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ON DISPERSIVE OPERATORS IN BANACH LATTICES

KEN-ITI SATO

Dispersive operators were introduced by R. S. Phillips for
characterization of infinitesimal generators of nonnegative
contraction semigroups in Banach lattices. Later other defini-
tions of dispersiveness were given by M. Hasegawa and K.
Sato. H. Kunita, for the purpose of application to Markov
processes, introduced the notion of complete 7-dispersiveness
which characterizes the infinitesimal generators of β-majoration
preserving nonnegative semigroups Tt with norm ^ eyt. In
this paper we will give a unified treatment of these results.
Further, we will clarify the relation between dispersiveness
and dissipativeness in some cases. We consider also charac-
terization of infinitesimal generators of nonnegative semi-
groups without norm conditions.

Let 35 be a Banach lattice. That is, 33 is a vector lattice and a

real Banach space at the same time and \f\<*\g\ implies | | / | | ^ \\g\\.

We use the notations / + = / V 0, / - = - ( / Λ 0), and | / | = / V ( - / ) .

Following Kunita [8], let 33 be a vector lattice which is an extension

of 33, and let e be an element of 33. We say that an operator T is

e-majoration preserving if / <̂  e implies Tf ^ e. Let G be the set

of infinitesimal generators of strongly continuous semigroups of linear

operators in 33. For real numbers M Ξ> 1 and 7, let G(M, 7) be the set

of AeG such that the generated semigroup Tt satisfies || Tt\\ ^ Mert,

Ge be the set oΐ AeG such that Tt is e-majoration preserving, and

further, let Ge(M, 7) = G(M, 7) Π Ge. For linear operators, 0-majora-

tion preserving is the same as nonnegativity and 6?° is denoted by 6?+.

We assume that e satisfies

(0.1) /e33 implies / Λ e e 3 S ;

(0.2) / Λ oce converges weakly to / Λ 0 as a —• 0+ for each fe 33

(0.3) e ^ 0 .

Note that / Λ ae e 33 for a > 0 by (0.1). We call a real-valued func-
tional ψe(f, g) on 33 x 33 e-gauge functional, if the following are
satisfied:

If g <: e and a > 0 then ψβ(f, a(f A e - g)) ^ 0 and

' } Ψ.(f,

(0.5) ψ . ( f , 9 + h ) ^ \\g
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<0.6) φ.(f, a(f - e)+ + g) = a \\ (f - e)+ || + ψ.(f, g) for all a .

Note that (/ - e)+ = / - / Λ e e S3 for fe 33. Let 7 be a real number.
We call an operator A (ψβ9 j)-dispersive if

(0.7) φ.(f, Af) ^ 7 | | ( / - β) + | | whenever (/ - e)+ Φ 0 .

For any β-gauge functional ψβf we will prove the following:

THEOREM 1.1. If Ae Ge(l, 7), then A is {ψe, j)-dispersive.

THEOREM 1.2. If A is a densely defined {ψe, y)-dispersive
operator with $ί(a — A) = 93 for some a > 7, then A e 6?e(l, 7).

These theorems include the results by Phillips [10], Hasegawa
[5], and Sato [11] on characterization of the operators in G+(l, 0)
and Kunita's result [8] on 6?e(l, 7) Π 6?+, except that Kunita does not
assume (0.2). (See Remark 1.3 concerning this point.)

In § 1, we will prove the above theorems. In § 2, existence and
further properties of β-gauge functionals will be discussed. In parti-
cular, we introduce new functionals φe and φf

e and prove that they
are the maximum and the minimum β-gauge functionals. More examples
of β-gauge functionals are found in § 3. They include various func-
tionals used in definition of dispersive operators by Phillips, Hase-
gawa, and Sato, and of completely 7-dispersive operators by Kunita.
In § 4, we will give remarks related with the closability of (ψe, 7)-
dispersive operators. Some results on the relation between disper-
siveness and dissipativeness will be given in § 5. In § 6 we will
discuss a necessary condition for an operator to belong to G+ and
prove that this is also sufficient in some special cases.

The author thanks Hiroshi Kunita for informing him of his work
that was to appear in [8].

1Φ Characterization of 6?e(l, 7).

THEOREM 1.1. Suppose that e satisfies (0.1)-(0.3) and let ψe be an
e-gauge functional. Then, any operator in C?e(l, 7) is (ψe, Ί)-dispersive.

Proof. Let Tt be the semigroup generated by A e Ge(l, 7) and let
/e®(A). We have

Ψeif, t~\TJ - /)) S t-W II Tt(f - ey II - ί-1 II (/ - ey I!

+ Ψ.(f, t-'ia - e-r*)Tt(f - e)+

+ Tt(f A e) - / Λ e])

S 1r.(f, ί-^l - e-r*)Tt(f - ey

+ Tt(f A e) - f A e])
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by (0.5), (0.6), and \\Tt\\ ^ e~rt. The last member is not greater
than

+ 7 || (/ - e)+ II + ψe(f, t-ι[Tt{f A e) - / Λ e\)

by (0.5) and (0,6). Noting that the last term is not positive by
(0.4) since Tt(f A e) ^ e, and that the first term tends to zero as
t —• 0 +, we get

ψe(f, Af) = lim fe(f, t-\TJ - /)) ^ 7 || (/ - β)+ || .

Notice that any e-gauge functional ψe(f, g) is continuous in g, because
(0.5) implies

(1.1) \Ϋ.(f,9)- Ψ.(f,h)\^\\g-h\\.

The proof of Theorem 1.1 is complete.

REMARK 1.1. Above we have proved more than (ψeJ τ)-disper-
siveness: ψe(f, Af) ^ 7 || (/ - e)+ \\ for all

Let us prepare lemmas for the proof of Theorem 1.2. For
elementary properties of vector lattices, we refer to Birkhoff [1] or
Yosida [12].

LEMMA 1.1. If e is an element of 33 satisfying (0.1) and ψe is
an e-gauge functional, then

(1.2) ir.(f, g)^a\\(f - e)+ \\ - \\ (a(f - e) - g)+ || , a ^ 0 .

Proof. We may assume a > 0. We have, by (0.5) and (0.6),

- e)+ II + φβ(f, g - a(f - e) - a(f - e)~)

-ey\\ - \\(a(f -e)-gy\\

f, (g - oc(f - e))+ - a(f - e)~) .

The last term is ψβ(f, ocUpc^g — f + e)+ — e + / Λ e\) and hence, is
nonnegative by (0.4).

LEMMA 1.2. Suppose e satisfies (0.1) — (0.3). If A is linear
and (ψey ^-dispersive in some e-gauge functional ψef then

(1.3) ( a - 7 ) II ( / - e ) + || ^ || (a(f - e) - A f ) + \\ f o r a ^ 0 ,

<1.4) (a - 7) II / + II ^ II (af - Af)+ \\ for all a ,

(1.5) (a-7)\\f\\^2\\af-Af\\ for all a.



432 KEN-ITI SATO

Proof. (1.3) is a direct consequence of (0.7) and (1.2). Hence
we have, for a ̂  0 and ε > 0,

(β - 7) || (/ - eey || ̂  || (a(f - ee) - Af)+ || ̂  || (af -

making use of (0.3). Since (0.2) implies liminf || (/ - ee)+ || ̂  || /
e-*0+

we have (1.4) for a ̂  0. For every / and g in SB, let

φ(f, g) = lim ε

The limit exists and is finite, since | | ( / + εg)+\\ is a convex function
of ε. We have φ(f, g) rg || g+ || since (/ + ε#)+ ̂  f+ + εg+, ε > 0.
Also, we have <p(f, af + g) = a\\f+\\ + <p(f, g) for all a, which is

easily checked. (1.4) for large a implies φ(f, — Af) ̂  — 7 || / + | |.
Thus we get

= a || /+ || + <?(/, - A / ) ^ (α - 7)

for all a. (1.5) follows from (1.4) by

max {| |/+||, | |/-||}

LEMMA 1.3. Let A be linear and suppose that there exist real
numbers M > 0 and 7 such that

(1.6) (tf-7)||/|| ^M\\af-Af\\ for

1/ 3ΐ(α — A) = SB /or some a > 7, £/̂ w £Ae same is ίrue /or
a > 7.

Proo/. Let a0 > 7 and 3ΐ(α:0 - A) = S3. Then (α:0 - A)-1 exists
on S3. Given a and #, define an operator P by

Pu = (a0 - A)~\g + (a0 - a)u) , u e SB .

If u is a fixed point for P, then % satisfies (a — A)u — g. But, P
has a fixed point whenever | a — a01 < (a0 — y)/M, since we have

IIPu - Pv\\ = II (a0 - A)~\a, - a)(u - v) \\

^ M(a0 - 7 ) - 1 | α 0 - OL\ \\u - v\\ .

Hence, 9ΐ(α — A) = SB is proved for all a > 7. This proof is due to
Komura [7] and can be applied to nonlinear case.

LEMMA 1.4. Let A be linear. If 3ΐ(α — A) is a sublattice for a > 7
and (1.4) holds, for /eS)(A), then
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(1.7) (α - 7) || /1 | ^ || af - Af || for all a .

Proof. We may assume a > 7. We get

( α - 7 ) | | / - | | ^ II ( α / - A / ) - I I

together with (1.4). Hence α — A is one-to-one and Ga — (a — A)"1

is nonnegative. Since

\Gag\ £ \Gag
+\ + \Ga{r\ = Gag

+ + Gag~ = Ga\g\ ,

(1.7) follows from (1.4).

LEMMA 1.5. Let e be an element satisfying (0.1). If AeG and
if aGa — oc(a — A)"1 is e-majoration preserving for all large a, then
AeGe.

Proof. In general, if /weS3, /„ ^ e, and /»—•/ strongly, then
/n Λ e —•/ Λ e strongly and / <Ξ e. Let ^ e 33 and g ^ e. Then,
(αGα)"# ^ β and βία2Gα^ ^ βίαe. Hence T ^ = l im*^ e"taeta2Gag ^ β.

Now we can prove the following

THEOREM 1.2. Lei e satisfy (0.1)-(0.3) and let ψe be an e-gauge
functional. If A is a densely defined (ψe1 y)-dispersive linear opera-
tor with ?H(a — A) = S3 /or some α > 7, ί&ew A e 6?e(l, 7).

Proof. By Lemmas 1.2 and 1.3, we have ϊR(a — A) = 93 for all
α > 7. Hence we have (1.7) for all α > 7 by Lemma 1.4. It follows
from the Hille-Yosida theorem that A e 6?(1, 7). For any a > max {7, 0},
let us prove that aGa = a(a — A)~ι is e-majoration preserving. If
ocGag = M and g ^ e, then (α — 7) || (% — e)+ || ^ α: || (g — e)+ || = 0 by
(1.3), and hence u ^ e. Thus AG6?e(l, 7) by Lemma 1.5 and the
proof is complete.

REMARK 1.2. If e satisfies (0.1)~(0.3), every e-majoration pre-
serving linear operator in 93 is nonnegative. As a consequence, we
have Ge c 6?+. In fact, let / ^ 0. For every a > 0 we have f £ ae
by (0.3), and hence Tf < ae. For any nonnegative <pe2S* we have
lim ôHh φ(Tf A ae) = φ(Tf A 0) ^ 0 by (0.2), and hence φ(Γ/) ^ 0.
This means Tf ^ 0.

REMARK 1.3. If e satisfies only (0.1), Theorem 1.1 holds true
without any change, and the following theorem replaces Theorem
1.2: Let A be a densely defined linear operator with ?H(a — A) = 93
for some a > 7. If A is (ψe, ^-dispersive and (ψQ, j)-dispersive
in some e-gauge functional ψe and 0-gauge functional ψOJ then
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A e 6?e(l, 7) Π G+. The proof is carried out in the same way. This
includes Kunita's result in [8], who assumes also (0.3) and 7 Ξ> 0 and
uses the functional a (see § 3) for gauge functional.

EXAMPLE 1.1. If SB = 33, then any nonnegative e satisfies (0.1)-
(0.3). In case e = 0, the above theorems characterize the operators
in G+(h 0).

2* Functional φe. In this section, only the condition (0.1) is

assumed for e. We denote by 33e the linear subspace of 33 spanned

by 93 and e. Let us define

(2.

(2.

1) Ψ

2)

LEMMA 2.1.

g) =

Th

lim

a—>oo

- e + εgy || -
- β ) + flf)+|| - \\a(f-e)+\\)

φ'.(f,g)= -φ.(f, ~ΰ)

ίΐmiί iw (2.1) exists and is finite for each

Proof. Note that || (/ — e + εg)+ \\ is a convex function of ε in
a neighborhood of 0.

Main results in this section are the following two theorems.

THEOREM 2.1. φe(f, g) and φ'e(f, g) are e-gauge functionals of f
and g e 93.

THEOREM 2.2. If ψe is an e-gauge functional, then

(2.3) φ'e{f, g) S ψe(f, g) ^ φe(f, g) , /, g e 33 .

For the proof, we prepare some properties of φe.

LEMMA 2.2. Let / e S , g, he^8% and ke^8. Then,

(2.4) φ.(f, 0) = 0

(2.5) φe(f, k-ae)^ \\ (k - ae)+ || , a ^ 0

(2.6) φ,(f, a(f - e) + g) = a \\ (f - e)+ \\ + φ.(f, g) , a real

(2.7) φ.(f, g + h)^ φ.(f, g) + φ.(f, h)

(2.8) g ^h implies φe(f, g) ^ φe(f, h)

(2.9) φ.(f, a(f - e)~ + k) = φe(f, k) , a real .



ON DISPERSIVE OPERATORS IN BANACH LATTICES 435

Proof. (2.4)-(2.7) are proved easily from the definition and the
property (g + h)+ ^ g+ + h+. (2.8) is evident since g ^ h implies
(f — e + sg)+ ^ (/ — e + eh)+. In order to prove (2.9), we may assume
a > 0. Let I = f — e. Suppose, for a moment,

(2.10) (I + sal- + ε&)+ ^ (Z + ε(l - ea)-ιk)+ V (I + ε&)+

for sufficiently small ε > 0. Since we have

|| (I + ε(l - ea)-ιk)+ V (I + ek)+ || - || (I + εA;)+ ||

^ || (ϊ + ε(l - εα)-1fc)+ - (I + εfe)+ || ^ || ε(l - ea)~lk - ek \\

= ε2a(l - eay'WkW ,

i t follows from (2.10) that

sal- + sky || - || i+ ||) ^ ε

This implies φe(f,al~ + k) <̂  <^e(/, £;). On the other hand, the reverse
inequality is a consequence of (2.8) by a > 0. In order to prove
{2.10), it suffices to show

<2.11) (I + βl~ + h)+ ^ (Z + (l _ /9)-^)+ V (ί + Λ)+ for 0 < β < 1 ,

Z, A e » .

Let 7 = /5(1 - /S)-1. Since

V (-Z - h) V 0 + βl
+ ί - βl)) V ( - h - l + βl) V (βl) ^ 0 ,

we have

(I + (1 - /3)-^) V (i + Λ) V 0 - (I + βl- + Λ)

= (7A) V {-I - h) V 0 - βl- ^ 0.

This proves (2.11).

Proo/ o/ Theorem 2.1. Let us check (0.4)-(0.6) for φe. lί g ^ e
and a > 0, then

?>•(/, a(f Λ e - g)) ^ ?>β(/, a(f Λ e - e))

= φ.(f, -a(f - e)~) = 0

"by (2.4), (2.8), and (2.9). The second inequality in (0.4) is proved
similarly. (0.5) is a consequence of (2.5) and (2.7). (0.6) is obtained
from (2.6) and (2.9). Hence φe is an e-gauge functional. φ'e is also
an β-gauge functional by the next lemma.
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LEMMA 2.3. If ψβ is an e-gauge functional and if ψ'e is-
defined by

(2.12) φ'.(f, g) = -ψe(f, -g) ,

then ψe is also an e-gauge functional.

Proof is trivial.

Proof of Theorem 2.2. The first inequality in (2.3) is obtained
from Lemma 1.1. This implies the second inequality by virtue of
Lemma 2.3.

REMARK 2.1. Theorems 2.1 and 2.2 imply the following assertion:
Even if ψe is not an e-gauge functional, Theorems 1.1 and 1.2
remain true provided that ψe satisfies (2.3). In particular, (2.3)
holds if ψe satisfies (0.4), (0.6), and

(0.5)' ψ.(f, g + h)^\\g\\ + φβ(f, h) for g ^ 0 .

REMARK 2.2. One remarkable feature of φr

e is this: An operator
A is (φ'β, τ)-dispersive if and only if (1.3) holds for every /e®(A)
and large a. As a consequence, if A is closable and (ψe, γ)-dispersive
in some ψβ satisfying (2.3), then the closure A is (φ'e, τ)-dispersive.

REMARK 2.3. We list some more properties of φe: Let / e S 3 r

ge^&% and ke33.

(2.13) φ,(f, k + ae)^ -\\(k + ae)~ || , a ^ 0 ;

(2.14) φ.(f, ag) = aφ.(f, g) , a^O;

(2.15) φa.(af, Q) = φ.(f, g) , a>0;

(2.16) φ'.(f, g)^0^ φβ(f, g) if (/ - e)+ = 0

(2.17) τ\f\ k) ^ φ'Q{f, k) ^ φo(f, k) ^ r(/+, k) ,

where we define

(2.18) τ ( / , k) = l i m ε - 1 ( | | / + εk\\ - \\f\\) , τ ' ( / , k) = -τ(f - k ) .
ε->0+

(2.13)-(2.16) are proved directly from the definition. For the proof
of (2.17), notice that (/ + εk)+ ^ (/+ + εk)+ ^ | /+ + ek \ . (2.4)-(2.9)
and (2.13)-(2.17) combined with Theorem 2.2 lead to many properties
of e-gauge functionals.

Simple examples of S, e, and φe are given in the following.
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These are proved in the same way as [11, §6].

EXAMPLE 2.1. Let 33 = 23 = C(X), the space of continuous func-
tions on a compact space X. Then,

φ.(f, g) = max g(x) if (/ - e)+ Φ 0 ,
*:(/-e)(x) = ||(/-e) + ||

= max g+(x) if / — e ^ 0 and (/ — e)(x) = 0 for some sc ,

- 0 ( / eHx"° if (/ - β)(a?) < 0 for all x .

As another example, let X be a locally compact space which is not

compact, 33 be the space CQ(X) of continuous functions on X vanishing

a t infinity, and 58 be the vector lattice of all continuous functions

on X. Then, any nonnegative e in 33 satisfies (0.1) — (0.3), and φe

has the same expression as above.

EXAMPLE 2.2. Let (X,&,m) be a measure space, 33 = Lp(X,&,m),

1 ^ p < °°, and SB be the set of all ^-measurab le functions, where

two functions are identified if they coincide m-almost everywhere.

Then, any nonnegative e in 23 satisfies (0.1)-(0.3). Let /, g e 33. We

have

<P.(/, £ ) = ( ( / - enxy-1g(x)m(dx)/\\ (f - e)+ | | — if (/ - e)+ Φ 0 ,

= Γ( g+(xrm(dx)Ύ~ί if (/ - β)+ = 0

for 1 < p < co and

?>•(/> ̂ ) = \ g(x)m(dx) + 1 g+(x)m(dx)

for p = 1.

3* More examples of e-gauge functionals*

EXAMPLE 3.1. Suppose that a real-valued functional ψ(f, g)
defined for / e 3 3 , / ^ 0, and ̂ G 3 3 satisfies the following:

If g ^ 0 and / Λ | h \ = 0, then <f (/, g - h) ̂  0 and
< 8 # 1 ) f (/, A - flr) ̂  0

<3.2) ψ(f,g + h)^ \\g\\ + ψ(f,h)

<3.3) ψ(f, af+g) = a \\f\\ + φ(f, g) , α real .

Let e be an element of 23 satisfying (0.1) and define ψe by

(3.4) φ.(f, g) = ψ((f - e)+, g) , /, g e 33 .
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Then, ψe is an e-gauge functional. In fact, apply (3.1) with /, gr

and h replaced by (/ — e)+, a(f A e — g)+, and a(g — / Λ β)+, re-
spectively, in order to get (0.4). (0.5) follows from (3.2), and (0.6)
from (3.3).

REMARK 3.1. If ψ satisfies (3.1)-(3.3), then ψ' defined by

Ψ'(f, 9) = - Ί K / , -Q) satisfies (3.1)-(3.3), too.

EXAMPLE 3.2. Let [g, f] be a functional which satisfies

[ag + £Λ, /] = a[g, f]

• \[g,f]\^\\g\\\\f\\, [ / , / ] = I I / I Γ ,

(3.6) [/,/+] = ll/ + l l 2 ,

(3.7) b , /] ^ 0 if / ^ 0 and flr ^ 0 .

Let <7 and <?' be defined by

(3.8) σ(f, g) = inf τ(/, for + h) V ( - ^ / ) ) , σ'(/, g) - - σ ( / , -
| / / S

for /, g e 35, / ^ 0. Then, any one of the following choices of ψ
satisfies (3.1)-(3.3):

(3.9) ψ(0, g) = 0, ψ(/, flr) - for, / ] / | | / | | for fΦ 0 ,

(3.10) φ(f, g) = 2"1(r(/> jr) - τ(/, -^)) ,

(3.11) ψ(f, g) = σ(f, g) ,

(3.12) ψ(f, g) = σ'(f, g) .

[g, f] is a semi-inner-product used by Phillips [10]. (3.10) is introduced
by Hasegawa [5]. σ and σ' are introduced by Sato [11]. The proof
for (3.9) is obvious. For the proof of (3.2) and (3.3) with ψ defined
by (3.10), use properties of τ in [5, Proposition 2]. (3.1) is proved
from the fact that / ^ 0, g ^ 0, and / Λ I h \ = 0 imply \f-g + h\^
f+g-h\. For (3.11), use [11, Proposition 3.1]. For (3.12), use

Remark 3.1. Our Theorems 1.1 and 1.2 thus include the characteri-
zation of G+(l, 0) by [10], [5], and [11]. Note that characterization
of 6?+(l, 7) is easily obtained from that of 6?+(l, 0), cf. [4]. But
there is no favorable relation between (?e(l, Y) and 6?e(l, 0) in general.

REMARK 3.2. Given / 2> 0 and g in 33, φ(f, g) is the same for
all ψ satisfying (3.1)-(3.3) if | | / + ε # | | is differentiate at ε = 0.
This is a consequence of Example 3.1 and (2.17) combined with
Theorem 2.2. Such is the case if 33 is a Hubert space, where it is
easy to see that r (/ , g) - τ'(f, g) = (/, g)/\\f\\ for fΦ 0.
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REMARK 3.3. We can characterize σ by Phillips' semi-inner-pro-
duct. Let / G 3 3 , / ^ 0 , and / ^ 0 . Let Φf be the set of linear
functional φ e 33* such that || φ || ^ 1, φ(f) = | | / | | , <p ̂  0, and <p(g) =
0 if / Λ I g I = 0. Then we have

(3.13) σ(f, g) = max φ(g) , #'(/> #) = min φ(g) .
φeΦf φeΦf

Hence,

(3.14) σ(f, g) = max [g, f]/\ \ f \ | , σ'(f, g) = min [g, f]/\ \ f \ | ,

where maximum and minimum are taken over all [g, f] satisfying
(3.5)-(3.7). For the proof, we have only to show the first equation
in (3.13), the second being a consequence of the first. If <peΦf, we
have s-\\\f+ εg\\ - \\f\\) ^ e-\φ{f + eg) - φ(f)) = φ(g) and, hence,
τ(f9g)^φ(g). Thus

τ(f, (g + h)V (-βf)) ^ φ((g + h)V (-βf)) ^ φ(g + h) = φ(g)

if I h I Λ / = 0 and β ^ 0. Hence σ(f, g) ̂  <p(g). On the other hand,
let us show the existence of φeΦf such that φ(g) = σ(f, g) for given
g. We will freely use the properties of σ in [11, Proposition 3.1].
Let fΰlffg be the set of k such that k = a(f + g) + h for some a and
h such that | h \ Λ / = 0. Let φ(k) = α:σ(/, f Λ- g) for such &.
is uniquely defined and satisfies φ(k) ^ σ(/, k):

φ{k) = σ(f, a(f + g)) = σ(f, k) if a ^ 0

^)) = σ(f, k) if α < 0 .

It can be proved that $Jlf,g is a closed subspace. Therefore, noting
that σ(f, I) is subadditive in I and satisfies σ(f, al) = ασ(/, ί)̂  a ^ 0,
we can extend <p to a linear functional on 33 satisfying <p(i) ̂  σ(/, i)
for all ieSS by Hahn-Banach theorem. We have | | c p | | ^ l because
φ(l) ^ σ(f, I) < || l+ || ^ || ϊ || and - ^ ( i ) ^ σ(/, - ϊ ) ̂  || Z- || ^ || 11|.
Since 9>(/) + φ(g) = σ(f, f+g) = \\f\\ + σ(f, g), φ(f) £ | | / | | , and
φ(g) ^ σ(f, g), we have φ(f) = \\f\\ and ?%) = σ(/, ^). If l^ 0, then
— 0>(ϊ) ^ σ(/, — i) ^ 0. Thus φ belongs to Φf and the proof is
complete.

REMARK 3.4. For any real or complex Banach space 33, the
corresponding theorems for (7(1, 7) are simpler than those for 6?e(l, 7),
and are mostly known. Let ψ be a real functional such that

(3.15) r'(y, g) £ ψ(f, g) ̂  τ(/, g) .

Call an operator A (ψ, 7)-dissίpative if ψ(f, Af) ^ 7 | | / | | Then,
Theorems 1.1 and 1.2 remain valid if we replace (ψe, 7)-dispersiveness
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and 6?e(l, 7) by (ψ, 7)-dissipativeness and 6?(1, 7). For the proof, we
need only note that this is true for ψ = τ or τ' by [5, 11, 4]. A
sufficient condition for (3.15) is that ψ satisfies

(3.16) - I I g\\

(3.17) ψ(f, af+g) = a\\f\\ + φ(f, g) , a real .

An operator A is (r', 7)-dissipative if and only if (a — 7
11 af — Af 11 for all /eS)(A) and large real a. Letting Φf be the set
of φe 33* such that | M | ^ 1 and <p(f) = | | / | | , we have

τ(f, g) = max &<p(g) , τ'(/, 0) = min ̂ ^ ( # ) , for / Φ 0 .
φeΦf ψeΦf

Hence r(/, g) and τ'(/, gr) are the maximum and the minimum, re-
spectively, of [g, f]/\\f\\ over all semi-inner-products, that is, func-
tionals satisfying (3.5). This is a consequence of [3, Th. V. 9.5].
Conditions for τ'(f, g) = τ(f, g), f Φ 0, are studied by R. C. James
[6]. He proves, among others, that τ'(f, g) = τ(f, g) for all fΦO
and g if S3* is strictly convex.

4* Closability and related properties* The following theorem
covers all the previous closability results for dissipative and disper-
sive operators [9, Lemma 3.3; 5, Proposition 7; 11, Th. 3].

THEOREM 4.1 Let A be a densely defined linear operator in a
real or complex Banach space. If there exist real numbers M, 7,
and aQ such that

(4.1) (α-7)| |/ | |^AΓ||α/-A/| | for a > a0 , fe ©(A) ,

then A is closable and (4.1) holds with A replaced by A.

Proof. We may assume M ^ 1 and a0 ;> 0. It suffices to show
that fn —> 0 and Afn —+ g Φ 0 produce a contradiction. We may assume
| |0 | | = 1. Pick an element he^>(A) such that || h - g || < (3ΛΓ)-1.
We have || h \\ > 1 - (SM)-1 ^ 2/3. Let

φa>n = \\afn + h\\ - M \\afn + h - g - a~ιAh \\ for a > a0 .

We have

lim inf φa>n

^ J i m 51 α : / . + h\\) - M\\afn\\ - M\\h - g\\ - Mcr1 \\ Ah \\
%"> O°> S-1 - Ma-'WAhW

on the one hand, and
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+ λll ~M\\afn + h - A(fn + cr'h)\\ +M\\Afn - g\\

hence lim supΛ-<» #>«,» tί Ίorγ || h || on the other. This is a contradic-
tion when a is large. It is obvious that A satisfies (4.1).

REMARK 4.1. Let e satisfy (0.1)-(0.3) and ψe be an e-gauge
functional. Let A be a linear densely defined (ψe, ^-dispersive
operator. Then, A is closable and A is (φ'e, j)-dispersive. If 9ΐ(tf — A)
is dense for some a > 7, A belongs to 6?e(l, 7). In fact, A is closable
by Lemma 1.2 and Theorem 4.1, and A is (φ'e, 7)-dispersive by Remark
2.2. If 3ΐ(α - A) is dense, we have 3t(a — A) = 23 by using (1.5),
and hence A e Ge(l, 7) by Theorem 1.2. In order that ?H(a — A) be
dense for a > 7, it suffices that a — A* is one-to-one, and hence,
(φ'to 7')-dispersiveness or (τ', 7')-dissipativeness of A* for some 7'
suffices.

5* Relation between dispersiveness and dissipativeness* If A
is bounded with ®(A) = S3, or, more generally, if A belongs to G,
then (φ[, 7)-dispersiveness of A implies its (τ', 7)-dissipativeness
(Theorem 1.2 and Remark 3.4). The same is true if ?fi(a — A) is a
sublattice for every large a (Lemma 1.4). But we do not know
whether this is true in general. Here we restrict our attention to
the case where the following condition is satisfied1:

(5.1) If | | / + | | = ||flf+|| and | | / - || = \\g~ | |, then | | / | | = | |flr | | .

This is essentially the condition considered by F . Bohnenblust [2].

L E M M A 5 . 1 . Assume (5 .1) . If \\f+\\^ \\ g+ \\ and || / - || ^ || g~

then

Proof. We have || / + || = a || g+ \\ and || / - || = β \\ g- || for some

0 ^ a ^ 1 and 0 ^ / 9 ^ 1 . Let h = ag+ - βg~. Then, h+ = ag+ and

hr = βg~, and hence \\h\\ = \\f\\ by the condition (5.1). On the other

hand, we have \\h\\ £\\g || since \h\ = ag+ + βg~ ^ g+ + g~ = \g\.

THEOREM 5.1. Assume that 33 satisfies the condition (5.1). Then,

< 5 .2) sup ϊihAίϊ^ SUp
/*o/φu) 11/11 +

1 All familiar Banach lattices (C, Lp, 1 ̂  p £ «>, etc.) satisfy this condition. As
an example of a Banach lattice which does not satisfy the condition, consider the
direct sum of LPι and LPv pi Φ p2 with II/1Θ/2H = | |/i | | + II/2H and define / i 0 / 2 S
9\ Θ 92 if and only if fi £ gi and f2 ^ g2.
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for every linear operator A. That is, linear (<p'o, 7)-dispersiveness
implies (r', y)-dissipativeness.

Proof. Suppose the right-hand side in (5.2) is finite and denote
it by 7. Then we have (1.4) and (a - 7) || / " || ^ || (af - Af)- ||.
Hence, (a - 7) \\f\\ ̂  \\af - Af\\ by Lemma 5.1. It follows that
τ\f, Af) ^ 7 11/11 for all

6* Infinitesimal generators of nonnegative semigroups* Charac-
terization of the operators in G+ is an interesting open problem.
Here we present some results concerning this problem.

THEOREM 6.1. Suppose that A belongs to G+. Then,

(6.1) σ(g, -Af) ^ 0 if fe ®(A), / ^ 0, g ^ 0, and σ(g, /) - 0 .

Proof. Using the properties of σ in [11, Proposition 3.1], we have

σ(Q, t-\f- Ttf)) ^ σ(g, t~f) + σ(g, -t~ιTJ) = σ(g, -t~ιTJ) ^ 0

and hence σ(g, —Af) ^ 0 .

THEOREM 6.2. Let A be a bounded linear operator with ®(A) =
S3 and suppose that

(6.2) σ(g, Af) ^ 0 if fe ®(A), / ^ 0, g ^ 0, and σ(g, /) = 0 .

, AeG+.

Note that (6.2) is weaker than (6.1), since σ(g, Af) ^ — σ(g, —Af).

Proof. For each / we have σ(f+, Af") ^ 0 and hence

+, -Af) £ σ(/+, Af+) - σ{f\ Af")

Therefore, AeG+(h \\A\\).

THEOREM 6.3. // 33 is the space C(X) of continuous functions
on a compact space, then any operator in G which satisfies the con-
dition (6.2) belongs to G+.

Proof. The resolvent Ga = (a — A)~ι exists for large α, say,
a > 7. It suffices to prove Gaf ^ 0 for / >̂ 0. We may assume
f(x) > 0 on X, since general nonnegative / is approximated by / + ε.
Suppose that GaQf(x0) < 0 for some a0 > 7 and x0 e X. Let ax be the
supremum of a such that Gaf(x) < 0 for some x e X. ax is finite
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because 0LGaf—»f as a—* oo and inf^x/fa) > 0. Choose βn and #Λ

such that βn increases to aι and Gβnf(yn) < 0. Taking a subsequence
if necessary, we can find a point xγ such that Gaif(yn) —>Gaιf(Xj).
Since (?«/ is strongly continuous with respect to a by the resolvent
equation, GβJ(yn) tends to G^/fa). Hence G^/fo) £ 0. Since <?«/ ^
0 by the definition of alf we have Gaιf{x^ = 0. Let

g(x) = \\GaJ\\-GaJ(x).

Using an explicit form of σ [11, 6.1], we have σ{g, GaJ) = 0, and
hence, by the condition (6.2), 0 ^ σ(g, AGaJ) = maxAGaif(x), where
the maximum is taken over the set of x such that g(x) = \\g\\.
Thus we can find a point x2 such that Gaif(x2) = 0 and AGaif(x2) ^ 0.
Hence f(x2) = cCjGaJfa) — AGaif(x2) ^ 0, which is absurd. The proof
of Theorem 6.3 is complete.

Added in proof. The results [8] have appeared in the following
paper: H. Kunita, Sub-Markov semi-groups in Banach lattices, Pro-
ceedings of the International Conference on Functional Analysis and
Related Topics, University of Tokyo Press, Tokyo, 1970, 332-343.
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