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ON DISPERSIVE OPERATORS IN BANACH LATTICES

KEN-ITI SATO

Dispersive operators were introduced by R. S, Phillips for
characterization of infinitesimal generators of nonnegative
contraction semigroups in Banach lattices. Later other defini-
tions of dispersiveness were given by M. Hasegawa and K.
Sato, H. Kunita, for the purpose of application to Markov
processes, introduced the notion of complete 7-dispersiveness
which characterizes the infinitesimal generators of ¢-majoration
preserving nonnegative semigroups 7T; with norm =< e¢v, In
this paper we will give a unified treatment of these results,
Further, we will clarify the relation between dispersiveness
and dissipativeness in some cases. We consider also charac-
terization of infinitesimal generators of nonnegative semi-
groups without norm conditions,.

Let B be a Banach lattice. That 1s, B is a vector lattice and a
real Banach space at the same time and | f| < |g| implies || f|| < |l g ]|
We use the notations f* =V 0, f~= —(f A0),and | f| =FV (=)
Following Kunita [8], let B be a vector lattice which is an extension
of B, and let ¢ be an element of B. We say that an operator T is
e-majoration preserving if f < e implies Tf < e. Let G be the set
of infinitesimal generators of strongly continuous semigroups of linear
operators in B. For real numbers M = 1 and v, let G(M, v) be the set
of Ae @ such that the generated semigroup 7, satisfies || T,|| < Me't,
G° be the set of AeG such that T, is e-majoration preserving, and
further, let G°(M, ) = G(M, v) N G°. For linear operators, 0-majora-
tion preserving is the same as nonnegativity and G° is denoted by G*.
We assume that e satisfies

(0.1) feB implies fAeecHB;
0.2) f A ae converges weakly to f A 0 as o« — 0+ for each feB;
(0.3) e=0.

Note that f A aee®B for @ > 0 by (0.1). We call a real-valued func-
tional +,(f, 9) on B x B e-gauge functional, if the following are
satisfied:

If g<eand a > 0 then ,(f, a(f N e — g)) =0 and
v(fralg —fNe)=0;
(0.5) V(s 9+ h) =gl + +.f, h);
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0.6) v.(f,a(f —e) +9) =al[(f — || + ¥.(f, 9) for all a.

Note that (f —e)* =f— f A ee®B for fe€B. Let v be areal number.
We call an operator A (v, 7)-dispersive if

0.7 v.(f, Af) =7II(f —e*|l whenever (f —e)* #0.

For any e-gauge functional +,, we will prove the following:
THEOREM 1.1. If AecG‘(, ), then A is (v, 7)-dispersive.

THEOREM 1.2. If A 1is a densely defined (v, v)-dispersive
operator with R(a — A) = B for some a > v, then Ae G, ).

These theorems include the results by Phillips [10], Hasegawa
[5], and Sato [11] on characterization of the operators in G*(1, 0)
and Kunita’s result [8] on G*(1, ¥) N G*, except that Kunita does not
assume (0.2). (See Remark 1.3 concerning this point.)

In §1, we will prove the above theorems. In §2, existence and
further properties of e-gauge functionals will be discussed. In parti-
cular, we introduce new functionals ¢, and @, and prove that they
are the maximum and the minimum e-gauge functionals. More examples
of e-gauge functionals are found in § 3. They include various func-
tionals used in definition of dispersive operators by Phillips, Hase-
gawa, and Sato, and of completely v-dispersive operators by Kunita.
In §4, we will give remarks related with the closability of (v, 7)-
dispersive operators. Some results on the relation between disper-
siveness and dissipativeness will be given in §5. In §6 we will
discuss a necessary condition for an operator to belong to G* and
prove that this is also sufficient in some special cases.

The author thanks Hiroshi Kunita for informing him of his work

that was to appear in [8].
1. Characterization of G°(1, 7).

THEOREM 1.1. Suppose that e satisfies (0.1)-(0.3) and let 4, be an
e-gauge functional. Then, any operator in G(1, 7) is (v, ¥)-dispersive.

Proof. Let T, be the semigroup generated by A e G°(1, v) and let
feD(A). We have

Vs 0TS = ) st | Tf —e)F || =t [ (f — e |l
+ (S5 A — eT)T(f — e)F
+ Tf Ne)—FfAe]
S Py A — e TS — o)F
+ T(f Ne)—fAce]
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by (0.5), (0.6), and || T,|| < e". The last member is not greater
than

([t7Q — e )T(f —e)" —7(f — &7 ||
+ 7 =t || + Yo f, T [TAf Ne) —f el

by (0.5) and (0.6). Noting that the last term is not positive by
(0.4) since T,(f N e) < e, and that the first term tends to zero as
t— 0+, we get

Vo fy Af) = }j{fj V(s UL = N =7I(f —e)Fl.
Notice that any e-gauge functional +,(f, g) is continuous in g, because
(0.5) implies
(1.1) [V(fs ) — V(s )| = lg — R
The proof of Theorem 1.1 is complete.

REMARK 1.1. Above we have proved more than (v, v)-disper-
siveness: ¥,(f, Af) < 7| (f — e)*|| for all feDA).

Let us prepare lemmas for the proof of Theorem 1.2. For
elementary properties of vector lattices, we refer to Birkhoff [1] or
Yosida [12].

LEMMA 1.1. If e is an element of B satisfying (0.1) and +, is
an e-gauge functional, then

1.2) vy.(figzall(f—ell —l@f —e -9, az=0.
Proof. We may assume « > 0. We have, by (0.5) and (0.6),

v(fy9) =all(f =T [l + ¥v.f, 9 —alf —e) —alf —e))
zall(f =l - [[(@f —e — 9|l
TV (g —alf —e)" —alf — o).

The last term is v,(f, a[(a”'g — f+ e)* — e + f A e]) and hence, is
nonnegative by (0.4).

LEMMA 1.2. Suppose e satisfies (0.1) — (0.3). If A 1is linear
and (Y., v)-dispersive in some e-gauge functional +,, then

(1.3) @= I -l =ll@f —e— ANl foraz0,
(1.4) (@—=nlrll = ll(af — Af)* | for all a,
(1.5) (@—=Irll=2llaf = Af|| for all a.
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Proof. (1.3) is a direct consequence of (0.7) and (1.2). Hence
we have, for « = 0 and ¢ > 0,

(@—If —eo) || = [[(alf —ee) — AN = |[(@f — AD*Il,
making use of (0.3). Since (0.2) implies 1irr_1’0i+nf N =e)t || = f,
we have (1.4) for « = 0. For every f and eg in B, let

o(fy9) = hm eI (f + el = [1F*D
= hm(ll(af + ot = llaf*1) .

The limit exists and is finite, since || (f + €g)* || is a convex function
of e¢ We have o(f,9) <|lg*| since (f + eg)* = f* + eg*, e > 0.
Also, we have o(f,af +g) =a|| f*|| + o(f, g) for all a, which is
easily checked. (1.4) for large a implies o(f, —Af) = —vI|[f*].
Thus we get

Haf — ANl = o(f, af — Af)
=allfl+olf, —Af) = (@ = f7ll

for all @. (1.5) follows from (1.4) by
max {[| /I, [/~ =A==+ 00

LEMMA 1.8. Let A be linear and suppose that there exist real
numbers M > 0 and v such that
(1.6) a@—fll=Mllaf —Af|l for feDA), a>7.
If R(a — A) =B for some «a >, then the same 1is true for every
a>".

Proof. Let a,>~v and R(a, — A) =B. Then (o, — A)™' exists
on B. Given « and ¢, define an operator P by

Pu = (a, — A) (g + (@ — )u) , ueDB.

If u is a fixed point for P, then u satisfies (@ — A)u = g. But, P
has a fixed point whenever |a — «,| < (&, — 7)/M, since we have

| Pu — Pl = [[(a — A)~a, — a)(w — v) ||
= M(ao - 7)—1Iao - a] ”u - UH .
Hence, R(a — A) = B is proved for all a > . This proof is due to

Komura [7] and can be applied to nonlinear case.

LemMMA 1.4. Let A be linear. If R(a — A) is a sublattice for a >
and (1.4) holds, for feD(A), then
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1.7 @—Nfll=llaf - Af|l for all a.

Proof. We may assume a > v. We get
(@—=Nr 1l =@ —Af)~|

together with (1.4). Hence a« — A 1is one-to-one and G, = (¢ — A)™*
is nonnegative. Since

[Gog | S Geg* | + [Gog™ | = Gugt + Gog™ = Gul g |,
(1.7) follows from (1.4).

LEMMA 1.5. Let e be an element satisfying (0.1). If Aec G and
if aG, = a(a — A)™ is e-majoration preserving for all large a, then
AcG.

Proof. In general, if f,e%B, f.<e, and f,—f strongly, then
foANe—fAe strongly and f<e. Let ge®B and g <e. Then,
(a@G)"g < e and e'**%eg < e'“e. Hence T,g = lim,., e~"*¢'“*%eg < e.

Now we can prove the following

THEOREM 1.2. Let e satisfy (0.1)-(0.3) and let +, be an e-gauge
Sunctional. If A is a densely defined (v, v)-dispersive linear opera-
tor with R(a — A) = B for some a > v, then AecGA, 7).

Proof. By Lemmas 1.2 and 1.3, we have R(a — A) =B for all
« > . Hence we have (1.7) for all @« > v by Lemma 1.4. It follows
from the Hille-Yosida theorem that A e G, v). For any a > max {v, 0},
let us prove that aG, = a(a — A)™ is e-majoration preserving. If
aG,.g =w and g <e, then (@ —7)|[(w —e)*|[[=al[(g—e)*|] =0 by
(1.8), and hence u <e. Thus AcG‘l,v) by Lemma 1.5 and the
proof is complete.

REMARK 1.2. If e satisfies (0.1)-(0.3), every e-majoration pre-
serving linear operator in B is nonnegative. As a consequence, we
have G°CG*. In fact, let £ < 0. For every @« >0 we have f < ae
by (0.3), and hence Tf < ae. For any nonnegative ¢ e B* we have
lim,_,. p(Tf A ae) = p(Tf A 0) <0 by (0.2), and hence @(Tf) =< 0.
This means Tf < 0.

REMARK 1.3. If e satisfies only (0.1), Theorem 1.1 holds true
without any change, and the following theorem replaces Theorem
1.2: Let A be a densely defined linear operator with Ra — A) =B
for some a>v. If A is (i, 7)-dispersive and (i, 7)-dispersive
i some e-gauge fumnctional +, and 0-gauge functional -, then
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AeG@(l,7)NG*. The proof is carried out in the same way. This
includes Kunita’s result in [8], who assumes also (0.3) and v = 0 and
uses the functional o (see § 3) for gauge functional.

ExampLE 1.1. If B =B, then any nonnegative e satisfies (0.1)-

(0.3). In case ¢ = 0, the above theorems characterize the operators
in G*(1, 0).

2. Functional ¢,. In this section, only the condition (0.1) is

assumed for e. We denote by B¢ the linear subspace of B spanned
by B and e. Let us define

@.1) P fs 9) =lime([(f — e + e)* || = [1(f — &) [])
' -hm(ll(a(f—e) + 9t = llalf —e* )
(2.2) PUS, 9) = —plfs —9)

LemmaA 2.1. The limit in (2.1) exists and s finite for each
feB and ge B

Proof. Note that ||(f — e + eg)*|| is a convex function of ¢ in
a neighborhood of 0.

Main results in this section are the following two theorems.

THEOREM 2.1. o.(f, g9) and @i(f, 9) are e-gauge functionals of f
and g B.

THEOREM 2.2. If +, is an e-gauge functional, then
(2.3) PS5 9) = Vof5 9) £ 2S5 9) fr9e®B.

For the proof, we prepare some properties of ¢,.

LEMMA 2.2. Let fe9B, g, he®B, and keB. Then,

(2.4) P(f,0) =03

(2.5) Pf b —ae) < || (k — ae)* ||, az=0;
(2.6) plfra(f —e) +g9)=al[(f —e)f ||+ @(f,9), «real;
(2.7 Plfs 9 + 1) = @f, 9) + PS5 h) 5

(2.8) g = h implies p,(f, 9) = p.(f, h) ;

(2.9) Pfs a(f — &)~ + k) = p.f, k) , @ real .
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Proof. (2.4)-(2.7) are proved easily from the definition and the
property (g + )t < g* + h*. (2.8) is evident since g < & implies
(f —e+eg)" = (f — e+ eh)". In order to prove (2.9), we may assume
a>0. Let!l=f—e Suppose, for a moment,

(2.10) O+ eal~ + k)t = (I + eI — ea)k)t v (I + k)t
for sufficiently small ¢ > 0. Since we have

1@+ el —ea)™k)" vV (L + ek)* || — || (T + ek)* ||
S0+ e —ea)'k)yt — (L + ek)* || < [|e(l — ea)™k — ek ||
= &al —ea)|| k],

it follows from (2.10) that

e[+ ealm + ek)* || — |17 ]]) < e ([| (L + ek)t || — [[17]])
+ ea(l — ea)Y|| k]| .
This implies ¢, (f,al™ + k) < @.(f, k). On the other hand, the reverse
inequality is a consequence of (2.8) by a > 0. In order to prove
{2.10), it suffices to show
211) 4+ B+ =0 +Q -8BV (I+htfor0o<p<l,
Lhe®B.

Let v = 81 — B)~'. Since

(Yh) V (=L — 1) vV 0 + BI
= +1-=8B)V(=h—-1+B8)VEBHzO0,

we have
T+Aq =8V I+hNVO—-U+BlI+h
=((h)V (=l —h) VO —pRBlI-=0.
This proves (2.11).

Proof of Theorem 2.1. Let us check (0.4)-(0.6) for ¢,. If g <e
and a > 0, then

@e(f’ C((f Ne— g)) = @e(f’ a(f Ne— 6))
= gDe(f! —a(f —e7) =0

by (2.4), (2.8), and (2.9). The second inequality in (0.4) is proved
similarly. (0.5) is a consequence of (2.5) and (2.7). (0.6) is obtained
from (2.6) and (2.9). Hence ¢, is an e-gauge functional. ¢} is also
an e-gauge functional by the next lemma.
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LemMMmA 2.3, If +, s an e-gauge functional and if . s
defined by

(2'12) ’llf;(f, g) = "‘“l’e(f! _'g) '

then +, is also an e-gauge functional.

Proof is trivial.

Proof of Theorem 2.2. The first inequality in (2.3) is obtained
from Lemma 1.1. This implies the second inequality by virtue of
Lemma 2.3.

REMARK 2.1. Theorems 2.1 and 2.2 imply the following assertion:
Even if +, ts not an e-gauge functional, Theorems 1.1 and 1.2
remain true provided that +, satisfies (2.3). In particular, (2.3)
holds if +, satisfies (0.4), (0.6), and

(0.5) Ve(fs 9+ h) = gl + ¥f,s h) ~forg=0.

REMARK 2.2. One remarkable feature of ¢, is this: An operator
A is (@), v)-dispersive if and only if (1.8) holds for every feD(A)
and large a. As a consequence, if A is closable and (v, v)-dispersive:
in some «+, satisfying (2.8), then the closure A is (¢!, v)-dispersive.

REMARK 2.3. We list some more properties of @,: Let fe,
9B, and keB.

(2.13) pfr b + ae) = —[[(k + ae)" ||, az=0;
(2.14) P f5 ag) = ap.(f, 9) az=0;
(2.15) PelSy 9) = @[, 9) a>0;
(2.16) PUfy9) =0 = @.f, 9) it (f—er=0;
(2.17) T k) S o fs k) = @l f, k) = T(f* k),

where we define
(2.18) z(f, k) = 11{3 e f+ ekl = I fI)» o(fy k) = —7(f, —k) .

(2.13)-(2.16) are proved directly from the definition. For the proof
of (2.17), notice that (f + ek)* < (f* + k)" = |f+ 4+ ¢k|. (2.4)-(2.9)
and (2.13)-(2.17) combined with Theorem 2.2 lead to many properties
of e-gauge functionals.

Simple examples of B, e, and @, are given in the following.
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These are proved in the same way as [11, § 6].

ExXAMPLE 2.1. Let B =B = C(X), the space of continuous func-
tions on a compact space X. Then,

pfrg9) =  max g if (f—e"+0,
= fmax gt@) if f—e =<0 and (f — e)(x) = 0 for some 2,
z:(f—e)(x)=0
=0 if (f — e)(x) < 0 for all = .

As another example, let X be a locally compact space which is not
compact, B be the space C(X) of continuous functions on X vanishing
at infinity, and B be the vector lattice of all continuous functions
on X. Then, any nonnegative ¢ in B satisfies (0.1) — (0.3), and o,
has the same expression as above.

ExaMpPLE 2.2. Let (X,<#,m) be a measure space, B = L,(X,<#,m),
1< p< o, and B be the set of all <#-measurable functions, where
two functions are identified if they coincide m-almost everywhere.

Then, any nonnegative e in B satisfies (0.1)-(0.3). Let f,geB. We
have

P(fs 9) = Sx(f — o)t (@) 'g@)m(dx)/|| (f — e)t ||** if (f—e)t %0,
_ U ) g%m)”m(dw)]w it (f—e)F =0
{z:f(x)=e(x)}

for 1 < p < <o; and

w9 = | g@m(@) + | 9" @m(de)

{z:f(x)>elx)} {z:f(x)=e(x)}
for p = 1.
3. More examples of e-gauge functionals.

ExAMPLE 3.1. Suppose that a real-valued functional +(f, g)
defined for fe®B, f =0, and g B satisfies the following:

3.1) If g=0and f A |k| =0, then ¥(f, 9 — k) = 0 and

v(fih—9)=0;
(3.2) v(fs 9+ h) =gl + (S, h);
(3.3) v(fyaf + g) = allfll + ¥(f, 9), « real .

Let ¢ be an element of B satisfying (0.1) and define +, by
(3'4) "f’fe(fy g) = '\/f((f - 6)+, g) ’ f7 [AS B .
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Then, ¥, is an e-gauge functional. In fact, apply (3.1) with f, g,
and % replaced by (f—e)*, a(f Ae—9)*, and a(g — f A e)*, re-
spectively, in order to get (0.4). (0.5) follows from (3.2), and (0.6)
from (3.3).

REMARK 38.1. If « satisfies (3.1)-(3.3), then ' defined by
¥'(f, 9) = —(f, —g) satisfies (3.1)-(3.3), too.

ExampLE 3.2. Let [g, ] be a functional which satisfies
l@g + Bh, f] = alg, f1+ B[k, f1,

3.5

5:5) e A< Ul IFl . UF £ = IFIF,
3.6) U £ = 17 I

3.7 l9./1=0if F=0and g2 0.

Let ¢ and o’ be defined by
(3.8) o(f,g9)= inf z(f,(g+ h)V (=Bf), 0,9 = —ao(f, —g)

[RIAf=0,820

for f,9e€®B, f = 0. Then, any one of the following choices of
satisfies (3.1)-(3.3):

(3.9) ¥(0, 9) = 0, v(f, 9) = lg, FI/IIFIl for f+#0,
(3.10) v(fs 9) =27(2(f, 9) — (S5 —9)) »
(3.11) v(fs 9) = a(f, 9),

(3.12) v(fi9) =0(f,9) .

[g, f] is a semi-inner-product used by Phillips [10]. (3.10) is introduced
by Hasegawa [5]. o0 and o’ are introduced by Sato [11]. The proof
for (3.9) is obvious. For the prcof of (3.2) and (3.3) with + defined
by (3.10), use properties of = in [5, Proposition 2]. (3.1) is proved
from the fact that f =0, g =0, and f A |h| =0imply |f —g + h| <
|f+9g—h|. For (3.11), use [11, Proposition 3.1]. For (3.12), use
Remark 3.1. Our Theorems 1.1 and 1.2 thus include the characteri-
zation of G*(1,0) by [10], [5], and [11]. Note that characterization
of G*(1, ) is easily obtained from that of G*(1,0), cf. [4]. But
there is no favorable relation between G°(1, 7v) and G*(1, 0) in general.

REMARK 3.2. Given f=0 and ¢ in B, +(f, g) is the same for
all + satisfying (8.1)-(8.3) if ||f + eg{| is differentiable at ¢ = 0.
This is a consequence of Example 3.1 and (2.17) combined with
Theorem 2.2. Such is the case if B is a Hilbert space, where it is

easy to see that =(f, g) = 7'(f, 9) = (f, 9)/|l f|| for f = 0.
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REMARK 3.3. We can characterize ¢ by Phillips’ semi-inner-pro-
duct. Let fe®B, f=0, and f= 0. Let @, be the set of linear
functionals @ € B* such that ||p|| <1, o(f) = || f]l, # = 0, and ¢(g9) =
0if fA|lg|=0. Then we have

(3.13) o(f,9) = glg}ﬁ »(9) , a(f,9) = gliwr; ?(9) .

Hence,

(8.14) o(f, 9) = max|g, fUISI, o'(f, 9) =min[g, fVISI,

where maximum and minimum are taken over all [g, f] satisfying
(3.5)-(3.7). For the proof, we have only to show the first equation
in (8.13), the second being a consequence of the first. If pe @, we
have e7(||f + egll — [|f]]) = e(@(f + €9) — @(f)) = p(¢9) and, hence,
©(f, 9) = p(9). Thus

o(f, (g + BV (=Bf) =g + k) V (=Bf) = p(g + h) = o(9)

if |h|Af=0and 8=0. Hence o(f, g) = @(g9). On the other hand,
let us show the existence of @ € @, such that ¢(g9) = o(f, g) for given
g. We will freely use the properties of ¢ in [11, Proposition 3.1].
Let M,,, be the set of £ such that &k = a(f + g) + h for some « and
h such that || A f=0. Let ok)=aoc(f, f+ g) for such k. (k)
is uniquely defined and satisfies o(k) < o(f, k):

pk) = o(f, a(f + 9)) = o(f, k) if >0
pk) = —o(f, —a(f + 9) S o(f,a(f +9) =0(f, k) ifa<O0.

It can be proved that I, , is a closed subspace. Therefore, noting
that o(f, l) is subadditive in [ and satisfies o(f, al) = ao(f, 1), « = 0,
we can extend ¢ to a linear functional on ¥ satisfying o(I) < o(f, 1)
for all B by Hahn-Banach theorem. We have ||p|| <1 because
e =o(f, D= <l and —o0) =o(f, D= [I=L].
Since @(f) + @(9) = o(f, f+ 9) = | fI| + o(f, 9), @(f) =] fll, and
p(9) = o(f, 9), we have o(f) = || f|| and @(g9) = o(f, 9). If 1 =0, then
—pl) £ 0o(f, =) 0. Thus ¢ belongs to @, and the proof is
complete.

REMARK 3.4. For any real or complex Banach space 9B, the
corresponding theorems for G(1, v) are simpler than those for G*(1, 7v),
and are mostly known. Let 4 be a real functional such that

(3.15) T 9) = v (f, 9 =(f,9) .

Call an operator A (v, 7v)-dissipative if (f, Af) < 7| fll. Then,
Theorems 1.1 and 1.2 remain valid if we replace (4., v)-dispersiveness
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and G1, v) by (v, 7)-dissipativeness and G(1, v). For the proof, we
need only note that this is true for + =7 or ¢’ by [5, 11, 4]. A
sufficient condition for (3.15) is that + satisfies

(3.16) —llgll =v(fr 9 =llgll,
(8.17) ¥(fsaf +9) =allfll +¥(f,9), « real .

An operator A is (7, v)-dissipative if and only if (@ — )| f]| <
llaf — Af|| for all fe D(A) and large real a. Letting @, be the set
of pe®B* such that ||@|| <1 and o(f) = || f||, we have

o(f, 9) = rgngc RFolg), (9 = Srpm};rfl ABoplg), for f#0.

Hence 7(f, g9) and 7'(f, g) are the maximum and the minimum, re-
spectively, of [g, f1/l|f]| over all semi-inner-products, that is, func-
tionals satisfying (3.5). This is a consequence of [3, Th. V.9.5].
Conditions for 7'(f, 9) = z(f, 9), f# 0, are studied by R. C. James
[6]. He proves, among others, that 7'(f, 9) = (f, g) for all f+0
and ¢ if B* ig strictly convex.

4. Closability and related properties. The following theorem
covers all the previous closability results for dissipative and disper-
sive operators [9, Lemma 3.3; 5, Proposition 7; 11, Th. 3].

THEOREM 4.1 Let A be a densely defined linear operator in a
real or complex Banach space. If there exist real numbers M, 7,
and «, such that

4.1) (@—=2Ifll=Ml|af — Af|| for a>a,, feDA),
then A s closable and (4.1) holds with A replaced by A.

Proof. We may assume M =1 and «a,= 0. It suffices to show
that f, — 0 and Af, — g # 0 produce a contradiction. We may assume
[lgll =1. Pick an element he®(A) such that || — g < (3M)~.

We have ||| >1— (BM)™* = 2/3. Let
Peyn = ||Qf0 + || — M||af, + h — g —aT'AR|| for a>«a,.
We have

lim inf ¢,,,

n—roo

z lim ([af, + k) = Milafull = Milh — gl — Mo [ AR ]]

> 37 — Ma™ || Ak ||
on the one hand, and
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Pan S |lQf + 1| — M||af, + b — A(f, + a”*h) || + M || Af. — gl
svfu+a bl + M||Af, —gll

hence lim SUp,.w Po,n» < Y~ ||h|| on the other. This is a contradic-
tion when « is large. It is obvious that A satisfies (4.1).

REMARK 4.1. Let e satisfy (0.1)-(0.3) and +, be an e-gauge
Sunctional. Let A be a linear densely defined (v, 7)-dispersive
operator. Then, A is closable and A is (¢, 7)-dispersive. If R(a — A)
is demse for some a > v, A belongs to G°(1,v). In fact, A is closable
by Lemma 1.2 and Theorem 4.1, and A is (¢!, v)-dispersive by Remark
2.2. If R(@ — A) is dense, we have R(a — A) =B by using (1.5),
and hence AeG*(1,7) by Theorem 1.2. In order that R(a — A) be
dense for a > v, it suffices that o — A* is one-to-one, and hence,
(¢}, v')-dispersiveness or (z’, v')-dissipativeness of A* for some '
suffices.

5. Relation between dispersiveness and dissipativeness. If 4
is bounded with ©(A4) = B, or, more generally, if A belongs to G,
then (g}, v)-dispersiveness of A implies its (¢, v)-dissipativeness
(Theorem 1.2 and Remark 3.4). The same is true if R(a — A) is a
sublattice for every large a (Lemma 1.4). But we do not know
whether this is true in general. Here we restrict our attention to
the case where the following condition is satisfied':

G.1) Il =gl and || f~| = Ilg" |, then [[f]| = llg]l -
This is essentially the condition considered by F. Bohnenblust [2].

Lemua 5.1 Assume (5.1). If | f*) < llg* | and | £~ || < ll gl
then || £11 < llg |l

Proof. We have || f*|[=al/g7| and [[f~| =8 g | for some
0<a<land 0B =1. Let h =agt — Bg-. Then, h* = ag* and
h~ = Bg~, and hence || 2| = || f|] by the condition (5.1). On the other
hand, we have [|%|| = |/g|| since |k| = ag® + Bg~ < g* + g~ = |g]|.

THEOREM 5.1. Assume that B satisfies the condition (5.1). Then,

(5.2) sup LA < sup oSy Af)
2 rea || fl rrrnrea || fT]

1 All familiar Banach lattices (C, Ly, 1 < p < =, ete.) satisfy this condition. As
an example of a Banach lattice which does mot satisfy the condition, consider the
direct sum of Ly, and Ly, 91 # pz with || i@ foll = |l f1l]l + || /2]l and define f1D f2 <
91D gz if and only if f1 < ¢g: and f2 < g..
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for every linear operator A. That s, linear (@}, v)-dispersiveness
implies (7', v)-disstpativeness.

Proof. Suppose the right-hand side in (5.2) is finite and denote
it by v. Then we have (1.4) and (@ — ) || f || £ || (@f — Af)"|l.
Hence, (@ — ) ||fll = ||laf — Af]| by Lemma 5.1. It follows that
'(f, Af) = 7| f]| for all fe DA).

6. Infinitesimal generators of nonnegative semigroups. Charac-
terization of the operators in G+ is an interesting open problem.
Here we present some results concerning this problem.

THEOREM 6.1. Suppose that A belongs to G*. Then,
6.1) oa(g, —Af) =0 if feDA), =0, 9=0, and a(g, /) =0.

Proof. Using the properties of ¢ in [11, Proposition 3.1], we have
O'(Q, t_l(f—" th)) é 0'(g, t_lf) + O'(Q, —t—thf) = O'(Q, —t_thf) § 0
and hence o(g9, —Af) = 0.

THEOREM 6.2. Let A be a bounded linear operator with D(A) =
B and suppose that

6.2) o0(9, Af) =0 if feDA), =0, 9=0, and a(g, /) =0.
Then, AcG™.

Note that (6.2) is weaker than (6.1), since o(g, Af) = —a(g, —Af).

Proof. For each f we have o(f*, Af~) = 0 and hence

—o(f*, —Af) = o(f*, Af*) —o(f*, Af)
so(fH A ) = 1A = Al

Therefore, A G*(1, || A]).

THEOREM 6.3. If B is the space C(X) of continuous functions
on a compact space, then any operator in G which satisfies the con-
dition (6.2) belongs to G*.

Proof. The resolvent G, = (o« — A)~' exists for large «, say,
a >v. It suffices to prove G,f =0 for f=0. We may assume
f(x) >0 on X, since general nonnegative f is approximated by f + e.
Suppose that G, f(z,) < 0 for some «, > and 2,€ X. Let a, be the
supremum of « such that G,f(x) <0 for some xcX. «, is finite
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because aG.f —f as a— o and inf,.; f(x) > 0. Choose B, and v,
such that B, increases to a, and G, f(y,) < 0. Taking a subsequence
if necessary, we can find a point », such that G.[f(¥.) — G./f(x).
Since G,.f is strongly continuous with respect to a by the resolvent
equation, G, f(v,.) tends to G, f(z,). Hence G, f(x)<0. Since G, f=
0 by the definition of a,, we have G, f(x,) = 0. Let

g(./l?) = ”GalfH - Galf(x) .

Using an explicit form of ¢ [11, 6.1], we have o(g, G, .f) = 0, and
hence, by the condition (6.2), 0 < o(g, AG., f) = max AG, f(x), where
the maximum is taken over the set of x such that g(x) =||g
Thus we can find a point x, such that G, f(v,) = 0 and AG, f(z,) = 0.
Hence f(x,) = a.G. f(%,) — AG, f(x;) =<0, which is absurd. The proof
of Theorem 6.3 is complete.

Added in proof. The results [8] have appeared in the following
paper: H. Kunita, Sub-Markov semi-groups in Banach lattices, Pro-
ceedings of the International Conference on Functional Analysis and
Related Topies, University of Tokyo Press, Tokyo, 1970, 332-343.
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