(®). Thus, J normalizes both %A and 0,(C®)), so J normalizes
L, 04C(®))>. Thus, Lemma 9.1 yields that

if X is any nonecyclic subgroup of 2, then each involution

9.4
-4) of C(%X) N N() normalizes some S;-subgroup of N(X) .
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By (9.3) with the pair (,, 2,) in the role of (9, X), we conclude
that C(2,) contains a S;-subgroup $* of & with A < P*. Hence, N()
is not 3-closed, since P and P* are distinct S,-subgroups of N().

Set 8 = N(). Clearly,

A =00 =C),1=0,N),Ich.

Suppose 13| IST%I. Since Ie ETE, it follows that I centralizes a S
subgroup of %, since the nonidentity 13-elements of GL(3, 3) are nonreal.
However, 13 J ||, since 4 = w. Hence, %N is a 2, 3-group.

_ Let 3, be a S,-subgroup of 03,2(272), and let & = N;(T,). Thus,
N=AR, ANK =1, so that & = AgQ). Suppose J is an involution
of ¥, and ANCW) =% is noncyclic. Thus, |X|=9. By (9.4), J
normalizes some S;-subgroup B of . Since PO A, P N K is of order 3.
Hence, RNR JIST, NP =1, so that L' N K centralizes J. Hence,
B N & normalizes %, that is, £ <|B. Hence, X € 27 (3). Thus, J centralizes
elements of Z(3) and % (2). This violates the solvability of C(J).
Hence,

(9.5) no element of % centralizes a noncyclic subgroup of 2.

Since | Z(P)| = 3, BN & is indecomposable on . Hence, T, acts
on U as a multiple of the sum of the &-conjugates of a fixed F,-
irreducible representation p. If ¥, is nonabelian, then 2 divides deg p.
Hence, 2 divides 3 = m(2), a contradiction. Hence, ¥, is abelian. If
%, is not elementary, then deg o = 1 or 3. So deg p = 2, which again
gives a contradiction. Hence, T, is elementary. Now (9.5) implies
that | <, | < 4, so we must have equality, since T, = 0,(&) and | L N K| =
3. Since Ie% N N(P), it follows that & = ¥,, which establishes (iv)
and also (i).

It remains to show that w = 2 and that |I: 0,(M)|, = 2, since
by (9.1) we know that as 0,(I) is extra special.

Suppose A is any subgroup of A of order 3 which is conjugate
to 3, A 3. We contend that A*5,8. Namely, let P* be a Sy
subgroup of C(A*) which contains 2. Then P and P* both normalize
A, since |PB*:A| =3. We may thus choose N in N(A) such that
P*¥ = PB; since 8 = Z(P), we necessarily have A*Y = 3, as desired.

Since PLI> normalizes 3, we obtain all N(2)-conjugates of 3 by
transformation with elements of ¥, We will show that 3 and I, are
the only N(2)-conjugates of 8 which are in . If Ke%fand 3 < U,
then since no element of T normalizes 3, we conclude that K normalizes
A,. It is clear that £, does not normalize 2, so our assertion follows.

It is an immediate consequence of the preceding paragraph that
w = 2. That is, only 8 and U, centralize elements of O,(M) — <{ID.
Since N(¥,) & N(Y), we have | M: 0,(M) |, = 2, and the proof is complete.
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We now change notation somewhat in order to conform with more
standard notation. Let B, = N(3), B, = N(U), and let B = P, $ =
{I>. Let Q, be a S,-subgroup of B, which contains I, and let Q, be
a S,-subgroup of B, which contains I. Thus, Q, is a quaternion group
and Q, is a dihedral group of order 8. Let %, = Q, N 0¥(B,), so that
T, is a four-group.

Let €, = Ng,(¥,). Thus, €, is a complement to A in B, and €, =
3. Let %, = PNE, so that %, is of order 3 and is inverted by I.
Since O,(B,) contains all elements of P which are inverted by I, we
have %, = 0,%8,). Since Q, permutes transitively the subgroups of
0,(B,)/8 of order 3, we may choose @ in Q, so that X, = X{ lies in 2.
Thus, I inverts ¥%,, since @ centralizes I. Let {J) =%,N C(), that
is, let J be a generator for Z(Q,). Since A N C() is of order 9, %, is
the only subgroup of 2 of order 3 which is inverted by I, so that
%/ =%, Let X%, =38 and set X, = %/. We may now draw up the
following table:

J Q
%1 - %2
X, %, X,
%, %, —
X, %, X,

Let X; be a generator for %, so that we have the following table:

I
X, X
X, X!
X, X,
X, X,

Let M =<J,Q>. Since NE=M, the structure of N may be easily
determined. Let Q, Qf be the quaternion subgroups of O,IN), Q,
being as above. As J normalizes {¥%;, X,> and {%,, %X,> is a S,-subgroup
of I, it follows that Q7 = QF. Hence, (JQ)* = JQJQ is an involution
distinct from I. This means that 9/{I)> is a dihedral group of order
8 with involutory generators J<{I>, Q<I).

Finally, notice that B = PLI> = N(P).

Since (JX,)’ =1 and since (QX,)°edI), it is straightforward to
deduce from the first table that BNB =G, is a group. We will
determine the multiplication table of ®&,. First, we assume without
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loss of generality that (QX,)* = 1, since replacement of @ by Q' = QI
will achieve this if (QX,)* = I. Since I inverts X, and centralizes X,
it follows easily that I neither inverts nor centralizes [X,, X;]. Thus,
we may choose X,, X, as generators for %,, X, respectively such that

(9.6) [X,, X;] = XX, .

By construction, %, = 8 = Z(), so to complete the determination of
B, we must compute [X,, X,]. Conjugation of (9.6) by I yields
[X7Y X;] = X;'X,, from which we find easily that [X,, X,] = X..

Let X? = X¢. Since (QX,)° =1, an easy calculation (conjugation
of (9.6) by Q) shows that a = +1. Since JeZ, <] €, it follows that
Cy(J) has order 3. Since J normalizes but does not invert {X; X,>,
it follows that Cy(J)<S<X, X,>. Hence, X{ = X;'. Let X{ = X/.
Since (X,J)* = 1, an easy calculation (conjugation of (9.6) by J) shows
that b = —1.

Set W, = (J&*). We argue that

9.7 PNPo=1.

Suppose by way contradiction that 9.7 is false. Since W, is an invo-
lution, ® = P N P is normalized by W,. Since W,e Z(N), it follows
that © = <I) also normalizes ®. Since Cy(I) = <X, X,> and since
W,e M, it follows from the construction of It that I inverts ®. Thus,
D C 0,(B)), since 0,(B,) contains all the elements of P which are inverted
by I. As ® is abelian, and as I centralizes %, = Z(0,9,)), it follows
that |®©| = 3. There are exactly 4 subgroups of 0,8, of order 3
which are inverted by I; they are all of the shape X% for some Q*
in Q,. Since I normalizes %, and since Q, = <Q> U Q*> ULQ*™,
we may assume that ® = %¢°, where Q* is one of 1, @, X;'QX,, X,QX:".
Since W, normalizes O, we get that Q* W,Q*'ec N(X,). Since Q* ¢
and W, e 0,(IM), we get that Q* W,Q** € N(X,) N 0,(M)=2, say. Since
I inverts X,, it follows that I¢ D(R). Thus, £ is elementary. But
1 and {I) are the only elementary subgroups of 0,(M) which admit
(X5 XD, so Q*W,Q*' =<I)>. This is not the case, since Q* ¢,
IcZ(M), and I+ W, This proves (9.7).

Set T = {1, Q, J, QJ, JQ, QJQ, JQJ, W,}, a set of representatives
for the cosets of © in N. For each Win LB, let B, = &, |1 <1 < 4,
X/t <%0y, It follows that condition (iii) of Théoréme I of [36] is
satisfied, so by that theorem, so is condition (ii), that is, if W,, W,e I
and BW.,B = BW,B, then W, = W,. In view of our preceding infor-
mation, we conclude that each element of &, has a normal form of
the shape PHWP’, where PeB, He , We I, P' ¢ B,. Furthermore,
it is clear that the normal forms for PHWP'J and PHWP'Q are
determined by our information. This implies immediately that if &*
is any group which satisfies the hypothesis of Theorem 9.1 and Hy-
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pothesis 9.1, then &* contains a subgroup ®; isomorphic to ®,. Taking
&* = S,(8), a comparison of orders yields &, = S,8). In particular,
#(®,) = 2 and I, W, are representatives for the two classes of involutions
of @,. Since M =<Q, J, X;, X,>, we have M= ®G,. We will show that
C(W,)=®,. Let & = 0,(Cg,(W,)). Then & is elementary of order 2*
and & is characteristic in a S,-subgroup of Cg (W,). Thus, it suffices
to show that N(R) = Ny,(®). Since Ng(R) is an extension of & by
A; and since & = C(R), it follows that Ay(®) is a subgroup of Aut (&) =
L,(2) which contains a subgroup isomorphic to 4, and has S,-subgroups
of order 4. Hence, Ag(R) = A (R) = A,. Hence, ®, contains the
centralizer of each of its involutions. By Lemma 5.35, @ = ®&,. Thus,
Theorem 9.1 is proved in case Hypothesis 9.1 is satisfied.
We now revert to our previous notation.

HYPOTHESIS 9.2. © is of symplectic type and width w = 2.

HypoTHESIS 9.3. (i) $ is extra special of order 3°.
(ii) [P|=23"

(iii) B is not weakly closed in 9.

Lemmas 9.3 through 9.10 are all proved under Hypothesis 9.2.
+ Notice that Hypothesis 9.3 trivially implies Hypothesis 9.2.

LEMMA 9.3. (i) C(8) does mot contain a four-group.

(ii) If Q s any abelian 2-subgroup of N, then Ay(Q) is a 2-
group.

(iii) If A s any subgroup of § of type (3, 3) which contains B,
then |C2)| is odd.

(iv) If U is any subgroup of  of type (3, 3) which contains B,
then e £ (3).

Proof. Clearly, (i) implies (ii), and (iii) implies (i). Suppose (iv)
holds, but I is an involution in C(). By Lemma 5.87, C(I) contains
an element of 2 (2). By Lemma 7.4, C(I) is nonsolvable. Hence, (iv)
implies (iii). To complete the proof of the lemma, it suffices to prove
(iv). However, (iv) is a consequence of Lemma 7.2.

LEMMA 9.4. Suppose Be 2,(9) — 3 and , = Cy(B). Then
C(D0) = Z(Dy) = <B) X Z(9) .

Proof. Since 3C §,, it follows that C(9,) = Cy(9,). Since a S,-
subgroup of N is faithfully represented on 9, it follows that C(9,) is
a 3-group. It suffices to show that C(9,) S H. Suppose false and
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CeC(&,), C¢H. We may assume that C*ec §. In this case, <CHKC*>
is faithfully represented on Qj(:) and by Lemma 5.30, it follows that
[QiN), LC>] = L is a quaternion group. Let Q be a subgroup of N
incident with Q. Clearly, $ = C5(Q)[Q, 9] and Cg(Q) commutes ele-
mentwise with [Q, $]. By Lemma 9.3 (iii), Q' centralizes no noncyclic
subgroup of $. It follows that C@(Q) = Z(9) is cyclic. However,
w = 2 and C centralizes 9,.

LEMMA 9.5. Hypothesis 9.3 is not satisfied.

Proof. Suppose false.

Let 2 ={8.18.£9%, 3.~ 3,8.# 3}. By Hypothesis 9.3 (iii),
2 #+ @. Since <N, 2 is invariant in RN. Choose 3, e 2" such
that Cqs(&) is a Sy-subgroup of Cy(8,). Let P, = C%(Sl).

If B, = Cx(3)), then 3 char P,. This is impossible since B, is
not a S,-subgroup of C(3,). Hence, |B,| = 3°.

Let © =8, 3>, so that D= Z(%,). If Dc Z(P,), then choose
Z e Z(B,) — 9, so that Z centralizes a 3-dimensional subspace of $/9’.
This implies that some involution of 0% () has a noncyclic fixed point.
set on 9, in violation of Lemma 9.3 (iii). Hence, ® = Z($3).

Let P* be a S,-subgroup of C(8,) which contains L,. Thus,
<P, B = N(Bo) S N(D), so 0% (4g(D)) = SL(2, 3).

By Lemma 9.3, | C(D)] is odd. Since %, is a S;-subgroup of C(D)
and since 0,(C(®)) = 1, it follows that P, = C(D). Hence, N(P) =
N(®). Let M = N(D).

Let Q be a S,-subgroup of 0*(N). Thus, L is a quaternion group..
Let J be the involution of Q. Let QF be a S,-subgroup of O¥(M).
Thus Q* is a quaternion group. Let I be the involution of Q*. Since J
inverts /9, Je M. Since I inverts D, IeN. We assume without
loss of generality that I normalizes O and J normalizes Q*.

Since J neither inverts nor centralizes D, it is clear that Ay(D) =
GL(2, 3) and so {J, Q*) is isomorphic to a S,-subgroup of GL(2, 3)..
Let Q* be an element of Q* of order 4 which is inverted by .J.

We will show that <{I, Q) is isomorphic to a S,-subgroup of GL(2, 3).
Since IeN, we need only prove that I inverts .,/B, N H. Suppose
false. Then I centralizes Bo/B, N H. We know that D= P, because
I operates irreducibly on ® and D contains 3 = (B, N H). Since Q*
is faithfully represented on 9B,, there must be a 2-dimensional subspace
of Lo/ D(P,) which I inverts and Q* leaves invariant. Since I central-
izes Lo/B, N O and | P, ] = 3%, we conclude that D = P = D(PB,), and
that B, N H/D is the subspace of LP,/P, inverted by I. This forces I
to invert both By N /D and D, that is, to invert P, N H. So B, N 9 is.
abelian, which is false.

Let @ be an element of Q of order 4 which is inverted by I.
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Set %, = 8. Since J normalizes © and centralizes %;, we can
choose an element X; of ®© of order 3 such that X7 = X;*. Let%; =
X, X, = %2, X, = X?. Then we have relations X{ = X;?, XJ = X3,
X! = X,, X] = ¥7'. Suppose [X,, X;] # 1. The following argument is
designed to exclude this possibility.

Let [X,, X;] = X, so that X, is a generator for ¥;. Since X, ¢ %, it
follows that L, N C(I) is of order 3 with generator X,, say. Thus,

(<X, X>= C$(I ) is of order 9, so that [X,, X,] = 1. As $ contains all the
elements of P which are centralized by I, we have X, e H. Since (X, >=
Cq, (1), it follows that J normalizes {X,>, so that XJ = X;!, as J inverts
$/8. Let X,=X2 Since [X,, X,]=1, soalso [X,, X?]=1. But X? =
X& = X;', so X, centralizes X, that is, X,eP,. Let X, = X2, and
let X, =<X)>,1<1<6. We obtain the following data:

Table 1 Table 2

J I Q Q*
X X1 Xl_l X1 — Xz_l
X2 Xz—l X! Xz Xa—l X1
X3 Xt X3 X3 Xz Xs
X Xt X X X1 —
X X Xt Xs X4 X ®
Xs Xs Xt Xe Xs X2

Here a* = 1, and the last two entries in Table 2 are at our disposal
since @* normalizes {I, J) and since %,, ¥, are the only subgroups of
D of order 3 which admit </, J). In addition we have the following
commutation relations:

[Xi’ Xs] - 17 1 é 7/ é Gy [Xu XS] = Xe y
[Xiy X5] = ly 1 = ) = 3) [X3, X-t] - [Xzy X4] =1.

Furthermore, [X,, X;] = X?, so by Table 2, we get [X,, X;] = Xz,
Here v* =1, for if b =0, we get X,e Z(9), which is not the case.
The as yet undetermined commutation relations are:

[Xu XA] = X;XayszXet ’ [Xu Xz] = X;XadXee .

Use Table 1 and conjugate the second relation by .J, obtaining e = be.
Then conjugation by I yields d = abe. Conjugation of the first relation |
by J yields t = 2yb 4+ z. Conjugation of the first relation by I yields |
Yy = cw.

Assume ¢ = 0. Then

5&’; = <X3, X5, Xs>y [%3, g'Bo] = <X5, X6> =9 = Z(EBO) .

We see that 3 is elementary abelian. If Ac B, BcP;, then (AB)* =
A*B#+4+1 But el(B,) =3 and so B#+4+ = BB, A’ = 1. Hence,
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there is a map @ of P/, given by p(AL)) = A°.

Clearly, o(X,¥) = 1. But I operates as GL(2,3) on D. Since
| Bo: Bi| = 3%, this forces M to operate as GL(2, 3) on B,/B;. In par-
ticular, the four subgroups of 3,/ of order 3 are all conjugate under
M. Hence, p(AP;) =1 for all A in B, and P, is of exponent 3.

By [21, p. 324], the order of the Burnside group of exponent 3 on
2 generators is 27. Since 3, must be a homomorphic image of this
group, we get a contradiction, as |3,| =3 > 27. So ¢ =0.

Sincec¢ =0,s0alsoc=d=¢=y =0. Sincey =0, we also have
t = 2. Conjugation of the first relation by @ yields [@—'X,Q, X;'] =
X;°XiX;. Now C(J)N O*(N) = <X, X D, so C(J) N O¥(N) is 2-closed,
that is, X, normalizes Q. Hence, (X))’ =J* u =0 or 1. Hence,
Q' X.Q = JXT'Q'X'J*. The previous commutation relation now yields
x = 0.

Since x = 0, it follows that X, centralizes 3,/®. Hence, Q* is
forced to centralize %3,/®. This is not the case, since DS P,. We
conclude that [X,, X;] = 1.

Since I centralizes X,, it follows that <X, X;, , X,y = G J M.
Namely, © <] M, so we need to show that &/D <] M/D. Since X,
centralizes ©, we have X,e%3,. Since {3,/D is of order 27 and admits
LQ* as a group of automorphisms, it follows that €/ = Cy (1) < /D.
Thus, &N, @> = N(€). Since B, Q> = O¥(MN), it follows that both M
and O¥(N) are subgroups of N(E).

Let @* = 0,(N(€)). Thus,

CSCE*=O0,MNOMN) =BNY.

Suppose G* = B, N 9. Then 8 = G* < N(E), against 0¥ (N) < N(C).
Hence, G* P, N H. Since |G| = 3* and [P, N O | = 3¢, it follows that
G* = ¢. Thus, N(€)/E is isomorphic to a subgroup of Aut (&) which
(a) is solvable, (b) contains a S,-subgroup of Aut (&), (c) is 3-reduced.
There are no such groups. The proof of the lemma is complete.

LEMMA 9.6. Let B be a subgroup of © of type (3,3). Then
Bez. (See Definition 7.3.)

Proof. We first show that if Be B, then
(9.8) for some N in N, B centralizes an element of Z/(BY) .
Let
.= 2(9), B = /D (D)), By = Cx(P) -

Suppose | B,| > 3. Then B, = W/D($,) and every subgroup of W which
contains D($,) is normal in PB. Let W, =W N C(B) so that | W: W, | < 3.
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Since |B,| > 3, so also |L,| = 9. Thus, B centralizes an element of
7/ (P) in this case. We may assume that |5, | = 3.

Suppose N/H has a normal subgroup £/9 = X of odd order == 1.
Let & be a field of characteristic 3 which contains all |X|™ roots of 1.
Let B =% ®;p, 8. Thus, B admits N/$ and k@ DB, is the set of all
fixed points of P/ on B. Let B =@, B(p), where B(p) is the largest
%¥-submodule of ¥ on which X acts as a multiple of the irreducible
representation p. Since 8 inherits the non singular symplectic structure
of B, it follows that p and p* appear with the same multiplicity in
B, 0* denoting the contragredient representation of p. Since |P| is
odd, B(p) and B(p*) are not conjugate under . Hence, L, is not 1-
dimensional in this case.

We may now assume that

9.9) F(R/D) is a 2-group .

If & = P, then (9.8) is obvious, so suppose H . Set N* = C(3),
so that |9t 9*| < 2. By Lemma 9.3 (i), together with (9.9), we con-
clude that 0 is a 2, 3-group, and that a S, subgroup of 9t* is quaternion.
Hence, |B: H| = 3. Since |B,| = 3, we get that the width of § is 1,
against Hypothesis 9.2. Thus, (9.8) holds.

Suppose B¢ <r. Then U(B; 2) contains a four-group L which is
not centralized by B. Hence, [B, Q] = Q, and B, = Cx(L) is of order 3.

Let € = C(By), H, = C@(SBO). By Lemma 7.2 applied to (B, 3), it
follows that 3 centralizes 0,(€). Hence, [0,(€), §]= H N 0,(€C) = 1.
This implies that 0,(€) =1 by Lemma 9.4.

Let B, be a S,-subgroup of € containing §, and let L* be a S.-
subgroup of & containing ¥3,. Then P* = P, so that with 3* = 3¢,
it follows that 3* = Z(0,(€)). Let T = 3*¢, so that W is 3-reducible
in €. BSet € = Cy(W). We argue that €, NQ =1. If not, then
LS W), as Q is an irreducible B-module. Hence, Q = C(3*), against
Lemma 9.3 (i). Hence,

(9.10) c,NQ=1.

By (B), elements of B — B, have minimal polynomial (x — 1)* on 0.
We next argue that 3= €,. If not, then 9, contains an extra special
subgroup of width w — 1 disjoint from €,. We get that m(L) =2.3*~".
Since m(BWN %) < w + 1, we have m(W/WN H%) = 2.3+ — w — 1.
By [32], it follows that w* = 2.-3*~* — w — 1. This is false for w = 3,
so w = 2. Thus, C(3)/9 is isomorphic to a subgroup of GL(4, 3) which
(a) is solvable, (b) is 3-reduced, (c) has an elementary subgroup of
order 27. There are no such groups. We conclude that 3=€.,.
Since 3 & €,, we have WS N, so that [W, B, B]< 3. Hence by (B),
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(9.11) [, B, B] = 3.
Since W= Z(€)), we get
(9.12) 3&2¢€),

which implies that
(9.13) C,cn.

By (9.13), we get [C,, B, B]< 3, and in particular,
(9.14) [04C), B, B] = 3,

equality holding by (9.11) and the obvious containment I8 < 0,(C).
Now (9.14) and (9.11) yield

(9.15) 0,C) = B, x B,,

where

(9.16) B3CW, =[Q, 0,C)], and L, is elementary of order 27,
(9.17) W, = C(R) N 0y(C) .

Let €, = 0,(€mod €)), €, = €,Z(9). Thus, €,Z(9H) contains a S;-
subgroup of €,. Thus, Z(9) is normal in a S;-subgroup of €,. By
Lemma 5.22, we get Z(9) = 0,(C,). Hence, Z(H) S 0,C). From (9.16),
we conclude that Z(9) = 3, that is,

(9.18) $ is extra special .

We argue that 0,,(€) does not centralize Z(0,C)). If it does,
then since 3 < Z(04(€)), it follows that 0,,(€) =N, so [0, (€), ] S 9,
which implies that £, S 0,(€), which in turn gives Q = [B, Q] S 0,(C).
Since B, = Z(€), it follows that

[Z(04(€)), 0,4(€)] and  C€(0,5(€)) N Z(04(C))

are disjoint nontrivial normal abelian subgroups of €. In particular,
if B, is a S;-subgroup of € containing £, then Z(B,) is not cyeclic.
By Lemma 9.4, we get that 2,(Z(B,)) = B, x 8, and in particular,
B, =N

Since PB,=N, we get that [B,, B, B]|= 8. Thus, if BeB, the
minimal polynomial of B on the Frattini quotient group of 0, ,(€)/
0,.(€) divides (x — 1). By (B), it follows that Q centralizes 0, ,(€)/
0,.(C), and so QL& 0,,(€).

Let & = {Q, 90 =€, let & = Cx(04(€)) and for any subset & of
R, let S = GRYK,.

We argue that Q = 0,(8). Namely, Q< 0,,(€), andso QS 0, ,(R),
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Thus, it suffices to show that [0(R), Q] = &,. But
[0:(&), Q] S 04(R) N 0,,,(€) S O,(R) N O4(€) ,
and so

[04(R), O = [04(R), Q, QIS [04(R) N 04€), Q] S [04(€), L]
=W, & Z(0,Q)) ,

whence [0,(R), Q]S & N Z(0,€)) = K,.

Case 1. <2, Q) is abelian for all H e §,.

Since [Q%, B] admits the abelian group $,, and since Q& [Q%, 9],
it follows that [Q%, B] = Q%. Since W, = C(Q) N 0,(€) admits the
abelian group Q%, (B) implies that Q% centralizes 28,. Hence, Q% is
isomorphic to an elementary 2-subgroup of Aut (28,). Since [Q%, B] =
0%, we get that Q = O%, so that O is a S,-subgroup of K.

Let & = 0,(8 mod ). Thus, & N Y, is of index 3 in , and
& NDy B> =9, Since |R,]isodd, it follows that Q is a S,-subgroup
of 8 Let & = 80,(C) and let 8, be a S;-subgroup of £ which contains
K N 9, and is normalized by §,. Since || is odd, it follows that S,-
subgroups of N(&;) N ¥R are four-groups. If 3= D(L,), then by (B),
S,-subgroups of N(Z,) N LK centralize £,. This is not the case, as Q
does not centralize 28,. Hence, 3 £ D(2,). In particular, 3Z D(® N D).
But & N 9, is of index 3 in §,. Since 9 is extra special, it follows
that w = 2. Clearly, $ < B, since 0,(€) contains an elementary subgroup
of order 3*. On the other hand, Lemma 9.3 implies that |L: H| < 3.
Hence, |B: 9| =3, and || = 3°% Since B, is obviously not conjugate
to B, it follows that O,(€) is elementary of order 3* and B, = 0,€)9,,
|9, N 04C) | = 27. Clearly, 0,C) char P, sinceO,(€) is the only ele-
mentary subgroup of its order in B,.

Let M = N(O4B)) so that M contains a S,-subgroup P of ® with
ETS D PB.. Since 8 = Z(F) N PB; char B, we have 3 <] EE In particular,
9 M. We therefore assume without loss of generality that P = 5.

It is clear that O,(€) = O,(IM) and that I is a 2, 3-group. It is
equally clear that [,(%) = 2, so that Q<= 0,,(M). Hence, B is a S,-
subgroup of N(Q) N M, so we can choose a subgroup B, of B of order
3 such that B = B, x B, and such that B, normalizes some S,-subgroup
Iy 0of O,,(M). Let A = NE) NP. Thus, A is elementary of order 9,
B, WA and P = AO(IM), A N O,(M) = 1. Since O,(M) N CEB,) is of
order 9, it follows that C(8,) N P is of order 3. Hence, C(B) NP =
C(B) N H; since 2 is elementary we get A < H.

We now choose U, of order 3 in U so that A does not centralize
Cz,(U). Let T, = [Cg, (), A]. Thus, T, is faithfully represented on
CA) N OM) =R, It is straightforward to verify that [R| =9 and
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that ¥, is a quaternion group. Hence, R = [0, (IN), A,], so R& H.
Since 3 c R, it follows that 3 is not weakly closed in . As this
violates Lemma 9.5, we conclude that Case 1 does not hold.

Case 2. There is an element H of &, such that (Q, Q%) is
nonabelian.

Set T = (W, WD, so that <Q, Q> normalizes T and centralizes
03(@)/533. Since T, N Y D 8, it follows that |W, N W¥| = 9. Clearly,
W, = WY, since (X, Q"> is nonabelian. Hence, W is elementary of
order 3. Since <Q, Q7> is injected into Aut (Z) under the restriction
map, it follows readily that <Q, Q7> is the central product of two
quaternion groups, each of which necessarily admits B. In particular,
&, Q") is of order 2 and inverts W, N $. Since no involution of &
centralizes 2, N 9, it follows that Q% is extra special of order 32.
Hence, [Q%, 0,(@)] is elementary of order 3*. This implies that O G)
contains [Q%, 0,(€)] x B,, an elementary subgroup of order 3°. Hence,
w = 3.

Write 0,(€) = X x ¥, where

£ =[04C), Q%] and Y = 04C) N C(QY).
Thus, 9, normalizes both ¥ and ¥. Suppose YeP N . Then
[Y,QO]EE’)H?):L S0 YEZ(@O):ISX%O'

Hence, YN H =B,. Since [V, DJS D, it follows that [I, ;] <D,
Since Q% is absolutely irreducible on %, it follows that

[C,(QD), 0,6)]|SB,, so Cy(Qg) S O04C) ,

since 0,(€) = 0,(€ mod B,).

Clearly, | 9,: C@O(—Q—i"l)l =3%a =1 or 2, since Q% is extra special
of order 32. If a =1, then §,N 0,C) is of index 9 in &, so is
nonabelian since w = 3. This is impossible, since 8 & D(0,(€)).

Suppose a = 2. Set A = H, N 0,(€). Since A is abelian, w = 3.
Thus, e S.(9). Let 2 =%NA so that 27 = |A, | = 9. Suppose
|20, = 9. Let 2, be a complement to 2, in X, so that |2,| =9, and
A, N =1. Since A, centralizes A, we get [9, W]SH N CA) = ¥,
so that [9, 2, 2] = 1. Thus, [@;N), A,] is a 2-group on which 2, is
faithfully represented. This violates Lemma 9.3. Hence, A, is of
order 3°, so that 2 = A, x B,. Suppose B, Y. Let Y, be a subgroup
of 9 of order 9 which contains B,. Then %%, is abelian of order 3¢,
and [9, £9.]1= 9 N CR) = A, so that [, X9, XY,] = 1. It follows that
[Qi(N), £D).] is a 2-group on which %),/ is faithfully represented. This
again violates Lemma 9.3, so ¥ = B,
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Since P =B, and a = 2, 0,C€) is elementary of order 3° and
| B, | = 3. Lemma 5.2 implies that if U is any element of €/0,(€) of
order 3, then C(U) N 04C) is of order at most 3°

Suppose by way of contradiction that U is an elementary subgroup
of B, of order 3° which is distinet from O,(€). By the previous
paragraph, we conclude that U N O,C) is of order 3°, and that if
Uell — 0,€), then O,€) N C(U) = 0,&) N U. Let U, be a complement
to LN 0,€) in U. Thus, U, is faithfully represented on Qi(f), the
central product of two quaternion groups. Let R be a quaternion
subgroup of Qi&), and let U, = C(R) " U,. Thus, U, is of order 3.
By Lemma 3.7 of [20], R is faithfully represented on O,(€) N C(11).
This is absurd, since 11, centralizes O4€) N C(1,). We conclude that
0,(€) is the only elementary subgroup of its order in %,.

Since |B,| = || = 3" and since P, is obviously not extra special
it follows that %3, is not a S,-subgroup of &. Hence, L, is not a S.-
subgroup of N(0)(€)). Hence, Ay(0,C)) is a solvable subgroup of
GL(5, 8) with S;-subgroups of order at least 27 and with no nonidentity
normal 3-subgroups. There are no such groups. The proof of Lemma
9.6 is complete.

LEMMA 9.7. FEwvery nvolution in N centralizes 3.

Proof. Suppose false. Let $, = 2,(9), so that 9, is extra special
of exponent 3 and width w = 2. Let §, = Cy () and let $, be the
set of elements of §, inverted by I. Here I is an involution of N
which does not centralize 3. Since 8 Z §,, it follows that §, is abelian.
Since I centralizes [H, H'] for all H, H’' in §,, it follows that {9,> is
abelian. Hence, ©, =<{9.>. Asis well known, $, = 9. and H,N H, =
1. Hence, 9, is elementary of order 3**' and §, is elementary of
order 3v.

By Lemmas 7.5 and 9.6, there is a subgroup I in _Z5°(®) with
£, S M such that M satisfies Hypothesis 7.2 and p = 2. Let w, be
the width of 0,(I). Hence, w < w, < 4, the first inequality holding
since , is faithfully represented on 0,(9), the second inequality holding
by Lemma 7.5.

Suppose w = 3. Hence, w, = 3. If He £; and C(H) N O,(M) con-
tains a four-subgroup LB containing [,(Z(0,(MN))), then by Lemma 7.2,
both {H, 3> and U satisfy the hypothesis of Lemma 7.4, so C(H) is
nonsolvable. This is impossible, so H is not available. This implies
that w = 2.

Suppose § = . In this case, if H is any element of order 3 in
9, then 3Zchar Co(H). This implies immediately that 3 is weakly
closed in 3, which in turn implies that 9 contains the centralizer of
each of its nonidentity 3-elements. This implies that 0,(I) SN, which
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is not the case. Hence $ c .

Since every 3, 5-subgroup of S,(3) is either a 3-group or a 5-group,
it follows from the preceding paragraph that N is a 2, 8-group, S.(3)
being a 2, 3, 5-group. By Lemma 9.8, it then follows that 0*(N)/9H =
SL(2, 3). Furthermore, if J is an involution of 0¥ (N), then C@(J ) <]
It follows that J inverts $/Z(9). '

If I centralizes 0% ()/0¥ (N)’, we conclude that I centralizes 0% (N)/H.
But C(I) &M, so in particular, Cy(I) S M. Since I centralizes 0¥ (N)/9,
it follows that I centralizes a S,-subgroup Q of 0*(N). Hence, Q
normalizes §,. Hence, Q§, is of index 3 in C(I) N O*(N). Let Q' =
{J). By the preceding paragraph, Q is faithfully represented on £,.
Thus, ® = C(I) N NE) N O*N) = SL(2, 3) and D is faithfully repre-
sented on 9,.

Since §, is faithfully represented on 0,(IN), so is H,D. Since
$ ND =1, S;-subgroups of D are of exponent 3. Since the four
subgroups of §, of order 3 are permuted transitively by Q, it follows
that w, = 4. Hence, w, = 4 and 0,(IN) is extra special. Let P, be a
S;-subgroup of $,D. We can choose Pin B, — 9, such that C(P) N 0,(M)
contains a four-group. Since Cy(P) clearly contains an element of %/ (3),
Lemma 7.4 is violated. We conclude that I does not centralize O*(N)/
O ().

Since Aut (Z(9)) is abelian, the preceding paragraph implies that
Z(9) = Z(P)-

Since 0,(IM) LN, we can choose H in £Hi such that C(H) ZLMN.

Let | Z($)| = 3%, and suppose ¢ = 2. Let B be a S,subgroup of
Cy(H). Thus, Z(9) = Z(R), and 3 = g*(Z(P)) char B, whence P is a
S,-subgroup of C(H). By Lemma 7.2 applied to <(H, 3>, it follows
that 3 centralizes O, (C(H)), and so

[0:(C(H)), C5(H) =9 N O0x(C(H)) =1.

By Lemma 9.4, we have O,(C(H)) = 1. Let R, = O,(C(H)) <. Thus,
Z(Q)<= Z(R,), and we get 8 = g *(Z(B.)), whence C(H)S=N. This
contradiction forces a =1, Z(9) = 3, | B| = 3°

Throughout the remainder of this lemma, the following notation
is used: Q is a S,-subgroup of 0¥ () normalized by I. Since Q is a
quaternion group, our preceding information implies the existence of
an element @ in O of order 4 such that IQI = Q. Let J = Q-
Thus, J centralizes 3 and inverts $/3.

We argue that & is not 3-normal. Namely, for some H in 9, we
have € = C(H)ZR. If |€|;, = |®];, then <H) is a conjugate of 3
contained in §, and we are done. Otherwise, it is clear that € NN
contains a S;-subgroup of € and since 3ES €, 0,(€) contains at least
two conjugates of 8. As O,C)= N, we again are done.

We next argue that B is not weakly closed in . Choose G in
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@ such that 8, = 3°Pand 8 = 8,. If 8,9, we are done. Other-
wise, let P, = Cy(8) = B X Cg(&)- Since B, is not a S;-subgroup of
& but B, is a S,;-subgroup of Cy(8), it follows that 3 ch/ar B,. This
implies that 9B, is elementary. Clearly, 27 < |,| < 81, since w = 2.
We assume without loss of generality that PN PF =B, If 3= H,
we are done, so we may assume that 3 <& $° which yields L, =
8 X (ByN 9. In particular, $ N H% = 1; let B = H N % a group of
order at least 3. Suppose |B|=3. Let & = C(B), so that | N P| =
| RNPF] =3 If |R|; =3% we are done, so we may assume that
|&]; = 3. In this case, we see that | O(R)| = 3¢, which implies that
[O;(R)NH| =27, |0(R) N H°| = 27. Hence, | H N H%| = 9, contrary to
assumption. Thus, we may assume that |B|=9. We may also
assume that B contains no conjugate of 3. We have Lz, = 8 X 8, X 8.
We argue that L, <|{ <P, B>, Namely, let B, P, < P.  If B, char B,
then clearly 8 normalizes %3,. Suppose L3, ch/ar PB,. Then P, = BB,
where %F is elementary of order 3‘. Hence, Z(B) = L, N L is of
order 27. This implies that 9] is of order 3. Since L3, N § is nonabelian,
we have ¥ = 8. Thus, 3, centralizes (3, N $)/8. This is not the
case, since involutions of O¥(M) invert $/3, so that the action of 3,
on /3 is given either by J, P J, or by J, P J,. By symmetry, we
have B, <{ B, B. It is easy to verify that O,(N(B,)) is of order 3,
which implies that | $ N $¢| = 27, the desired contradiction.

Since all parts of Hypothesis 9.3 are satisfied, Lemma 9.5 is
violated. The proof of the lemma is complete.

LEMMA 9.8. W is the only element of _#7(®) which contains 9.

Proof. Suppose false. Choose & € .&2/(®) so that Y9 S K LN, and
with this restriction, minimize |&|. Since MU(Y) contains only 1,
Lemma 0.7.6 implies that [,(®) < 2. If [,(&) = 1, then 8 <| &, contrary
to assumption. Hence, [;(R) = 2; and & is a 3, p-group for some prime
p. Furthermore, $ acts irreducibly on 0, ,(R)/D(0,, (& mod O,R))).
Let , = 9 N 04(R), B = 2.(Z(0,(R))). By Lemma 9.4, BS H, so | B| <
9. Thus, 0, ,(R)/0,8) is a quaternion group whose involution inverts
B. Since 3B, Lemma 9.7 is violated. The proof is complete.

LEMMA 9.9. Ewery involution I of I inverts H/Z(9).
Proof. By Lemma 9.7, I centralizes 3, so centralizes Z(9). If
the lemma is false, then Cy(I) contains a subgroup 2 of type (3, 3)

with 2> 3. This violates Lemma 9.3 (iii).

LEMMA 9.10. If Ae . o7 (B), then N is the only element of 7 (®)
which contains 2A.
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Proof. Asin O, let .o = {9 |2 is a 3-subgroup of N, A contains
an element of & A4 (B¥) for some N in N, o7, = {A|A is a 3-
subgroup of N, A contains a subgroup B of type (3, 3), Cy(B) contains
an element of .o/, for all B in B}. Among all A e.o which violate
the conclusion of the lemma, maximize |2 N $|, and with this re-
striction, maximize ||. By Lemma 9.8, 9 ZUA. Let Me _#F(®)
with AS M, M = N. By maximality of ||, it follows that A is a
S;-subgroup of M. We can therefore choose a prime ¢ and a g-subgroup
2 of MM permutable with A such that & = AQ is not contained in N.
Let © be minimal with these properties. By Lemma 0.7.6, [,(2) < 2.

We first show that 0,(8)=N. Suppose A N $ is noncyclic. Let
B be a subgroup of AN of type (3,3). It suffices to show that
C(B)S % for all Be®B*. Suppose false. Then maximality of [A N |
yields | $: AN $| < 3. In this case, AL N ) =1, so 0,2) = 1. Thus,
we may assume that A N $ is cyclic. Since w = 2, it follows that if
P is any element of L3 of order 3, then CQ(P) is noncyclic. Hence,
every subgroup of N of type (3,8) is in .94. Since U contains a
subgroup of type (3, 3), maximality of |2 N | implies that C(A) =N
for all elements A of U of order 3. Thus, in all cases, we have
0,8 =N,

By minimality of Q, 0,,(2) = 0,2) X 0,(8). Since () < 2, it
follows that [,(8) = 2, by maximality of |2| and the structure of
0,5(8). Since D(Q) is permutable with A, we get D(Q)SN, by
minimality of Q.

Clearly, 2 is a S;-subgroup of N(0,L)). Hence, 8< Z(0,2)).
Since Q0,(8) <] &, and since A is a S;-subgroup of N(04R)), and since
H LA, it follows that $ N A acts nontrivially on QiL), but trivially
on every proper 2-invariant subgroup of Q(2). Since D(Q) centralizes
3, it follows that D(Q) centralizes T = 3°.

If ¢ = 5, then maximality of ¥ and Theorem 1 of [39] imply that
A = P, against Lemma 9.8. Hence, ¢ = 2. We may apply Theorem 1
of [39] once again and conclude that D(Q) = 1. By Lemma 9.9, each
element of D(Q)* inverts $/8(9). Since Z(9) is a normal cyclic
subgroup of P, it follows that A N Z(H) S 0,(8). Since A N O L 0,(),
choose HeA N H — 048). Let I be the element in D(Q)*. Then
H' = H'H, with H, in Z($). Since H,c?, it follows that [H, I] is
contained in AN H N O, ,(8) S AN 0,). This violates the fact that
AN HZLOLL). The proof is complete.

It is now easy to show that Hypothesis 9.2 is not satisfied.
Otherwise, I contains a four-subgroup T. But by Lemma 9.9, each
element of Z* inverts $/Z(9). This is not possible, since $ =
Cy(J) | J €T,

The remaining lemmas in this section are proved on the hypothesis
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that § contains a noncyclic characteristic abelian subgroup.

Among all noncyclic normal elementary subgroups of %, let & be
minimal. Thus, &/8 is a chief factor of M. Let €:E>3>1. We
will show that Ax(Z") = A(%Z). First, suppose € is not 3-reducible
in N. Let & = 0,(N mod C(€)). Since &/8 is a chief factor of N, we
have [8,E] = 38, and 3 = C(2). These equalities imply immediately
that € maps onto A(Z). Suppose ¢ is 3-reducible in RN. Let & =
O0; (N mod C(€)). Then 8 = Cy(8) and [, €] admits Ny(¥) = N. Since
Ay(€) is a 3'-group it follows that [8, €] is a normal subgroup of M
disjoint from 8. Hence, [8, ] = 1, since 3 is the only minimal normal
subgroup of P. Since E is 3-reducible in N and 0, (N mod C(€)), it
follows that &< Z(M). This is absurd since 3 is the only minimal
normal subgroup of B. Thus, Ax(Z) = A(%).

Throughout the remainder of this section, the following notation
is used: B, 3, N are as before, and & is a noneyclic normal elementary
subgroup of N such that &/ 3 is a chief factor of . Also, Z:E>D3>D1.

LemmA 9.11. (i) If & is a 2, 3-subgroup of & and & contains
an element A of Z(3), then 0,(S) = 1.
(ii) If Ae £ (3), then |CA)| is odd.

Proof. (i) Suppose Iis an involutionin 0,(&). Since A central-
izes 0,(&), Lemmas 7.4 and 5.38 imply that C(I) is nonsolvable.
(ii) Suppose I is an involution of C(A). Then A x <{I)> violates (i).

LemMaA 9.12. (i) IfI4san involution of C(B), then I inverts §/3.
(ii) C(B) contains no four-group.
(iii) If T is an abelian 2-subgroup of N, then Ay(T) is a 2-group.

Proof. (i) is a consequence of Lemmas 9.11 and 7.3, and (ii), (iii)
are consequences of (i).

LEMMA 9.13. N does not contain a mnoncyclic abelian subgroup
of order 8.

Proof. Suppose false. Let QJF be a S,-subgroup of 3 permutable
with B, and let N, = PLQF. Let Q, = QF N 0¥(NR,). Thus, Q, is either
a quaternion group or Q, = 1. Let Q be a subgroup of QF which
contains Q,, is permutable with B, contains a noneyeclic abelian subgroup
of order 8, and is minimal with these properties. Let %, = PQ.
Thus, Q is abelian of type (2, 4) if and only if every 2, 3-subgroup of
N is 3-closed. If Q,+ 1, then |Q| = 2* and Q is either the direct
product of a group of order 2 and Q, or Q is the central product of
a cyclic group of order 4 and Q, Let /8 be a chief factor of %,
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with FS €. Let B, = O,N), P, = Cp,(F). Since Ay(¥) = A(Z), so
also Ay (%) = A(%,) where 2°: D 3>1. Hence, P,/P, is also a
chief factor of M, with the same order as /8. If Q' =1, then

(9.19) PBIN, Q is of type (4,2), and [F: 3| =9.
Suppose Q' = 1. If Q =Q, x Q,, where |Q,| = 2, then
(9.20) NP, = SL2,3) X Z,, and |F: 3] =9.

Suppose O is the central product of Q, and a cyclic group of order 4.
Then

N./B, is the central product of
SL(2, 3) and Z,, and |F: 3| = 3*.

By Lemmas 5.41 and 9.12, (9.19), (9.20), (9.21) exhaust all possibilities.
It is clear from Lemma 9.12 that

9.21)

(9.22) if (9.19) holds, a S, ;-subgroup of J is 3-closed .
We next will show that
(9.23) every subgroup of ¥ of order 9 is in & .

To see this, let &, be a subgroup of % of order 9. If 3%, then
Foe&(B)= . Thus, we may assume that F N3 =1. Let T bean
abelian subgroup in MU(gF,; 2) and assume by way of contradiction that
[Z, ] #1. We may assume that T is a four-group. Let §F, =
Bo N C(T), a group of order 3. Let € = C(F,) 2<%, T). Since m(F) =3
and § <| B, there is AW e .= _14(P) with FSA. Hence, ASC = C(F,)
implies 0,(€) = 1 by hypothesis (ii) of Theorem 9.1.

By Lemma 5.5, 3= 0,4€). Let I = 2.(Z(0,€))), and let L* be
a S;-subgroup of €. Let P be a S,-subgroup of & which contains
PB*. Then 3°c P*, so 3= W. By Lemma 9.12 (iii), T is faithfully
represented on W. Hence, if Fe®, — % N C(E), then the minimal
polynomial of F on L is (x — 1)>. On the other hand, 3 centralizes
W. Since ¢ <N, the minimal polynomial of F on W is a divisor of
(x — 1)®. This contradiction establishes (9.23).

Since Q contains an abelian subgroup of type (2, 4), we can choose
an involution I of & such that ¥, = Cx(I) is noncyclic. By Lemmas
7.4 and 5.38, C(I) contains no element of & (3). Hence, I inverts 3.
Thus, in cases (9.19), (9.20) respectively, we have

(9.19)’-(9.20) F=Fx 3.
In case (9.21), we have

(9.21y ol = | Cp D) | = 9.
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Thus, in case (9.21), we have |Cy (I)| = 3.

Let 2 be a S, ,subgroup of C(I) which contains &,. Since $,e &
and since C(I) contains an element of Z/(2), there is an element IN
of MS(G) which satisfies all the conclusions of Lemma 7.5, contains $,
and contains a S,-subgroup of 8. By Lemma 7.5 (f), 1< 0.(IN).

We will show that

(9.24) Con (D) S M .

By Lemma 7.5 (f), it suffices to show that I% contains an S,-
subgroup of C(I). By construction, I contains an S,-subgroup of g,
which is an S, ;-subgroup of C(I). This proves (9.24).

Suppose (9.19) holds. In this case, we have (9.22). Also, (9.19)
implies that every element of & of order 3 centralizes an element of
& (3). Let %, be a subgroup of ¥, of order 3 such that

[0(D) N CEF), Fol =% = 1.

Thus, Q* is a quaternion group and a S, ;-subgroup of C(%,) is not 3-
closed. By (9.22), ¥, » B. Since |Cy(F) s = [PI1/3, it follows that
Cy,(3.) contains a S,-subgroup of C(F,). Let P$* be a S,-subgroup of
Cx,(F). Since C(F,) contains an element of $2.,(P), it follows that
0,(€) =1, where € = C(F,). Let R = 0,€)/F,. Thus, Q*F) is
faithfully represented on Z(R) for each F in &, — §.. But [R, F]=
{8, /B, so OF centralizes a subgroup of O,(R) of index 9.

Suppose (9.19) holds and 0,(€) N C(I) is noncyclic, where I is the
involution of Q*. In this case, since §, centralizes I and 0,(€) N F, =
F., it follows that € N IN contains a subgroup of order 27 and exponent
3. Since every element of & of order 3 centralizes an element of & (3),
it follows that a S,-subgroup of I is nonabelian of order 27 and the
width of O,(IN) is 3. Since |0,€): 0,&) N CI)| =9, it follows that
[04€)]| = 3. Since O4€)N C(I) is assumed noncyclic, and since
m(Z(04C)) = 3, it follows that 0,C) is elementary of order 3. Since
Q*<SC, and since {I) = 0,(M) N C(F,), it follows that 04€) is of
index 3 in PB*. Hence, | PB| = 3% since P* is of index 8 in some S;-
subgroup of .

Since |P*| = 3%, we have L* = 04(C)F..

We argue that Cyp(F') is of index 9 in P* for every F in § — F.
This assertion is equivalent to the assertion that 0,(®) N C(F) is of
order 9, since P* = O,C)F>. Now O04C) = U, x U,, where U, =
C(I) N 04C), 1, is inverted by I, and |11, | = |U,| = 9. Since U; <] LFQ*,
v =1, 2, we must show that F does not centralize either U, or 1U,.
It is obvious that F does not centralize U,. If F centralizes 11,, then
W, F> is elementary of order 27 and is contained in IR, whereas we
already know that S,-subgroups of It are nonabelian of order 27. So



514 J. G. THOMPSON

| P*: Cqe(F) | = 9.

Since C‘—B*(F ) is of index 9 in P* for every F in F, — F,, it follows
that O,(€) char L3*. Thus, N(0,(€)) contains a S;-subgroup of & and
S, ;-subgroup of N(04(Q)) are not 3-closed. This implies that if § is
a Sy;subgroup of N(0,(€)), then 0,(€) is not characteristic in if% More
explicitly, N(O,(€)) N N(B) does not contain a noncyclic abelian subgroup
of order 8, while N(R) does. Let A be an elementary subgroup of
P of order 3* with U = OC). If A N O4C) is of order 9, then P =
A0,(€) and Z(R) is not cyclic. Hence, A N 0,(C) is of order 27. Hence,
P = P*A, and it follows that N(04(E)) N C(I) contains S,-subgroups of
order 3'. Furthermore, every subgroup of §§ of order 3 centralizes an
element of & (3). Since the width of 0,(I) is 3, it follows that a S,-
subgroup of I is of the shape Z,{ Z,. But we have already shown
that S,-subgroups of 9 are of order 27.

Suppose (9.19) holds and 0,(€) N C(I) is cyclic. Since S;-subgroups
of M are of exponent 3 or 9, it follows that |0,C) N C(I)| =3 or 9.
Hence, |0,(€)| < 3%, so 04C) is abelian. Hence, T* = 0,(€)F,. Since
elements of &, — ¥, have quadratic minimal polynomial of 0,€), it
follows that g'(%*) = ¢ (04(€)) = ' (0,(€) N C(I)). Hence, F'(T*) =1,
since otherwise ¢'(*) is conjugate to B, against (9.22). Hence, 0,(C)
is elementary of order 27.

Since | 04(€) | = 27, we get | P*| = 3%, | B| = 3°. Since (9.19) holds,
Q is of type (4,2) and Q normalizes B. Let Q =LQ N C(8). Thus,
Q is cyclic of order 4, by Lemma 9.12 (ii). Also, the involution @ of
£ inverts %/3, so inverts /8. Hence, /8 is elementary of order 3*
and is the direct sum of &/3 and another irreducible Q-module. This
implies that 3 is of exponent 3 and is extra special. Thus, for each
P in B, 3 char Cyx(P). This implies that 3 is weakly closed in .
But turning back to €, it follows that Q* does not normalize 8, so
8 is not weakly closed in 3. This contradiction shows that (9.19)
does not hold.

Suppose (9.20) holds. By (9.24) it follows that Q%F, S M. Hence,
the width of O,(I) is four. Hence, Cy (I) = F. Thus, Cy (I) contains
a S;-subgroup SE which is a nonabelian group of order 27 and exponent
3. This is not the case, since C(P) N 0,(M) contains no four-subgroup
for any element P of .

Suppose (9.21) holds. By (9.24) and (9.21), it follows that S.-
subgroups of I are of order at least 3*. Hence, the width of O,(IM)
is four, and C(I) NP, contains no subgroup of order 27 and exponent
3, and of course C(I) NP, is of exponent 9. This is absurd, since S,
subgroups of Aut (0,(I)) contain subgroups of index and exponent 3.
This completes the proof of this lemma.

LEMMA 9.14. N(J(D)) does not contain a noncyclic abelian subgroup
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of order 8.

Proof. First, suppose that J(PB) is not elementary. Then B =
ZJP) N DIER) = 1. If W is cyclic, then 2,(W) = 3 char NJ(D)),
so N(J(B)) SN, and this lemma follows from Lemma 9.13. We may
assume that 2B is noncyclic. Let I, be a noncyeclic elementary subgroup
of order 9. We will show that ¥, e & (3). Choose Qe W(W,; 3'), mini-
mal subject to [Q, W] # 1. Let W, = Cyu (Q) so that |TW,| = 3. Let
€ = C(,), and let PB* be a S,-subgroup of € which contains J().
Hence, J() = J(B*). Let L =P° be a S,subgroup of & which
contains PBF.

Since € contains an element of .$%.,(P), it follows that 0, (C) = 1.
Since W, = Z(J(P)) = Z(J(L*)), we have [0,€), W] = J(P) and [04C),
W, W,] = 1. It follows that Q is a quaternion group. Let B = (8%C.
Thus, B is a normal elementary 3-subgroup of €, and by Lemma 5.10,
B is 3-reducible in €. It is a straightforward consequence of Lemma 5.2
that B< J(B*). Thus, Q centralizes B, as W, centralizes V. Thus,
it follows that W, £O0,,), where N, is a S, ,-subgroup of N which
contains B°. By Lemma 9.12, |B°:0,N)| < 3. Thus, T, & D(BY).
This is absurd, since &, < D(J(P)), and J(P) = J(L*) = J(L9).

It is an immediate consequence of the preceding argument and
Lemmas 7.4 and 5.38 that if D(J(L})) # 1, then this lemma holds.

Assume now that J(%3) is elementary. To complete the proof of
the lemma, it suffices to show that each subgroup of J(B) of order 9
is in & (3). Suppose false, and WS J(P), | W| =9, We £ (3). Let T
be an element of U(TW; 3’) minimal subject to [T, T] # 1. Let W, =
BN CE), so that | W, | = 3.

Let € = C(TW,) 2J(P), T>. Let LT be a S,-subgroup of € which
contains J(), and let L% be a S,-subgroup of & which contains PB*.
Hence, J(B) = J(B). Since J(P°) = J(P)¢, we get that Ge NUJ(D)).
Replacing B by W™ and T by I, we assume without loss of gener-
ality that B* = .

Since 3* contains an element of &7&_+73(P), it follows that 0, (€) =
1. Hence, 3= 0,€). Let B = 3¢, so that B is a normal elementary
subgroup of €. Since B is 3-reducible in €, it follows that B < J(P).
Hence, T centralizes ¥. In particular, ¥ centralizes 3.

Let & = J(P) N0,C). Thus, WZSF, and JP)/S acts faithfully
on 0,.(€)/0,C). Let R = [0,,(C), J(B)]0,€). Since

[0C), J(B), JB)] =1,

it follows that R = R/0,(C) is a 2-group, and that J(P) centralizes
every characteristic abelian subgroup of R. Since J(P) centralizes T,
so does R. By Lemma 9.12 (ii), R contains no four-group. So R is a

quaternion group and J(P)/S is of order 3, whence J() = %%, and so R=
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[0;,:(€), T]O4(€). Since J(P)0,(€)/0,(C) is of order 3, it follows that
J(P) S 0,5 ,4(€), and so T 0,,(€), whence TR, and so R = TO,Q),
and T = R is a quaternion group. Note that T is permutable with
P*, as P* normalizes [0, (C), J(P)].

Enlarge PB*T to a S,.-subgroup N, of N, and let N, = O¥*(N,).
Thus, %, = TR, where P = PV for some N in N.  Since J(R) = JP) =
J(P)?, replacing W by W' and T by ¥, we assume without loss
of generality that §§ = P is permutable with Z.

Let 2B, be a subgroup of I of order 3 different from 28,. Let
By, = 0;(N). Thus, P = PW, and W,T is a complement to P, in N,
Let I be the involution of T, let T be an element of ¥ of order 4,
let & =JPB) NP and let & = (R, K7). Since T* = I normalizes TP,
and J(PP) char B, it follows that T normalizes &. Hence, T normalizes
8. Of course, W, also normalizes &, since [BW, LSK<=L. Since
& <] By, it follows that & <] By, so L<JN,. Since

=[] FISRNK' SRS I®),

J(®P) centralizes £'. Since W, = J(P), it follows that T centralizes &'.
Hence, ¥ < 3, as otherwise I centralizes an element of Z/(3).

Clearly, 2 is of exponent 3, being of class at most 2 and being
generated by its elementary subgroups. The definition of J(PB) forces
£ = Cy(R). Hence, Z(8) = 83 = &, so that £ is extra special, while
8e .9.(8). The width of € is at least 2, since otherwise, Hypothesis
9.1 would be satisfied.

Now I centralizes 8 and normalizes & We argue that I inverts.
/8. Suppose false and § is a subgroup of & of order 9 which
contains B and is centralized by I. Since Am(g) = A(Z), where
Z:8>58>D1, it follows from Lemma 5.5 that e & (3). Thus, C(I)
is nonsolvable by Lemmas 7.4 and 5.38. This contradiction shows
that I inverts &/8. Hence I inverts £/3.

We next show that T centralizes P,/8. This is clear, since
[B), W] S KRS, so that W, centralizes By/L.

Since I inverts £/3, it follows that if ¥ is any subgroup of J(P)
of order 9, and £ is any element of M(f%; 3’) which is minimal subject.
to [T, Z] = 1, then £ is a quaternion group and BN CE) ~ 3. In
particular, e .

Let M be the subgroup given by Lemma 7.5 which contains a
S,-subgroup of C(I) and contains . Then Lemma 9.12 (ii) implies
that 0,(M) is extra special, and that <I)> = 0,(M). Hence, Cy (I) S M.

If the width of O,(IM) is 2, then W = Cgx(l) is a S,-subgroup of’
Cy (I) so & =P, is extra special. Since P, = 0,(N), it follows that Hypo-
thesis 9.2 is satisfied, an excluded case. Hence, the width of 0,(I) is
3or 4. On the other hand, every element of (C(I) N 04(3,))W of order 3.
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centralizes an element of #(3), so Cy (I) contains no subgroup of
exponent 3 and order 27. Hence, Cg(I) is cyclic of order 3 or 9. If
Cy,(I) = 3, Hypothesis 9.2 is satisfied, an excluded case. Hence, Cg (I)
is eyclic of order 9. This means that if 2B, is any subgroup of I of
order 3 such that C(T)) N 0,(IMN) DI, then W, = (P*> for some P in
9. This is absurd, since we get that < Q'(B) for some S,-subgroup
B of M, while if% is isomorphic to a subgroup of Z, x (Z;§ Z,). The
proof is complete.

LEMMA 9.15. If A e £ B) and B is a noncyclic abelian subgroup
of order 8, then (A, B> is nonsolvable.

Proof. Suppose false. Let & be the set of all 2, 3-subgroups &
of ® such that

(i) © contains an element of & (3).

(ii) ©/0,®) satisfies the hypothesis of Lemma 5.41.
Thus, & + ©.

If &, and &, are elements of &, we say that &, € &, if and only
if either |, |; < |&,]; or &, = &,

Let & be a maximal element of & under €. Let &, be a S,-
subgroup of &, »p = 2,3. Since & contains an element of £ (3), it
follows from Lemma 9.11 (ii) that 0,&) = 1.

Replacing & by a conjugate if necessary, we assume that S, < B.
By Lemma 5.41, © has 2-length 1. If &) = 1, then

& = Cx(Z(8))-Ng(J(&)))

by Theorem 1 of [43]. Since Z(P)< Z(S;), S,-subgroups of Cx(Z(S))
are cyclic. Thus, Cx(Z(S)) & Ng(S,) & Ng(J(Sy)), so J(&;) <|S. Maxi-
mality of & forces &, = %3, against Lemma 9.14. Hence, &; = 1.

Suppose &, is extra special of width at least 2. By Lemma 5.52,
it follows that & = Cgx(Z(049)))Ng(J(S:)). Thus, maximality of &
together with Lemmas 9.13 and 9.14 imply that neither Cg(Z(04(9)))
nor Ng(J(S;)) contains a noncyclic abelian subgroup of order 8. Let
T, = Cx(Z(04©))) N &, T, = N(J(Sy)) N &,.

Since &, = X, and T, has no noncyclic abelian subgroup of order
8, the width of &, is 2, and 4 < |%;] <8,7=0, 1.

Suppose S;-C(Z(0,(D))) is 3-closed. Then T, normalizes &,, so
normalizes J(&,). This yields £, <,, which is not the case. Thus,
&, Cx(Z(04(©))) is not 3-closed. Since T, <] &,, it follows that T, is
a quaternion group. Suppose Ng(J(S)) is 3-closed. Since Z(S;) <
Z(0.(®)), it follows that Z(&,) <] &. Maximality of | & |, forces &, = P.
This violates Lemma 9.13. Thus, Ng(J(S,) is not 3-closed. Since
&, = Ng(&;) & Ng(J(&))), it follows that £, is also a quaternion group.
Since [,(&) = 1, &, is the central product of , and ..
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Let =L, ---, B, be all the S,-subgroups of & which contain
&,, and let 3; = 2(Z(;)). Thus, 3; S Z(0,S)) for all 7, so that I,
centralizes each 3;. Let (T)> =%,NZT, so that T is an involution
which centralizes each 3,. Also, T, C(8;) for each 7, so for each
1, T, L C(3))-

Suppose &, = P. Since &, = I) centralizes Z(0,S)), it follows
that 8 = 2,(Z(0,®)); otherwise, &, centralizes an element of Z/(3).
Hence, 8 <]/ &, against Lemma 9.13. We conclude that &, c .

Enlarge &%, to a S,,-subgroup of N(J(S,) and enlarge this
subgroup to a maximal 2, 3-subgroup &, of &. Let & = 0¥(¥,). Since
|8, > | &, it follows that £ contains no noncyclic abelian subgroup
of order 8. Since L20¥(G3) = &,2,, it follows that L, is a S.-
subgroup of ¥. Let £, be a S,subgroup of £ which contains &,.
Thus, ,=%; for some <.

Let W be the normal closure of 3; in ¥. Thus, Cy¢(TW) contains
T. Since T, < C(3,), it follows that Co(W) N L, = (T, so S,-subgroups
of A,(W) are four-groups. It follows that J(¥;) <{¥. Hence, & = P;
and so T centralizes an element of %/ (%;). Thus, by Lemmas 7.1 (i)
and 7.4, C(T) is nonsolvable. This contradiction shows that &, is
not extra special of width = 2.

Suppose &, is the central product of a quaternion group and a
cyclic group of order 4. If J(&,) S 0,S), then again &, =L and
Lemma 9.14 is violated. Hence, J(&,)Z0,S). If &, centralizes
Z(04®)), then we get © = Cx(Z(S;))Ng(J(S;)), so that either Z(S,) or
J(&,) is normal in &. Both these possibilities are excluded by Lemmas
9.13 and 9.14, so we may assume that [&], Z(0,))] = W = 1. Let X
be a minimal normal subgroup of & with X = 28. Thus, &, is faithfully
represented on X. Since |&;: 0,(S)| = 3 and J(&,) L 0,(©), it follows
that elements of &, — 0,(&) centralize a hyperplane of ¥. This is not
the case, since |X| = 3*. Thus, &, is not the central product of a
quaternion group and a cyclic group of order 4.

By Lemma 5.41 and maximality of & under <, it follows that &,
is either the direct product of a quaternion group and a group of order
2 or &, is special with |&;| = 4. Let 8 = Z(S,), so that in both cases,
LB is a four-group. We will exploit ¥ by showing that &, = 3, that
is, by showing that &; is a S,-subgroup of ®&. Suppose by way of
contradiction that &, c .

We argue that B normalizes J(&,). For if this is not the case,
then B centralizes Z(0,(©)), against Lemma 9.12 (ii).

Since B normalizes J(S,), we may enlarge S,8 to a S, ;-subgroup
€ of N(J(&,)). Since &; is not a S;-subgroup of ¢, £ does not contain
a noncyclic abelian subgroup of order 8.

Let 8, be a S,-subgroup of &, p = 2,3, with LEL,, &, ..
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Case 1. 04()B/0,S) = Z(S/0,(S)).

Let &, be a maximal element of My(B; 3) with &, =&,. Suppose
©,c&,. Choose & in M,(DB;3) so that |S}:S,| =3, and let B, =
Cy(S;/S;). Hence, [&7, B =[S, B,] is normal in & and in &;.
Maximality of & in & forces [&,, B,] = 1, against 0,(S) = 1. Thus,
&, is a maximal element of My(B; 3). In particular, £ is not 3-closed.
Hence, 0.(2) is of index 3 in &, and 0,(¥) & &,. Hence, 0,(8) = &,. If
LB = &,, then [T, S;] <8 so that (&, &= N([B, &;]), since [B, &,] =
[B, 0,(©)] = 1. This is impossible, so B C L,.

Case la. ©&, is special.
Since VS Z(S,), it follows that &,8 is a maximal subgroup of &.

Thus, 0,(©)S,/0,(®)B is a chief factor of &. Let B, be a subgroup
of B of order 2 and let &) = Z(&, mod B,). Since 0,(S)B, <] &, &,8] is
a group. Hence, &, =8B or &, =6,. If &, =6, then &=, so
that &,/B, is abelian. This is not the case, since &; = L. Hence,
&) = B, so that &,/B, is extra special of width = 2. It follows from
the proof of Lemma 5.52 that J(S,) <{©&. Maximality of & in &
guarantees that &, is a S;-subgroup of &, against our assumption
that &, c .

Case 1b. &, is the direct product of a quaternion group and a
group of order 2.

Since ¥, has no noncyclic abelian subgroup of order 8, it follows
that L is a self centralizing subgroup of &,. Hence, £, is of maximal
class. Let &, =20 0,.(2). Thus, &, has an automorphism of order
3. Being a subgroup of a group of maximal class, &, is either a
quaternion group or a four-group.

Suppose &, is a quaternion group. In this case, L/0,8) = GL(2, 3)
and B normalizes a S;-subgroup of €, against our previous argument.
we conclude that &, is a four-group.

If &, =B, then [042),B] <] But 0,2 =&, and [&,, B] =
[0:©), V] <1 S. Hence, [042), B] <<, &> against the maximality of
© in .&#. We conclude that &, = B, so that £, is a dihedral group of
order 8 whose two four-subgroups are 8 and &,.

Since &, does not centralize Z(04%)), it follows that J(;) <] L.
Hence, J(&;) = J(&,), so by construction of &, we conclude that 8, is
a S,-subgroup of ®&. We may therefore assume without loss of gener-
ality that 5 = ¥&;. Hence, |¥: &, = 3.

Let ¥ = 2,(Z(&;)). Recalling that &, = 0,(8), we get X <{8. Since
&, does not centralize 8, we get B cCX. Since Z(%) is cyclic and
|P:S,| =3, we get |X| <27. Hence, |X| =27 and X is the only
minimal normal subgroup of 2.

Since J(P) <] &, we get X, <] &, where X, = Q,(Z(J(B)) N D(J(P))), if
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DJP) = 1, and %, = J(P) if D(J(P) =1. If |%| > 27, then some
element of B centralizes a noncyclic subgroup of %,. This was shown
to be impossible in the proof of Lemma 9.14. Hence, |%,] < 27. This
implies that %, = %.

Suppose A, BeX, and A = B? for some G in ®&. Thus, {J(P),
JEPBH> S C(B), and we can choose C in C(B) such that J(P)° =
J(BY). Hence, CG = Ne N(J(P)) and A = B° = B°'N = B”. Thus,
elements of X are &-conjugate only if they are N(X)-conjugate.

Let X = %, x %, x %;, where |%;| = 3 and where ¥; admits 8, ¢ =
1,2,3. Let B,=CE)NBV =<V;>. Thus, %, %, %, are the only
subgroups of X of order 3 which admit B. Let Z be a generator for
8. Then Z = X, X, X, with X, eX,.

We argue that 3« ¥%; for © =1, 2,3. Namely, if 8 ~ ¥%,, there
is Ne N(%X) such that X, = 3. Let %A = 4y(X). Thus, [A|; =3, Ais
solvable, and A2V = Ay(X) = 3,. So AU =B or A =B x A, where
A, = <A) and A inverts X. In neither case are 3 and %; in the same
orbit under 2.

We now return to our study of &. Let &, = Q x {V), where Q
is a quaternion group and Ve®B. Let{V,> =Q'. Since V, does not
centralize Z(0,(®)), there is a minimal normal subgroup ¥ of & such
that Q is represented faithfully on 9. Let 8* = Cy() so that |T*| =
2, 8, =0 x B*. We see that || =9 and that I, = Y N Z(S;) is of
order 3 and admits ¥. Thus, ,C X%, so Y, = %, for some ¢ = 1, 2, 3.
Since %, ~ 3, it follows that &, is a S,-subgroup of C(%),). Since
9, & = 9., it follows that Y = 0,(CD),)). Since L permutes transitively
the subgroups of 9 of order 3, it follows that ¥ < 0,(C(Y*)) for every
subgroup 9* of Y of order 3. This implies that Y ec £ (3). Now C(T*)
contains 9 and also contains an element of Z(2), so C(B*) is nonsolvable.
This contradiction shows that this case does not arise.

Case 2. 0,(B)B/0(S) L Z(S/04O)).

We conclude that &, is special and that 8 = &,. Since L = Z(&,),
we get that &,%8 is a maximal subgroup of &. That is, 0,(8)S,/0,(&)8
is a chief factor of &.

Let P, be a maximal element of M (B;3) with P, = S,. Hence, P,
is of index 3 in &,, and all involutions of B are fused in &,B. Also,
[B,, Bo] = [0:(S), B,] for every subgroup B, of B.

Suppose %3, is not a maximal element of My(B;3). Choose P, in
U, (B; 8) so that [P:P,| =3, and let B, = Cx(P,/Po). Then P, and
&, both normalize [B,, B,]. Let £* be a S,-subgroup of N([L,, B.])
which contains LY, and let 8F be a S,-subgroup of £* with §, = &,
B LF. Note that ¥* contains a conjugate of &,.

By maximality, &; = Ny(2.(Z(04©)))). Hence, 3C &, and so 3&
2.(Z(0,(®))), since 0,&) = 1. If NeZ(P), then [P, U]=3, and so
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NS, Since B is a 4-group and does not centralize 2,(Z(0:(S))), we
conclude from [¥3, U, U] = 1 that U centralizes BO,(S)/04(S). That is,
NS P, =*. Hence, &* contains an element of & so maximality of
& guarantees that P, = 87, since L, and &S, are of the same order.

Let £5* = & N 0,,(%%). Thus, ¥* contains a noncyclic abelian
subgroup of order 8, since £* contains a conjugate of &,.

Suppose every subgroup of £f* which is characteristic and abelian
is also cyclic. Let £5** be a subgroup of &}* which is minimal subject
to (a) containing a noncyclic abelian subgroup of order 8 and (b) being
permutable with . Then since D(¥}**) = D(%F*), it follows that
F** is not a special group with center of order 4. Since ;% ** ¢ .&
our previous reduction excludes this possibility.

Let &, be a noneyclic characteristic abelian subgroup of £7*. If
iféz] > 4, then 2131532 contains an element of .5, against our previous
reduction. We may assume that &, is a four-group. If &, NV =1,
then 04(2%)%,/0,%*) is centralized by P, since B normalizes $,. But
in this case, there are maximal elements of .&° which do not satisfy
our previous reduction. If N B = 1, then PB,BL, contains an element
of & which also violates our previous reduction. Hence, P, is a
maximal element of Uy(%B; 3).

Since 04(8) € Ng(B; 3), we have 0,2) & P,. Maximality of & in .&*
implies that & contains no noncyclic abelian subgroup of order 8. Since
the involutions of ¥ are fused in &,%, it follows that 0,,(8) = 0,(¥)3.
Hence, B, = 04(8) isof index 3 in &,. This violates |&;| > [S;| =3[P, |-

Thus, in all cases, we have shown that &; = .

Suppose that LB normalizes S,. Let T be a minimal normal
subgroup of &. Clearly, T8 > 3. Since BO,(S)/0,(S) is a central factor
of &, some involution of B centralizes W. But LW contains an element
of Z/ (), so Lemmas 7.4 and 5.38 imply that C(V) is nonsolvable for
some involution V of B. Thus, BV does not normalize PB. In particular,
&, is special.

Let B, be the largest subgroup of P normalized by L¥. Thus,
| PB: P, | = 3 and Ny(S;) permutes transitively the involutions of L.

Let W be a minimal normal subgroup of &. Clearly, ™8> 3, so
B is faithfully represented on . Hence, &, is faithfully represented
on B, s0 Cx(W) = O0,(W). Let W = W, x W, x W;, where W; = Cyy(B))
and V,, V, V, are the involutions of 8. Thus, &,33, normalizes each
L3;, and & permutes B, G, W, transitively. Obviously each W, is an
irreducible B,8,-module.

Let &; = Cq,(T), and &,; = {Se &, |[S, &,] =V}, for i =1, 2, 3.
Then Ng(&,) permutes (S, &, &,5} transitively, and so one of the
following holds:
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If (a) holds, then &,/KV,> is extra special, and since V; inverts 2©;
for j # 14, it follows that & N &, = <V,>, whence &; = 0,(S)<V;>. The
proof of Lemma 5.52 now shows that 0,(&) 2 J(&,), the desired contra-
diction.

Suppose (b) holds. The group 0,(8)&,,8,,8,, is clearly &;-invariant,
and since 0,(S)S,/0,(3)T is a chief factor of &, we have &, = &,8,,5,,.
Obviously, [&,;, &,;]S<V>N<V,;> = 1for ¢+ j. Because &, is special,

- we conclude that &,;, = (V> and hence that &,;/{V,> is extra special
for 7+ 5. If the width of &,,/KV,> is greater than 1, then since
J(&;) L 04(®), and since &,;/K V> acts faithfully on B, it follows that
J(S,) centralizes 0,(8)8,;/0,&)KV,>. But J(&,) <&, and so J(&,)
centralizes 0,(S)S,/0,(®)B, that is, J(&,) S 0,8). We may assume
that if i % j, then &,/<{V,> is of width 1. But then &,8,,/KV,) is the
central product of &,,/<(V,> and &,/{Vy, so is extra special of width
2, acts faithfully on 28,, and 0,(©)&,,,, admits J(&,). By Lemma 5.52,
J(&,) centralizes 0,8)8,,8,,/0,(8), so again we get the contradiction
J(S,) S 0,&). The proof is complete.

LEMMA 9.16. If A is a subgroup of & of type (3, 3) and each
element of A centralizes an element of Z/(3), then

(i) Yem.

(ii) 4f|C@ |

Proof. (i) Suppose false, and T is a four-group normalized but
not centralized by 2. Let A, = Cy(T), so that |A| = 3. Let & bea
maximal 2, 3-subgroup of & which contains a S, -subgroup of C(2[)
containing AT. Let € = 0*(L,). Since ¥ contains an element of % (3),
Lemma 9.15 implies that £ contains no noncyclic abelian subgroup of
order 8. Hence, £ is a S,-subgroup of & and £/0,&) = A,. Let &
be a S,-subgroup of . Since T does not centralize Z(0,(2)), it follows
that J(L,) <] €. Hence, &;is a S,-subgroup of &, and we may assume
that ¢, = P.

Let X be a minimal normal subgroup of & with ¥ & Z(J()). Thus,
X is elementary of order 27 and C,(T) = 1. Choose T in T so that
X, = C¢(T) is of order 3 and is inverted by the generator of T/(T).
Hence, ¥, ¥> = A* is elementary of order 9 and is normalized by ¥,
and every element of 9* centralizes an element of Z/ ().

Let € be a S, ,-subgroup of C(T) which contains A*¥T. By Lemma
5.38, € contains an element of Z7(2), so | 0,(€) | < 3, and 0,(C) N A* =
1. Hence, 2* is faithfully represented on 0,(€). Let €, be a charac-
teristic abelian subgroup of 0,(€). Suppose 2[* does not centralize €,.
Hence, there is an element A in 2A** such that C(4) contains an
elementary subgroup of order 8. This is not the case, so A* centralizes
€, If |€,] > 2, then some element A of 2A** centralizes a noncyclic
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abelian subgroup of 0,(€) of order 8. This is not the case, by Lemma
9.15. Hence, 0,(Q) is extra special of width at least 2 and <T")> = 0,(€)".
Hence, € contains a S,-subgroup of .

By Lemma 9.15, no element of 2*# centralizes any noncyclic abelian
subgroup of order 8. Hence, (T = 0,C) N C(A*). For each 4 in A**,
0,(€) N C(A) is either (T or is extra special. Thus, 0,(€) N C(4) is
either {T) or is a quaternion group, so no element of 2A** centralizes
any four-subgroup of 0,(€). Thus, the width of 0,(®) is at most 4.
Since 0,(€) N C(,) is centralized by A*, it follows that 0,(€) N C,) =
{T>, and so the width of 0,C) is at most 3.

Consider C*(%X,) = {Ge®, G either centralizes or inverts %X,}. By
construction, |Cu(X,)|; = |PB|/3. Also, TS C*(X,), and C*(X,) contains
no noncyclic abelian subgroup of order 8. Suppose 2{0;_03(52), where
Qis a S.,;-subgroup of C*(%,) which contains Ci(%). Then ,@/03(@)
contains a subgroup isomorphic to U, x T. This is obviously impossible,
since S,-subgroups of /0,(8) are of maximal class. Hence, A, S 0,Q).
This implies that 2, centralizes 0,(€) N C(X,), so the width of 0C)
is 2. Hence, %, x 2, is a S,-subgroup of C(T), so %, x A, is a S,-
subgroup of Cg¢(T"). By a formula of Wielandt [40],

10(2) | = [08) N C(T) /| 0() N C(R) |* .

Hence, | 0,(2) | = 3%3* = 8%, so that O,(L) = %, x X. This implies that
Z(P) is noncyclic, since |[P: 0,(2)| = 3. The proof of (i) is complete.

As for (ii), suppose ¥ is a subgroup of C(A) of order 4. Then
C(T) contains an element of %Z/(2), T being an involution of £. Thus,
by Lemma 7.5, there is a subgroup M in _Z<”(®) which contains AF
and satisfies 0, (M) = 1, while O,(M) is of symplectic type. Since A
acts faithfully on 0,(M) N C(T), we can therefore choose A in 2* such
that 20 does not centralize 0,(€) N C(T) N C(A). Thus, C(4) contains
a noncyclic abelian subgroup of order 8, against Lemma 9.15. The
proof of (ii) is complete.

LEMMA 9.17. Suppose

(a) R is a maximal 2, 3-subgroup of ©.

(b) R contains an element of <.

(e¢) R contains a noncyclic abelian subgroup of order 8.
Then OyR) = 1.

Proof. Let 3, be a S,-subgroup of R, p =2,3. We assume
without loss of generality that R, =B3. Suppose by way of contradiction
that O,(R) = 1. Then O,(R) # 1, so by maximality of R, R, = Ng(0,(R)).
Hence, B3SR,. Since O,(R) =1, we get B3 Z(0,R)). Hence, R,
contains every element of Z/(L). This contradicts Lemma 9.15 and
completes the proof.
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We now begin the construction of the final configuration.

By hypothesis, 2 ~ 3. Let 2 be a noncyclic abelian subgroup of
® of order 8 and let B be an elementary subgroup of order 9 each of
whose elements centralizes an element of Z/(3), chosen so that {2, B>
is solvable. We assume without loss of generality that <2, B> is a
2, 3-group. Let & be a maximal 2, 3-subgroup of & which contains
<A, B,

Let &, be a S,-subgroup of &, » = 2, 3, with B L,. By Lemma
9.17, 0,®) = 1.

Let J be an involution in Z(%,) N 0,(8). Since Be &, by Lemma
9.16, B centralizes Z(0,)). Hence, C(J) is a solvable subgroup
containing B, &,, and an element of Z/(2).

Since Be &, we may apply Lemma 7.5. Let I be an element of
A (®) which contains B and €, and which satisfies all the conclusions
of Lemma 7.5. Let & be a S,;-subgroup of I and let & = O,&).
Since 0,,(M) = 1, so also O,(R) = 1. Since no element of B* centralizes
any noncyclic abelian subgroup of order 8, it follows that £, is extra
special of width 2,3 or 4, and Cg (B) = &, = <{I), the last equality
serving to define I. Hence, & = 0,(M). Let &, be a S,-subgroup of
R, p =23, with BESR,. Let & = & N 0,,(R), &* = Ng(&;). Thus,
& = K&K* and & N &* = Cg (RF). Let & = &* N K, so that B* = R.R;.
We assume without loss of generality that &, < .

We argue that

(9.25) RN R =<I>.

Namely, choose U in Z(B) and suppose C(Q1) N &F is noncyeclic.
Then by Lemma 9.16 (ii), no noncyclic abelian subgroup of C(1l) N &
centralizes any subgroup of order 4, so (9.25) is clear. Suppose
C) N KF is cyclic. Hence, K has a cyclic subgroup of index 3.
Assume that (9.25) does not hold. Then B L &, so the 3-length of
& is at least 2. Hence, £ is elementary of order 9 and all elements
of &% are fused in & But then every element of & centralizes an
element of Z/(3), so again (9.25) holds. Thus, (9.25) holds.

LEMMA 9.18. If R is any 2, 3-subgroup of & which contains B, I,
and also contains a noncyclic abelian subgroup of order 8, then R = .

Proof. We may assume that R is a maximal 2, 3-subgroup of &.
By Lemma 9.17, we have O,(R) = 1. Since B € <, B centralizes Z(0,(R)).
Since <I> is a S,-subgroup of C(¥B), by Lemma 9.16 (ii), it follows that
Iy = Z(0)), so RS C(I) = M.

LEMMA 9.19. & contains no noncyclic abelian subgroup of order 8.
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Proof. Suppose false. In this case, &* is a S, ;-subgroup of N(&F),
by the preceding paragraph. Hence, the 3-length of &* is at least 2.
But in this case, 8 C &, so &, contains every element of % (), against
Lemma 7.4. The proof is complete.

LEMMA 9.20. If &, is a Sy-subgroup of N(,), then
§u = K- C ()

Proof. Let €, = C(],)8;, N, = N(K,). Since BES K, it follows that
{I>is a S,subgroup of €, by Lemma 9.16 (ii). Hence, I covers
N/€, so €, contains K,, which is equivalent to our assertion.

LeEmMMA 9.21. _

(a) If P is any 3-subgroup of M, then no So-subgroup of N(R)
18 contained in any conjugate of IN.

(b) If P is an element of M of order 3, then C(P) contains a
subgroup A* of type (3,8) such that C(A) contains an element of
Z(3) for each A in UA*.

(¢) If R is any nonidentity 3-subgroup of M, then N(i%) con-
tains no noncyclic abelian group of order 8.

(d) &, contains no abelian subgroup of order 27.

(e) R, is 1somorphic to one of the following groups:

(i) an elementary group of order 9.
(ii) a monabelian group of order 27.

Proof. Let P$* be a S,-subgroup of N(E). Suppose P*< IMC.
Since P S P*, we get LS ME. Let P, = P, P, = P*¢*. Then P,
is a 3-subgroup of MM and P, is a S,-subgroup of N(B,) which is
contained in M. This violates Lemma 9.20, since 3%3(:@3. Hence,
(a) holds.

Since BS K, it follows from Lemma 9.16 (ii) that <I) is a S,-
subgroup of £;C(K,). Thus, K,C(K,) has a normal 2-complement. We
assume without loss of generality that I normalizes &;. Let @3/93 be
a chief factor of 8<I>. Hence, & = & x &;, where |&| = 3. This
implies that Cg (P) contains an elementary subgroup of order 27. Let
B¢ be a S;-subgroup of & containing &,, and let Ue Z (P¢). Then
C() N C,(P) is noneyelic, and any noneyelic subgroup of C() N C,(P)
of order 9 may play the role of 2* in (b).

Let R be a maximal 2, 3-subgroup of & which contains a S, ;-
subgroup of N(®). By (b), R contains an element of <&r. Assume
that R contains a noncyclic abelian subgroup of order 8. Then by
Lemma 9.17, O,R) = 1. By Lemma 9.16 (ii), we get | Z(0,(R))| = 2.
Clearly, R is a S, .subgroup of C(Z(0,(R))), and so it contains an
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element ® of & and one of Z7(2). Applying Lemma 7.5, we get a
conjugate M of M containing D and a S,-subgroup of R. By Lemma
7.5 (f), Z(0,R)) = C(D) N 0,(IN). By Lemma 9.16 (ii), the last group
is of order 2, and so equals Z(0,(R)). Hence, Z(0,(R)) = Z(0,(IN%)),
and so RS MC. This violates (a).

Suppose ¢ is an abelian subgroup of &, of order 27. Then there
is an element E in G* of order 3 such that C(E) N O,(8R) contains a
noncyclic abelian subgroup of order 8. This violates (c) and es-
tablishes (d).

(e) is an immediate consequence of (d).

LEMMA 9.22. &, — &, contains an itnvolution.

Proof. Suppose false. By a result of Glauberman [16], £, con-
tains an involution J such that J = I¢ == I. Since the lemma is false,
Je&. Let T =Cg(J). Then T is generated by involutions, and
TSME = C(J). Since the lemma is false, TR, In particular,
Ic(R7). Hence, (R) = <J> =<I>, a contradiction.

LEMMA 9.23. The 3-length of M is 1.

Proof. Suppose false. By Lemma 9.21 (e), it follows that & is
elementary of order 9. Consider &*/<I>. Since R* N &, =<I> by
(9.25), it follows that R;<I>/KI> = F(®*/<I»). This implies that £*/
{I> contains a quaternion subgroup Q/<{I>. Thus, Q is not of maximal
class, since no group of maximal class and order 16 has a quaternion
factor group. Hence, £ contains a noncyclic abelian subgroup of order
8. This violates Lemma 9.21 (c) with £ in the role of .

LEMMA 9.24. FEach involution J of & — K, normalizes a S,-
subgroup of K.

Proof. Since J¢ &,, Lemma 5.36 implies that J inverts an element
P of & of order 3. Let € = Cy(P). Suppose €N K, =<I). Then
since .8, <] &, it follows that € is 3-closed. Let €, be the S,-subgroup
of €. Thus, C; is noncyclic. Since N(C;) N K, = <ID, Ng(€,;) contains
a S;-subgroup of & as a normal subgroup. Since J e N(C,), we are done.

We may assume that €N &,><I>. Hence, EN K, = QO is a qua-
ternion group. Let 8 be a S,subgroup of ©. Thus, RQ = 0¥(C)
char €, so <J>if§£) is a group. Let B, = 0,(RQ). Thus, PR, =
SL(2, 3), and J stabilizes $Q/B,. If J does not centralize QP/QP,,
it follows from Lemma 5.36 that J normalizes a S,-subgroup of Q.
Suppose J centralizes PQ/QW,. Then JOPO/QP, is a cyclic group
of order 6, so J centralizes ©/Q’. This implies that |C(J) N Q| = 4,
so that {J, Q) contains a noneyclic abelian subgroup of order 8. Since
{J, Q>S NKP»), Lemma 9.21(c) is violated. We conclude that J



N-GROUPS II 527

normalizes a S,-subgroup of ‘EQ We assume without loss of generality
that J normalizes . Since N(f) N K, = I, it follows that Ng(F)
contains a S,-subgroup of & as a normal subgroup. The proof is
complete.

LemMA 9.25. (a) If T is an tnvolution of &, C(T) contains a
noncyclic abelian subgroup of order 8.

(b) If the width of & s 2, then for each involution T of &,
1C(T)]; = 9.

Proof. (a) By Lemma 5.38, C(T) contains an element U1 of Z/(2).
If T¢U, then U, T is a noncyclic abelian subgroup of order 8 which
is contained in C(T). Suppose T cll. Since .9%Z.,(2) = @&, C(T) con-
tains an element of .$2.,(2) by Lemma 0.8.9.

Suppose (b) is false, and T is an involution of & with | C(T') |, = 27.
Let & be a maximal 2, 3-subgroup of & which contains a S, ;-subgroup
of C(T). By Lemma 5.38, & contains an element I of Z/(2). Let
&, be a S,-subgroup of &,p =2,3. We assume without loss of
generality that &,Z &,.

Case 1. 04S) = 1.

Since U e &£ (2), U centralizes 0,(&). Since 1l contains a conjugate
of I, it follows that |0,(S)| < 9. Suppose |0y(S)]| = 9. Then 0,S)
is conjugate to B, since B is a S,-subgroup of M. But then Lemma
9.16 (ii) is violated. Hence, |0,(&)| = 8.

Since 11 centralizes 0,(S), 0,(®) is conjugate to a subgroup of B.
By Lemma 9.21 (b), C(0,(®)) contains an elementary subgroup 2* such
that C(A) contains an element of Z/(3) for each A in 2*. Since & is
a S, ;-subgroup of N(0,(S)), we assume without loss of generality that
A*<S&. By Lemma 9.16 (i), A* e &r. Now Lemma 9.17 yields 0,(&) =
1. Since A*= S, Lemma 9.16 (ii) forces | Z(0,())| = 2, and forces
Z(0,(®)) to be a maximal characteristic abelian subgroup of 0,(S).
Since | 04(®)| = 3, it follows that |0,S)| > 2. Hence, 0,(©) is extra
special. Thus, 0,(&) is of order 2 and is normalized by every element
of Z7(R!,). Hence, every element of Z/(&,) is contained in &,. Thus,
I centralizes 04(S). Since Ie Z(&,), we get Ic 0,S), so that {I> =
0,3). Hence, SS M, against |S|, =27 and | M|, = 9.

Case 2. 04S) = 1.

Since |&|; = 27, it follows that m(0,(&)) = 6. Since the width of
K, is 2, it follows that &, has no elementary subgroup of order 2°.
Thus, 0,&) is not elementary.

Now & is clearly not contained in any conjugate of I, since

[S], > | M ;. Since <I) = Z(K,), it follows that & is not 2-closed.
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Since |R,] =25 we get |0,8)] = 2'. Hence, |0,S)| =27, so that
D(0,(®)) is a subgroup of order 2 and &, is of order 2°. Hence, &, = &,
and D(0,(&)) = <I>. This shows that @< M. This contradiction com-
pletes the proof.

LEMMA 9.26.~ If 2T3 18 any subgroup of &, of order 3, then
(a) & n C(B) s either {I) or_a quaternion group;
(b) if PLZ(&K,), then K N CCR) is quaternion.

Proof. (a) Suppose & N C(P)DI>. Then & N C(R) is extra
special and does not contain a noncyclic abelian subgroup of order 8.
Thus, & N C(P) is either dihedral or quaternign. Now Cﬁa(‘%) contai1~1s
an elementary subgroup @ of order 9 with # c &. Hence, & N C(f)
admits . Since no element of &* centralizes a noncyclic abelian
subgroup of R, of order 8, & N C(P) is quaternion.

(b) Let € = (R, Z(R,)>, so that by Lemma 9.21 (¢), G is ele-
mentary of order 9 and € <] &,. It follows that the three subgroups
of & of order 3 which are distinct from Z(&;) are conjugate in £,.
We can choose E in &* such that £, N C(#) is not centralized by
Z(&,)). By (a), & N C(K) is a quaternion group; so (b) holds.

LEMMA 9.27. RF is a four-group.

Proof. Suppose false. By Lemma 9.22, &, — £, contains an invo-
lution J. By Lemma 9.24, J normalizes a S,-subgroup of & Thus,
we can choose M in I such that J* = T, normalizes &,. Since &,
permutes transitively by conjugation the S,-subgroups of £, we may
choose K in £, such that T = T¥ lies in &,. Thus, T e N(&) N K.

By Lemma 9.23, & = &,. Thus, TeRF. IfT,I> = &F, we are
done, so suppose {T, I>C & . Let ¥ be a subgroup of & of order 8
which contains {7, I)>. By Lemma 9.19, § is dihedral of order 8.
Let $,, $, be the four-subgroups in .

Suppose X is a subgroup of &, of order 3 which admits % and
that C(X) N &, is a quaternion group. Hence, Co(®) contains a normal
quaternion subgroup and S,-subgroups of Ng,(¥) are of order at least
2°. Thus, Ng(X) contains a noncyclic abelian subgroup of order 8.
This is impossible, by Lemma 9.21(c). Hence, Cg (¥) =<I), by
Lemma 9.26 (a).

By Lemma 9.26 (b) and the preceding paragraph, it follows that
% normalizes no noncentral subgroup of &; of order 3.

Suppose K, is nonabelian. Then % normalizes 2,(8;), a group of
exponent 3. Since <{I) centralizes &,, it follows that 2,(®,)F is super-
solvable. Thus, Q,(f;) contains a normal subgroup of order 9, so &
normalizes a noncentral subgroup of &, of order 3. This contradicts
the preceding paragraph, so we conclude that R, is abelian, &; = 8.
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Let & =<J;, I>,©=0,1. If both J, and J, invert &;, then J,J,
centralizes R,, so JJ,€<{I). This is not the case, since @, is of
order 8. Thus, we may assume notation is chosen so that J, centralizes
%, and inverts %,. Here, |X;| = 3, and &, = %, x %,. Since & N CX,) =
{I>, for © = 0,1, the width of &, is 2.

Let & be a S,;-subgroup of N(&;) which contains £F. Since
K P, we get |& | =9 < |E[,. By Lemma 9.16 (ii), | C(&;) |, = 2. By
Lemma 9.20, we get that & is 3-closed. Let &, = 0,¢) D> &,.

Let F,, F,, F, be the three involutions of $,, and set

3/‘1':!@3HC(FZ)I,7/:0,1,2.

By Lemma 9.25 (b), we have f; < 2. Since & N C(F,) = X,, a formula
of Wielandt [44] yields

| @, | = 8o/t < 8¢,

Since the dihedral group % is faithfully represented on @,/&;, it
follows that | @;| = 3

Let ® be a S, ;-subgroup of N(G;). Let ©, be a S,-subgroup of
D, with & =9D,. By the formula of Wielandt [44] applied to F,
acting on 0,(D), we get 0,D) =C,. If , =G, then & is a S.-
subgroup of ®&. But the center of &, contains & = B by Lemma 9.20,
and hence is noncyclic. This contradicts hypothesis (iii) of Theorem 9.1.
Therefore ®, D E, and D is not 3-closed.

By Lemma 9.25 (b), we get 0,(D) = 1. Since D is quite obviously
contained in no conjugate of MM, Lemma 9.18 implies that D contains
no noncyclic abelian subgroups of order 8. Thus, ®, is of maximal
class. Hence, <{I)> = Z(D,), so D, = K is of order at most 16. Suppose
|D,| = 16. Since 0,(D) =1, and D is not 3-closed, it follows that
0,,(D) N D, is a quaternion group. But then M covers D/0,(D). This
is not the case, since 0,(D) contains a S,-subgroup of I, and since
3|/D:0(D)|. Hence, D, =% is dihedral of order 8. Let D, =
0,,(D) ND,. Thus, D, is a four-group and ©/0,(D) = %,. :

Since D/0,(D) = X,, some chief factor of D is of order 3°. Thus,
0,(D) is necessarily elementary, and elements of ®, — 0,9D) induce
automorphisms of 0,(®) with minimal polynomial (x — 1)°. Hence,
0,(D) = J(D,) 0,(D) = J(D,) char D, s0 D, is a S;-subgroup of &. This
is not the case, since Z(,) is noncyclic.. The proof is complete.

LEMMA 9.28. If the width of &, exceeds 2, then I 1is the only
conjugate of I in K,.

Proof. Suppose T = I¢ =TI, Te &, ThenC(T)N R,< C(T) = MF.
By Lemma 9.27, C(T) N & N & is of index at most 2 in C(T)N K,
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Since Cg (T) is of index 2 in &, we get [&:C(T)N KN KF| < 4.
Since the width of &, is at least 3, it follows that C(T) N & N K is
nonabelian. Hence, <I)> = (C(T) N & N KS) = <T>. This contradiction
completes the proof.

LEMMA 9.29. &, =B s of order 9.

Proof. Suppose false. By Lemma 9.21 (e), &, is nonabelian of
order 27. Since &; is faithfully represented on f,, the width of & is
at least 3. By a result of Glauberman [14], &, contains a conjugate
T of I distinct from I, T = I¢ # I. By Lemma 9.28, Tc &, — &, so
by Lemma 9.24, we may assume that T e ;. Thus, by Lemma 9.27,
& =, T).

Since &, is nonabelian, it follows that X, = &, N C(T) is of order 3.
By Lemma 1.3 of [17], &, has a subgroup X, of order 3 which central-
izes X, and is inverted by 7. Let ¥ = %, x %, and let ¥%,, %, be the
remaining subgroups of % of order 3.

Suppose C(X,) N & D<I>. By Lemma 9.26 (a), CX) N & = Q is a
quaternion group. Since C(X) N &, = <{I), it follows that %, is faithfully
represented on Q. Since Aut () has no element of order 6, T central-
izes Q. But then <Q, T)> = Q x {T) contains a noncyclic abelian
subgroup of order 8. This violates Lemma 9.21 (¢) with %, in the role
of . Hence, C(%,) N &, = <.

Since C(%,) N &, = <I), the width of &, is at most 3. By Lemma
9.26 (b), we get X, = Z(®,). Thus, if weset Q;, =& NCX%,), 7 =1, 2,3,
then by Lemma 9.26, it follows that each Q, is quaternion. Hence,
K, is the central product of Q,, Q,, Q,. Since T centralizes %, and
interchanges %, and ¥%,, it follows that T normalizes Q, and inter-
changes Q, and Q,. Since %, is faithfully represented on Q,, it follows
that QXLKT)> = GL(2, 3). Thus, we can choose generators A;B; for
Q; such that AT = B,, AT = A,, BF = B,. It follows that C(T) N &, =
<{A,A,, B,B;, I), an elementary group of order 8. LetF =C(T)N &, =
T x C(T) N &, It now follows that &, = N (F) = <Qu, Qu, A.B,, T,
a group of index 2 in &, Since Z(&,) = <ID, it follows that &, is a
S,-subgroup of N(JF).

Now T =1I% so FSMC. By symmetry, N(F) N MY contains a
S;-subgroup of N(F). This implies that O.(N(F)) centralizes both T
and I. Hence, O,(N()) = §.

Now &, permutes transitively the elements of (F N &)7T, so & =
{(& N KT, I} is the set of all the elements of § which are conjugate
to I in ®. Since N(F) N M normalizes S but does not centralize I,
it follows that N(J) permutes & transitively.

Since N(F) is transitive on &, it follows that N(%) = 9| N(F) N W |.
Since C(F) = Cop(%F), it follows that F = C(F). Since T centralizes %,
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it follows that ¥, normalizes & N C(T'), so normalizes & = <T) x & N
C(T). But it now follows that 27 || N(Z)|. Since § is elementary of
order 2!, Aut (%) has no subgroup of order 27. This violates the
equality § = C(%), and the proof is complete.

LEMMA 9.30. If T is any involution of ®, then |C(T)|; < 9.

Proof. Since |&,: & | = 2, Lemma 5.38 implies that every invo-
lution of & is conjugate to an involution of &,. Thus, we may assume
that Te&,. If T ~ I, we are done by Lemma 9.29, so from now on
we suppose T ~ I.

Let We % (R,), and let & = & N C(1). Thus, &, is of index 2 in K,.
Since &, has no fixed points on &,/<I>, Lemma 5.38 implies that for some
Xin&, T*e @0. Thus, we assume without loss of generality that T e R,

We argue that Cg(T) contains a S,-subgroup of C(T). This is
clear if |M: Cgp(T) |, = 2, since T+~ I. So suppose |M: Cy(T) |, = 4.
In this case, Cg (T) is a S,-subgroup of Cy(T). Since <Ip = Cgq(T)
char Cg (T'), it follows that Cq (T) is a S,-subgroup of C(T).

Let & be a S,,;-subgroup of C(T) which contains Cg(T). Suppose
O,(R) = 1. Since US R, U centralizes O,(R), so O,(R) =M. Since no
element of & centralizes a four-subgroup of &, by Lemma 9.26 (a), we
conclude that O,(RN) = 1.

Since 0,(R) = 1 and since R N M contains a S,-subgroup of C(T),
it follows that Ie Z(0,(R)). Suppose X is a 3-element of R and %
centralizes I. Then X e CKT, I>), so X = 1 by Lemma 9.26 (a). Thus,
a S,-subgroup R, of R is faithfully represented on Z(0,(R)).

Let Q.(Z(0,(R) =D, x V., where ), = 2,(Z(0,(R))) N C(R,), and
D, = [2.(Z(0,R))), R;]. Thus, Te¥, and R, is faithfully represented
on 9,. Hence, m(Z(0,R)) = m(D,) + m®,) = 7. Thus, & has an
elementary subgroup of order 2° by Lemma 9.27. This is impossible,
since the width of &, is at most 4. The proof is complete.

LEMMA 9.31. |G|, > 34

Proof. Let X be a subgroup of &, of order 3 such that & N C(X) =
Q is quaternion. Let € be a S,,-subgroup of C(X) which contains
£Q. Since &, = Be o, it follows that &, centralizes Z(0,(€)). Since
<{I> is a S,-subgroup of C(R,), it follows that 0,(€) =1, by Lemma 9.21(a).

Since 0,(€) = 1, Q is faithfully represented on 0,(€), so is faithfully
represented on 0,(€)/X. Hence, |0,(€): X| = 9. Since [&; N O0C), L] =
0,@)NQ =1, it follows that & N 0,€) = X. Hence, |€ |, = 3*. Sup-
pose the lemma is false. Then € contains a S,-subgroup of &, and
0,Q) is of order 3°, while ¥ ~ 8. If O,€) is nonabelian, then Hy-
pothesis 9.1 is satisfied. This is not the case, so 0,(€) is elementary.
Hence, 0,(€) = X x [04€), £]. Hence, the center of a S,-subgroup of
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& is noncyclic. This is not the case. The proof is complete.

LEmMMA 9.32. Choose J im & — I)>. If J inverts R, then
Ag(RF) = Aut (%)

Proof. Let X be any four-subgroup of 9t which contains I. We
will show that '

(9.25) | Agy(%) | = 2.

This is clear if XS &,. If XZ &, then by Lemmas 9.27 and 9.24, we
see that X is conjugate to R in M. Let ¥ be a subgroup of K,
such that Q = & N C(Y) is quaternion. Since J inverts &;, Q admits
>8R/ as a group of automorphisms. Hence, J inverts an element @
of Q of order 4. Then JQJ = @', that is, @ JQ = JI, s0 Q € Ngy(8K).
Thus, (9.25) holds.

Suppose that & — {I)> contains a conjugate J of I. By (9.25),
we can choose M in I N N(KF) such that M—*JM = JI. By (9.25)
again, this time applied to the group C(J), we can choose M, in C(J)
with M;'IM, = IJ. Thus, the lemma follows in this case.

We may now assume that

(9.26) I is the only conjugate of I in & .

By a result of Glauberman [16], &, contains a conjugate T of I with
T =+ I. If the width of &, exceeds 2, then by Lemma 9.28, T ¢ &,
so by Lemma 9.24, (9.26) is violated. So suppose the width of &, is
2. In this case, &, has exactly 18 noncentral involutions and they
are permuted transitively in 9. Since T lies in no M-conjugate of
&, Lemma 9.24 implies that T'e &, Thus, every involution of &, is
conjugate to I in &. But by Lemma 5.38, every involution of & is
conjugate to an element of &,. The proof is complete.

LemMMA 9.33. There is a S;-subgroup of & which contains 8; and
1s normalized by K.

Proof. Let P be a maximal element of N(R%;8) which contains
R,. Suppose by way of contradiction that |B| < |G|, Let € be a
S, ~-subgroup of N(P) which contains &;. Let €, be a S,-subgroup
of € p=2,3, with & < G,.

Suppose O0,(€) = 1. Then since K,€ =, we get Z(0,C)) ~ I,
so € is in a conjugate of . This is not the case, by Lemma 9.21(a).
Clearly, the maximality of P forces = 0,(€). Since 0,€) = 1, the
proof of Lemma 9.17 implies that € has no noncyclic abelian subgroup
of order 8. Thus, € = §/0,4®) is a 2, 3-group of order divisible by 8
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such that

(a) 04C) = 1.

(b) € contains a four-group.

(¢) € contains no noncyclic abelian subgroup of order 8.
It is routine to verify that € = GL(2,3) or €= 3, or € = A4,. If
GL(2,3) = €, then every four-subgroup of € normalizes a S,-subgroup of
€, against the maximality of . Hence,

Co,C)=2X, or A,.
Let & =<, J).

Case 1. J does not invert &,. Let X = C(J) N &,, so that X =
CR) N K =0,6) N C(&R) is of order 3. By a formula of Wielandt
[40], together with Lemma 9.30, we get |0,(€)| < 3. Since O0,€) =
F(®), it follows from (B) that m(0,€)) = 3. Hence, 0,€) is elemen-
tary of order 3° or 3*. If |0,(Q)| = 3%, then 0,€) char €,, and so €,
is a S,-subgroup of &, against Lemma 9.31. Hence, 0,C) is elemen-
tary of order 3*. This implies that 0,(€) char €,. Hence, €, is a
S;-subgroup of &. This is not the case, since Z(€,) is noncyclic.

Case 2. J inverts & and € = ¥,.

Let B = €,N 0,,€). Thus, L is a four-group. Suppose L = &;.
Let =M NE. Then |&|=38.9, and & A &. This is not the case,
since & is a four-group, by Lemma 9.27.

Since B = &, it follows that B and & are the four-subgroups
of €, By Lemma 9.32, Agx(R;) = Aut (). Thus, BN K = V) with
V ~ I. Hence, all involutions of B are conjugate to I in ©.

Choose V in Bf. Suppose |C(V) N 04C)| > 3. Then C(V) N O,C)
is a S;-subgroup of C(V), by Lemma 9.29, together with V ~ I. Hence,
|Ce(V)| = 8.9, and Cg(V) is 3-closed. This violates Lemma 9.27 ap-
plied to C(V). Hence, |0,E&) N (V)] < 3.

Since N(B) N € permutes transitively the involutions of B, we get
[C(V)NO0,C)] =3 for all V' in Bt Hence, [0,(B)| = 27 and 0,€) =
J(€,) char €,. But then |€|; = |®];,, against Lemma 9.31.

Case 3. J inverts & and € = A4,.

Let €, = O4€). Then &, = C(I) is elementary of order 3* and
inverts by each element of & — <{I)>. Since the involutions of &; are
fused in €, we conclude

(a) for each K e (&), the group Cg (K) is elementary of order 3*
and is inverted by each element of & — <K).

It follows that
(b) @, contains two chief factors of €, each of order 3°.
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Suppose that €, is abelian. By (a) and (b), it is elementary of
order 3° and each element of €, — €, has minimal polynomial (x — 1)
on €. Hence, €, char €,. So €,is a S;subgroup of & But Z(€,) =
[€ €;, €;] is not cyclie, against hypothesis (iii) of Theorem 9.1.
Therefore, €, is not abelian. So (a) and (b) imply:

(cl) @, is special of order 3° and exponent 3,

(c2) D€, = Z(€,) is a chief factor of € of order 3°,

(e3) G,/D(€,) is a chief factor of € of order 3?,

(c4) every element of €; — €, has minimal polynomial (x — 1)° on
both D(€)) and €,/D(C)),

(¢5) if PeG, — €, then |Cy(P)| = 3
This implies

(d) €, char €,.

Indeed, if €, is any subgroup of index 3 in @, different from €,, then
€, NG, 2 DE,). Hence, (c4) implies that the exponent of €, is 9.
This proves (d), and gives

(e) @, is a S;-subgroup of &.

Now let 2, be a subgroup of &; of order 3 such that Cg (%) =
Qo> Let € = A, x A,.. Thus, Q is a quaternion group and
QAT > =GL(2,38). Let 8bea S, ;-subgroup of C}(A,) with QRLJ ) < L.
Let £, = 0,(%). Since D(C)R, is elementary of order 3* and contains
an element of %/ (3), it follows that 0,(¥) = 1. Since £ contains no
noncyclic abelian subgroup of order 8, we get that Q¥ {J)> is a com-
plement to &, in €. Since I inverts &£,/%,, it follows that |¥,: 2| = 3*
for some integer d = 1. If d =1, then D)8, is a S.,-subgroup of
C(,) and so S;-subgroups of £ are abelian. This is absurd, so d = 2.
Since |G|; = 3" by (e), and since |2, = 3***, we get d = 2.

Let & be a S;-subgroup of &€ containing &,. Since ¥, is not a
S,-subgroup of &, and since 2, A 8, it follows that Z(%&,) is nonecyeclic.
In particular, Z(%,) =2 Z(%;), so that Z(¥,) is not cyclic. Hence,
|Z(2,)| = 8. This implies that if Le®, then |Cg(L)| = 3. Choose
G in @ so that 2, =€¢, which is possible by (e). By (c5), we get
2, SEC¢. Hence, & = 8, X &,, where £, 2, admit Q, 8, is nonabelian
of exponent 3 and order 3* and &, is elementary of order 3*. Now
A, =8 and |Cg (A,) = 3%, so we get that A, = €F. Hence, &, = &2, < €7,
and so £, = €¢. This is impossible, since |Z(8,;)| = 3, | Z(€)| = 3.

LEMMA 9.34. Each involution of & — Iy inverts &;.

Proof. Let P* be a S,-subgroup of & which contains &; and is
normalized by &;, set £ = & N C(Ky). Suppose X = 1. Then |X| =3,
so by a formula of Wielandt [44], |$*| < 3*. This contradicts Lemma
9.31. Hence, X = 1. As & =<, J) for some involution J, the proof
is complete.
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LemMA 9.35. (a) If X isa subgroup of & of order 3 and C(X) N K,
18 quaternion, then |C(X)|, = 3.
(d) [C®)]s = 3.

Proof. (a) Set Q = C(X) N R,, and let Y be a subgroup of K, of
order 3 distinet from X. Let J be an involution of & — {I>. Thus,
J inverts &, by Lemma 9.34. Also, <J>YQ = GL(2, 3).

Let € be a S,;-subgroup of N(X) which contains &Q8&;. Thus,
QLJ) is a S,-subgroup of € and 0,(€) = 1. Since

[0,6)N &, Qs0€)nQ =1,

it follows that O4€) N K, = X. Hence, I inverts 0,(€)/X. Hence,
0,(€)/% is the direct sum of a certain number, say k, of modules each
isomorphic to the faithful irreducible F;Q-module, so that |0,(€): | =
3**, Hence, |€|; = |C(®) ], = 3**+Y. Suppose &k = 2. Then by Lemma
9.33, we get |€|; = |G, = 3%

We argue that Z(0,(€)) = X. Suppose false. We get Z(0,(€)) =
(Z(04(S)) N C(I)) X [Z(04(C)), I]. Since £, N 04(€) =, we get

Z0,6)nCI) =%;

also [Z(04C)), I] is normalized by %), so if [Z(0,(€)), I]+ 1, then a S,-
subgroup of & has a noncyclic center. We conclude that X = Z(0,(C)).
This implies that 0,(€) is extra special of width 2. Since Q<(J) is a
S,-subgroup of N(¥), it follows that 0,(€) = 0,(N(X)). Thus, Hypothesis
9.2 is satisfied. Since this is not the case, we get &k = 1. Thus (a)
holds.

By Lemma 9.20, we have |C(&;)|; = 27. Since &, is not central
in a S,-subgroup of €, (b) follows.

LEMMA 9.36. Let B be a S;-subgroup of &. Then
@ [P =3
(b) B/Z(EP) is of maximal class and order 3.

Proof. By Lemma 9.33, there is a conjugate ¥ of & which nor-
malizes 3. By Lemma 9.32, all involutions of 8 are conjugate to
I. Let V., V,, V, be the involutions of B. By Lemma 9.34, Cy(B) = 1.
By Lemma 9.29, [Cy(V;)| =9 for ¢ =1,2,3. Then by Wielandt [44],
P = 3.

Set 83 = Z(P). Since J is eyclic, C(3) N VL = 1. We may assume
notation is chosen so that V, is a generator for C(3) N L. Thus,
|3 =3. Suppose V, inverts L3/3. Then, |B| < 3 so by Lemma 9.31,
|B| = 3°. In this case, since P is generated by elements of order 3,
we get that 3 =% = D(P). Since 0, (N(B) = 1, so also 0,,(3)/3) = 1.
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Hence, P <] N(8). Thus, Hypothesis 9.2 is satisfied. Since this is not
the case, we conclude that V., does not invert L3/3.

Let U be a subgroup of Csys( V,) of order 3 distinct from 8. Thus,
Cx(V) = 8L,

By Lemma 9.35(b), we get |Cx(BM) | = 27. Since N$(811):C§B(811),
we have ng;(8u)| = 27. Again, since Ns.s(8u) = Cx(81), if follows that
|N$,8(8u/8)[ = 9. Thus, B/8 is of maximal class, and U3/8 £ (B/3).
Since 11.3/8 is the set of fixed points of V, on /3, it follows that
B/3 has a subgroup B,/3 of index 3 which is inverted by L,. Since
B,/3 is generated by elements of order 3, /B is elementary. If
|B,/8| = 3%, then P/B is not of maximal class. Hence, [B/3| = 27,
so by Lemma 9.31, we have |, 8| = 27. This establishes both (a)
and (b).

We may now complete the proof of Theorem 9.1. Let 9B, 3, 3,
u, B, V, be as above. Thus, |B,] = 3¢, Py/3 is elementary of order 27
and is inverted by V.. Being generated by elements of order 3, %,
is of exponent 3. It follows that Z(%3,) is not cyclic. Hence, we can
choose a subgroup T of Z(%P,) of order 9 which is normal in LB, Set
Y = WU. Thus, Y is of order 27 and ¥ admits V,. Thus, SUAY,
so 9 is abelian, since Ny (B1) = C;B(SII). This implies that L& < Z(P),
since L = P,U. This contradiction completes the proof of Theorem 9.1.

Theorems 8.1 and 9.1 provide a proof of Theorem ES.

A substantial number of simplifications and corrections have been
supplied by E. C. Dade.
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