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CONTINUOUS SPECTRA OF SECOND-ORDER
DIFFERENTIAL OPERATORS

DoN HINTON

We consider the differential operator I(y) = ¥’/ + qy, where
q is a positive, continuously differentiable function defined on
a ray [a, ). The operator [ determines, with appropriate re-
strictions, self-adjoint operators defined in the hilbert space
Zla, ) of quadratically summable, complexvalued functions
on [a, ). In this note, we prove that if L is such a self-
adjoint operator, then the conditions g¢(t)—cc and q’(t)q(t)~'/?*—0
as t — o are sufficient for the continuous spectrum C(L) of L
to cover the entire real axis,

Similar results are well-known; however, monotonicity conditions
on ¢ and ¢’ are usually required. For example, in [1], p. 116, it is
proved that if ¢ tends monotonically to <« as ¢ — oo, preserving the
direction of convexity for large ¢, then the condition ¢'(t)q(t)~'*—0
as t — oo ig sufficient to imply C(L) = (— =0, =) for every self-adjoint
operator L determined by I.

THEOREM. If q(t) — oo as t— oo, ¢'(H)q(t)'*—0 as t— o, and
L is a self-adjoint operator in Fla, ) determined by 1, then C(L) =

(=00, o).

Proof. To prove that the real number A\ belongs to C(L), it is
sufficient to construct a bounded noncompact sequence ¥, ¥,, - -+ such
that |[(L — MN)y,||—0 as n— . The domain of L includes the set
2 of all y satisfying (i) ¥ has compact support contained in the
open interval (a, o), (ii) ¥’ is absolutely continuous, and (iii) %" € .&[a,
o) (cf. [3], Chapter V). Hence, it follows that ) e C(L), if we prove
that for each » > 0 and N > a, there is a nontrivial y € _# such that
the support of y is contained in [N, <) and |[(L — Ny|| < 7|ly/|. To
establish this, we recall Lemma 2 of [2]:

Suppose f is a continuously differentiable positive function omn
[, ), and f'@)ft)*—0ast— . If cand K are positive numbers,
then there is a number B such that if t and s are =B and |t — s| <
Kf(s)'", then |f()f(s)™ — 1] <e.

We choose 0 < ¢ < 7?/25, K > 6400/7* (assume 7 < 1), and apply
the lemma to f = ¢ — N on an interval [b, «) such that f(¢) = II* for
t=0b. Let s, = max{N, B} be such that |f'(¢)|f(t)'* < e for t = s,.
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Define s,, s;, ++- by
Sips = 8 + [ f(s;)71* t=0,1,-.-4),
and denote f(s;,)'* by «,;. Since for s; < s, + Ka,, we have aia} <
1+ e < 4, it follows that for such s;,
5 — 8 = :zj‘;n/a,. > 11520,

thus there is an integer p so that s, < s, + Ka, < s,4,. We now con-
struct a y € _#Z with support [s, s,].

Since K > 9 and «; = II for each ¢, there exist ¢, z,€{s,, +-+, Sp}
such that s, <7, <7, <8, <7, — 8 < 20, @, < 8, — T, < 2a¢,, and
7, — T, = Ka,/2. Define h and g on [a, =) to be zero exterior to
[ssy 8p] and otherwise by

9(t) = (—=1)a;*sina,(t — s;) for s;, <t < s, (1=0,:,p—1
and
(t - 30)/(71 - 30)1 S=t=17,
h’(t): ]-y Tlétéfzy
(s, — t)/(sp — Tv), L, Xt<s,.

If y = gh, then a calculation yields that ye _#
Since ¢ < 1/4, from the lemma above we conclude that

(1) S@©)/f(s) = {fOF NS (9)/f(s0)} < (5/4)/3/4) < 2

for all ¢, se[s, s,]. Applying the mean value theorem, it follows that
for ¢ e[s;, 811l
@) — fs)| = [F/(*)(E — s))]
(2) S ALF7 @) L @) EHILA*) Ef(s:) 717
< I1(2)'%e < 5¢e .
For te([s; s;]C[s» 7], we have by application of (1), (2), and
T, — 8§, = «, that
[y (@) + f(Oy@)| = |2(z, — 8)7(=1)" cos a(t — s;)
+ (= sz, — 8 [f () — f(s)]9(®) |
< 2(7, — 87t + bea;t
< 2ay + 5(2)"* e, < 10/ex, .

From this inequality and 7z, — s, < 2a,, it follows that

(3) [l + suras < 00jan(e, — ) < 200/a, -
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Similarly, we have
(4) |71y + fupdt < 200/a,
2
For [s;, s;+]C[71, 7], the definition of y and (1) yield
S:f“yﬂdt = (Sens — 8)/20° = (80, — 594,

hence, this inequality and (¢, — 7,) = Ka,/2 imply that

(5) | vt =z, — 7)/det = Kjsa,

Since on [s;, s;..],

' (@t) + fOy@) | = [[FQ) — f(s)]y(@®)| = 5elyt)],
we have
Ss”lzy" + fyldt < 2552Y"'“y2dt; thus
‘( 6 ) sio Ty Si—l
{Sly + fwdt}{LyZdt} <% <e.
From the definition of ¢ and K, (3), (4), (5), and (6), we obtain

({70 + pyral{["vae}” < 200k} + 6 < 7

therefore the proof is complete.
In [3], p. 235, asymptotic methods are used to obtain criteria for
C(L) = (—=>, =~). In this development much of the argument depends

a

as t— oo implies the divergence of this integral. We raice the fol-
lowing question for a clags C* function ¢q: Are the conditions ¢(t) — <o

on the divergent integral qu—’/zdt = <=. The condition ¢(¢)q(t)"*—0

as t— oo (perhaps monctonically) and rq”zdt = <o sgufficient to imply
C(L) = (— =2, =)?
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