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REPRESENTATION AND SERIES SUMMABILITY
OF COMPLETE BIORTHOGONAL SEQUENCES

WILLIAM H. RUCKLE

Let {Xj, Xj} be a complete biorthogonal sequence with each
Xj in a Banach space X and each Xj in the conjugate space
X*. A study is made of the summability properties of the
series Σj %j(β)%j and Σj Xj(%)%r(%j) as x ranges over X and x'
over X*. Conditions are given for matrix and abstract methods
of series summability for these series in terms of certain
sequence spaces which arise naturally in connection with the
biorthogonal sequence.

Fundamental work on complete biorthogonal sequences in Banach
spaces was done by Banach in Chapter VII of [1] and by Frink in [3].
Further contributions were made by others including Kadets and
Peiczynski in [6] where the concept of a norming biorthogonal sequence
was defined. There are various types of biorthogonal sequences which
generalize the Schauder basis and these are discussed in [11].

Let {xj, x'j} be a complete biorthogonal sequence with each xd in
a Banach space Xand each xd in the conjugate space X*. In §3 four
spaces of scalar sequences are defined in connection with this biortho-
gonal sequence: (a) S, the associated sequence space, consisting of all
sequences {x'j(x)} as x ranges over X; (b) Sf which consists of all
sequences {x\xj}} as xf ranges over X*; (c) M(S), the multiplier algebra;
(aj)eM(S) if and only if {adx'd(x)}eS whenever xeX; (d) <S (̂S), the
series space, which is, roughly speaking, the smallest Banach sequence
space which contains all sequences of the form {xf

j(x)x\xj)} as x ranges
over X and xr over X*. Note that these sequences are the terms of
the numerical expansion

The object of this paper is to represent these four sequence spaces,
determine their relationship and apply them to determine properties
of the biorthogonal sequence {xd, Xj} and the space X. Particular at-
tention is paid to the series summability of (1.1) and

The most important results are Theorem 6.4 where conditions are
noted under which there is a continuous linear functional on S^iβ)
which gives to each series {x'j{x)x'(Xj)} its "correct" sum and Theorem
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7.2 where conditions are given for the existence of a row finite matrix
with un(j) in the nth row i t h column such that

x = lim Σ un{j)xt

j{x)xj
n j

for each x in X.
In §2 it is noted that a norming complete biorthogonal sequence

can always be constructed in a separable Banach space. This strength-
ens a result of Markushevitch [7]. In §4 we derive necessary machi-
nery for what follows and discuss consistency for a subset of φ.

Means of constructing all types of spaces S and Sf are given in
§5. Since Sf is isomorphic to X* and every separable Banach space
admits a complete biorthogonal sequence, 5.4 is a representation for
the dual of every separable Banach space. Also conditions are given
which differentiate between norming and nonnorming biorthogonal
sequences in terms of Sf.

The series space is studied in § 6 and the multiplier algebra in § 7
For instance, it is noted in 6.2 that £f(S) consists of the diagonals
of nuclear operators in X with respect to the biorthogonal sequence
{xj9 x'j}. Proposition 7.1 (a) generalizes Theorem 4.2 of [8] where
multiplier algebras are also studied. Finally these final two sections
contain the summability theorems as noted above.

2* Complete biorthogonal sequences* A double sequence {xd, x)}
with each x in a linear topological space X and each x'5 in the conjugate
space X* is called a complete biorthogonal sequence ("in X") if

( a) For each i and each j , x3 (xk) = δik (Kronecker δ);
( b ) {x'j} is total on X, i.e., xr

ά(x) = 0 for x in X only if x = 0;
( c ) {Xj} is total on X*, i.e., x'(xs) = 0 for x' in X* only when x' = 0.
This terminology differs somewhat from that used by Banach in

note §1 to Chapter VII of [1] in that he uses a pair of sequences
{Xj}, {x'j} instead of a double sequence. A biorthogonal sequence {xjy x

f

ά}
in a Banach space X is called norming if there is a subset A of [{%}]r,
the span of {xό}, such that the norm

determines the topology of X.

THEOREM 2.1. There is a complete norming biorthogonal sequence
in every separable Banach space.

Proof. Let {yn} be a sequence dense in X. By the Hahn-Banach
theorem there is a sequence {y'n} in X* such that y'n(yn) = \\yn\
||2/i|| = 1 for each n.
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Let x G X and ε > 0 be given. There is yn such that | |x — yn|| < ε/2.
Then

0£\\x\\ - \y'n(x)\^\\\x\\ -y'n(x)\

^ I N I I - 1 1 ^ 1 1 1 + 1 1 1 ^ 1 1 - ^ ( ^ ) 1
^ \\χ - V n \ \ + l l ^ l l l l ^ - χ \ \ < e

which implies that

| |a?|| = suι>n\y'n(x)\ .

Since {yn} being dense in X is total on X* and {y'n} is total on X
there is by Theorem 4 of [4] a complete biorthogonal sequence {xn9 x'n)
in X such that [{#„}] = [{yn}] and [«}] = [{y'n}]. If A consists of all
a ' e l * such that ||a?'|| ^ 1 then {T/̂ } C A so that

for each xeX. Therefore, {xn, x'n) is norming.
The first part of the preceeding argument is frequently encoun-

tered; see, for instance, Lemma 4 of [6].

3* Sequence spaces associated with a complete biorthogonal
sequence* In the following, the letters s, t, u, v will always denote
sequences of scalars. If s is the sequence {aiy α2, •••}, s(j) denotes the
jth coordinate ad. Addition, scalar multiplication and product of
sequences is defined coordinatewise. The sequence each of whose
coordinates equals one is denoted by e; the sequence {dnj:j = 1, 2, •}
by eΛ. A linear space of sequences on which there is a locally convex
topology is called a K-space if each coordinate functional given by

Ei(s) = s<3)

is continuous. A iΓ-space which is a Banach space is called a BK-space.
For {xj, x'j] a complete biorthogonal sequence in a Banach space

X the associated sequence space written S{x3 , xr

ά) or simply S consists
of all sequences

as x range over X. The correspondence of x in X to sx is called the
canonical isomorphism of X onto S. If S is given the topology of
identification, i.e., the norm

ll«.ll = 11*11

then S becomes a Siί-space. The canonical isomorphism is one to
one since {x)} is total on X. Under the canonical isomorphism xs cor-
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responds to eό and Eό corresponds to x) in the sense that

Es(sm) = x'ό{x) .

The dual associated sequence space written Sf{xd, x)} or simply Sf

consists of all sequences

ty = {v(xs):j = 1, 2, •••}

as y ranges over X* or equivalently of all sequences

ty = {V(e,)-O = 1, 2, •••}

as y ranges over S*. With the norm

Sf is isometric to X* (or S*) under the canonical isomorphism of y to
ty since {αλj is total on X*.

The multiplier algebra denoted by M({xj9 x)}) or more usually by
M(S) consists of all sequences u such that

useS whenever seS.

According to 3.3 of [8], M(S) with the norm

I N U = s u p { | | ^ | | : H s l l ^ l }

is a jBίΓ-algebra isometric to the subalgebra 3f of continuous operators
F from X into X such that

x){Fxk) = 0

for ;/V&.
The series space of {#y, -̂} denoted by £S{β) consists of all

sequences v having the form

(3.1) v = ±sntn

such that each sn in φ, each tn is in Sf and

(3.2) Σ I I « . I I I I U / < ° ° .

The infinite series in (3.1) converges coordinatewise since

Throughout this paper the familiar properties of I?i£-space dis-
cussed in 11.3 and 12.4 of [12] are used without citation.
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4* Absolutely convex subsets and .RK"-sρaces* The space of all
sequences which are eventually 0 is denoted by φ. The space of all
sequences is denoted by ω. The space ω given the Tychonoff topology
as a countable product of scalar fields has many familiar properties
which are assumed in the sequel. For A a subset of φ and S an
arbitrary space of sequences A{S) is equal to the set of all seS such
that I Σ ; s(j)t(j) I ̂  1 for each t in A. Thus A{S) is the absolute polar
of A in S when S and φ are placed in duality by means of the
bilinear form

For B a subset of ω, B{φ) denotes the absolute polar of B in φ, namely
the set of all t in φ such that | (s, t) | ^ 1 for each s in B.

4.1. Let A be a bounded subset of ω which is balanced but not
necessarily convex, and let p be the Minkowski gauge of A, i.e.,

p(s) — inf {a > 0: s e aA} .

( a ) If {sn} is a sequence in ω such that Σ ^ 2>(s») < °° then
Σ * I sn(j) I < oo for each j .

( b ) Let S(A) denote the collection of all sequences s in ω such
that

Then JS(A) is a Z?if-space with the norm

( c ) The absolutely convex hull of A denoted by κ(A) is norm
dense in the unit ball of S(A). Thus [A], the span of A, is dense in
S(A).

( d ) Every J51£-space S is of the form S(A) where A is a balanced
subset of ω.

Proof, ( a ) Since A is bounded in ω,

(4.2) a, = sup {|s(j) \' s e A} < oo

for each j . Thus if ΣunV(sn) < °°

( b ) The routine proof that || \\A is a seminorm and that S(A)
is a linear space is omitted.
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If \\s\\A = 0 then for each ε > 0 there is a sequence {sn} in ω such
that ΣjnSn = s and Σ w p ( O < ε. Thus if a5 is given by (4.2)

\s(j)\ ^a3-ε

for each j . This implies that || \\A is a norm since s(j) — 0 for each;/*
For s e S(A) and each j

whenever Σ » s » = s. Thus

so that S(A) is a normed if-space.
Let {sn} be a sequence in S(A) such that Σ»ll s »ll i *< °°

each w let
oo oo

and let
oo oo

Then s is in S(A) and {Σ»=i sn} converges to s since

Σ Σ

Therefore, S(A) is a complete space.
(c) I f | | s | | 4 < l there is a sequence {sn} c A such that

oo oo

8 = Σ s* and Σ 2>(«») < 1 .

Since A is balanced Σ t = i ^ is in κ(A) for each k and

1 & j |A

Σδ,-s = 0 .
»=i II

Thus Λ:(A) is dense in the unit ball of S(A).
(d) Trivial. Let A be the unit ball of S.
Let A and B be two subsets of ω. If there is a number a > 0

such that A a aB then J5 is said to absorb A. If A absorbs B and 2?
absorbs A then A and B are called equivalent. If 2) is the Minkowski
gauge of a balanced set A and || \\A the norm given by (4.1) then
the set

B = {se [A]: | |8 | |*^1}
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contains tc(A), but /c(A) may not absorb R. For example, let t denote
the sequence (1, 1/2,1/4, •••) and define p o n φ 0 [{t}] by

p(s + at) = ΣI«O")I + \a\ .
3

Then 2*(£ — Σ ΐ i 1 ^0>, ) is in B for each n whereas

4.2. Let A be a bounded absolutely convex subset of ω; let
T= [A]; let p be the Minkowski gauge of A; and let || \\A be given
by (4.1). Then the following statements are equivalent

( a ) If Σ?=iSΛ = s coordinatewise then p(s) ^ Σ?=i2>(s»)
( b ) There exists K such that p(s) ^ KΣn=iP(sn) whenever

Σ~=i s ^ = s coordinatewise.
( c) There is K such that j>(β) £K\\s\\A for s in Γ.
( d ) There is a I?i£-space S of which the normed space (T, p) is

a topological subspace.
( e ) If E3- denotes the extension of E3 to the completion f of

(Γ, p) then {^} is total on f.
(f ) If {s%: w = 1, 2, •} is a Cauchy sequence in (Γ, p) such that

**(j) —̂  0 f ° r e^ch j then limw ί>(sn) = 0.
( g ) 2>(s) = | | s | | A for s in T.

Proof. First note that (T, p) is a if-space since A is bounded in ω.
(a)=>(b)=*(c). Obvious.
(c)=*(d). Let S - S(A). By definition | |s | |^ ^ p(s) for s in Γ so

that (c) implies (T, p) is a topological subspace of S(A).
(d)=^(e). By 4.1(c), T is dense in S(A), and if (d) holds, (Γ, P) is

a topological subspace of S(A). Thus >S(Λ) is isomorphic to f and the
set of functional {Eά} defined on S(A) as total.

(e)=>(f). Let x = limΛsn in f. If {£7,} is total on f then a; = 0
since E3-(x) = limu Eά(sn) = 0 for each i . Thus limΛp(sn) = p(a;) = 0.

(f)=>(a). It may be assumed that Σ?=iP(sJ < °°. Then

is a Cauchy sequence in {T, p) such that Σ^Usj j) —• 0 for each j .
Thus limΛ p(Σin=k sn) = 0 by (f) so that (a) holds by passing to the
limit in the inequality

(a)=>(g)=>(c). Obvious.
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DEFINITION 4.3. A bounded absolutely convex subset A of ω will
be called consistent if one, hence all, of the conditions of 4.2 is satisfied*
A bounded subset A of ω which is balanced will be called consistent
if it (A) is consistent.

See 3.1 of [10] in connection with the idea of consistency.

5 • Representation*

THEOREM 5.1. ( a ) A sequence space is associated with a com-
plete biorthogonal sequence in a Banach space if and only if it is
of the form S(A) where A is a balanced subset of φ which absorbs
each point of φ.

(b) In addition it may be assumed that A{ω)ίφ) = A and A is

consistent.
(c) The complete biorthogonal sequence is norming if and only

if the associated sequence space is of the form S(A) where Amm — A.

Proof, ( a ) If A is a subset of φ having the properties listed
in (a) then by 4.1, S(A) is a BK-space in which {ejf Eά} is a complete
biorthogonal sequence.

If S is a sequence space associated with a complete biorthogonal
sequence in a Banach space let A consist of all s eφ such that \\s\\ ̂  1
where || || is the identity norm on S obtained in §3. lί p is the
Minkowski gauge of A then p(s) — \\s\\ for s in φ so that A is consistent
by 4.2. Since φ is dense in S and in S(A) the spaces are equal.

(b) It has already been noted that the set A defined in the
previous paragraph is consistent. Furthermore A is absolutely convex
and closed in the relative topology of S on φ so that A{ω){φ) — A.

(c) If S has the form S(A) where A = A{φHφ) then for s in ψ

(3.3) p(s) = sup{|(s,t)|:ίeA<* )}.

Here p is the Minkowski gauge of A. Thus by 4.2(a) it follows that
A is consistent and for s e S(A)

\\s\\A = s u p { | ( s , t)\:teA{φ)}

so that {βy, Ej) is a norming complete biorthogonal sequence in S(A).
If S is associated with a complete norming biorthogonal sequence

in a Banach space let B be a subset of φ sμch that the norm

| |s | | = s u p { | ( M ) | : ί e B }

determines the topology of S. If A = Biφ) then S = S(A) and Aiφ)iφ) =
— A because of the bipolar theorem.
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For S a UiΓ-space containing <p, S° denotes the closure of φ in S
and Sf denotes the space of all sequences of the form {x'ie^ij — 1, 2, •},
where X ' G S * . Note that if S — S° then Sf has the same meaning as
in §3.

5.2. Let S be a ί?if-space containing φ and having norm || ||,
and let A — {seφ: \\s\\ ^ 1}.

( a ) Sf = Sof.
(b) With the norm

(5.1) | | ί |L = sup{|(ί f8)|:*eA}

Sf is a J3i£-spaee isometric to S°* under the correspondence of xf in S°*
to {x'{eό)} in Sf.

( c ) & = \J^nA™.
(d) {ejf Ej} is a norming complete biorthogonal sequence in Sf0.

Proof, ( a ) Since each continuous linear functional on S is con-
tinuous and linear when restricted to S°, Sf c Sof. Since each con-
tinuous linear functional on S° can be extended to S by the Hahn-
Banach theorem Sof c Sf.

(b) Since {ed, Es} is a complete biorthogonal sequence in S°, Sf is
a isometric to S°* with the norm

= sup{|2/(s)|:i/€A}

since A is dense in the unit ball of S°. But for s in φ

(c) Because of (b) the unit ball of Sf is part of A{ω) so that

On the other hand let t e nA{ω) for some n. Define the functional
x[ on φ by

X'tiβ) = (s,t) S e φ

Since tenAiω)

\xί(s)\^n\\s\\

for seφ so that a?{ can be continuously extended to S°. Since x[{e5) = ί(i
for each i, te Sf.

(d) This follows from (b).
Since
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5.2(c) can be reapplied to determine that

£// = \JnA{φnω)

n = ί

n = l

gffff _ Q nJ^φ){ψ){φ){ω) _ gff
n — l

since A{φ){φ){φ) — A{φ) for a subset Aoΐ φ because of the bipolar theorem.

5.3. For S a Z?i£-space in which φ is dense the following state-
ments are equivalent:

( a ) {βj, Ej} is a norming complete biorthogonal sequence in S.
( b ) Sff0 = S.
( c ) Sfff = Sf.

Proof. (a)=>(b). If {eά, Eά) is a norming biorthogonal sequence
there is a subset A oί φ such that A = A(ςp)(ςo) and £ = S ( 4 ). By 5.2(c)
the norm || \\ff on S / / is given by

= sup{ | ( ί ,s) | : seA'{φ){φ)\

B u t s i n c e A { φ ) { φ ) = A , \\t\\ff = \\t\\A f o r teS. T h u s S = Sff0 s i n c e cp is
dense in both spaces.

(b)=*(c). If Sff0 = S then their i?i£-topologies can be determined
by the same norm || ||. If A — {s eφ: \\s\\ ̂  1} then both Sfff and
Sf are equal to \JZ-^nA[ω\

(c)=>(a). If Sf = Sfff then the absolutely convex sets A{ω) and
AiφHφHω) are equivalent since the first is the closed unit ball of Sf and
the second is the closed unit ball of Sfff. Thus A{ω){φ) is equivalent to
jμφπφπωπφ) = Aiφ)(φ) a n ( j s o g = $(A) = S(A{^^) which implies that
{βj , £7̂ } is norming in S by 5.1.

The following representation theorem is an immediate consequence
of 5.2 and 5.3.

THEOREM 5.4. Let S be a sequence space associated with a com-
plete biorthogonal sequence in a Banach space X. If S is equal to
S(A) where A is a consistent balanced subset of φ then X* is
isomorphic to Sf — S(A{0))) = \J~=ιnA[ω)'. The given complete biortho-
gonal sequence is norming if and only if Sfff — Sf.

6. The series space and series summable biorthogonal
sequences* Let S be a sequence space associated with a complete
biorthogonal sequence in a Banach space and let A consist of all s in
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φ with | | s | |<^ l . Since the Minkowski gauge of the balanced set
AA{ω) is

p(v) = inf{\\s\\\\t\\f:seφ,teSf and st = v)

Sf(β) as defined by (3.1) and (3.2) is the space S(AA{ω)) in the sense
of Proposition 4.1. The following statement thus follows immediately.

6.1. With the norm

\\v\\ = infJΣ 11**11 Ht.ll/:iXi* = v, sneφ, tnesΛ ,

S^(S) is a 2?if-space in which φ is dense.
Since φ is dense in S it can be shown that <9*(S) consists of all

sequences v having the form

(6.1) v = Σ 8stj9 sj eS, td e Sf; ^ | | β i | | \\t,.\\f < -

and that

ll*y |H|ίy |U: Σ «Λ = v, SjβS, t,esΛ .
a )

For X a Banach space let Λ^(X) denote the Banach space of all
nuclear operators F from X into X with the norm

Ά\\\i\\^,ά,ΣiyJ¥)yJ = F(x) for
j

See 3.1.3 of [9].

6.2. S^{S) consists of all sequences of the form

vF = {EjiFej)}

as F ranges over ^V(8). The function defined by

Δ(F) = vF

is a continuous linear operator from ^V(S) onto

Proof. It is first shown that if Fe^Γ(S) then
Suppose for each seS

F(s) = ΣiVn(8)8n,yneS*,8%eS,Σi\\y»\\ ll«»ll < - .
n n

Let tn in Sf be such that tn(j) = .̂(ey) for each ^ and each j. Then
for each j
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so t h a t Σ . β * ί » = VF- Since Σ ll« ll IKII/ < °°> vF

I t is clear t h a t Δ is linear. Since Fix) — ^ny
r

n{^)yn implies t h a t

Es(Fej) - Σi»Vn(es)Ej(yn) for e a c h j , \\vF\\y ^ \\F\\ b e c a u s e t h e first
norm is defined as an infimum over a larger set. Therefore, Δ is
continuous.

6.3. £f{Sy c M(S) c M{Sf{S)).

Proof. ,9*{Sy c Λf(S). L e t B d e n o t e t h e s e t of a l l veφ s u c h
t h a t I M U 5£ 1 a n d l e t A b e t h e s e t of a l l seφ s u c h t h a t | | s | | <^ 1.
Then AAiω) a B so that

U ™#(ω) c

M(S) a M(S*(S)). If ueΛί(S) and ve£s(S), let v =
Then uv = Σ * wswίΛ and since

Σ.
it follows that uv eS*(S). Thus u e

From equation (6.1) it follows that SSf c S?(β).

THEOREM 6.4. Let S be a sequence space associated with a com-
plete biorthogonal sequence in a Banach space and let Abe a consistent
absolutely convex subset of φ such that \\ \\A determines the BK-
topology on S. Then the following statements are equivalent:

( a ) AA{ω) is a consistent subset of ψ\
(b) ^(S)f = M(S);
( c) e e .£f(Sy.
( d ) There is a continuous linear functional E on S^(β) such

that if sx e S and t'x e Sf then

E(st) = x'(x) .

Proof. (a)=>(b). If AA{ω) is consistent then by 5.2(c)

= S(AAlωψ - U n{AA[ωψ0) = M(S) .

(b)=>(c). eeM(S).
(c)=>(d). If eeS^(Sy there is a continuous linear functional E

on Sf{S) such that E{eά) = 1 for each j .
Given teSf define Ft from S into S*(S) by Fts = st. Then Ft is

a closed, hence a continuous operator. Thus the functional defined by

y\s) = E{Fts) - E{st)

is continuous linear functional on S. For each s in φ
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y'(s) = E(st) = Σ s(j)t(j) = x't(s)
3

so that

y'{8) = E(st) = x't(s)

for each s in S because φ is dense in S.

(d)=>(c). If E is given by (d) then E(e3) = 1 for each j .
(c)=>(b). If e e Sf(S)f then M(.9*{Sy) a ,9*{S)f for if u e M(^(S)f)

then ue = u e <9*(S)f. By 6.3 ,9*{S)f c M(S) and by 3.5 of [8]
M{T) c M(Tf) for every 5iΓ-space. Thus S^(S)f = M(S).

(b)==>(a). Let B consist of all v in φ such that | | v | | ^ ^ l . If
&*(Sy = M(S) then M(S) = \JnnB<ω) by 5.2(c) and B(ω> is a bounded
barrel in M(S). Thus S(o;) is absorbed by (AA{ω))[ω) which implies that
(AAίω)Yωn<p} absorbs B. Thus (AA(ω)) is consistent.

A complete biorthogonal sequence in a Banach space will be called
series summable if the associated sequence space has one, hence all
four of the properties mentioned in 6.4.

6.5. Let {xj, x)} be a series summable complete biorthogonal
sequence in a Banach space X.

( a ) If x e X and x' e X* then

(6.2) Σ xf{xj)xt

j{x) = &'(&)
i

whenever the sum has finitely many nonzero terms.

(b) If /j and I2 are complementary sets of indices then

(6.3) cllfo : j e IJ] - Π f ^ e l : »;(«) = 0, i e IJ

(cl means closure).

Proof. ( a ) Without loss of generality assume the biorthogonal
sequence in {ed, Eo) in a i?if-space S. Then

x'{8) = E{stx) - Σ s(j)t(j)
j

since si G φ.
( b ) It j elj. and fceJ2 then ίciί^ ) = 0 so that the set on the left

hand side of (4.6) is contained in that on the right.
If x' in X* is such that x'(x3) = 0 for j in Iι and x is in the set

on the right hand side of (4.6)

xf{x) - Σ %'(%M(%) = o
3

by (a) since each summand is 0. Thus [x3: j e JJ] is dense in the set
on the right.
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Let Z denote the infinite matrix whose element in the ith row
i t h column is given by

' 1 i = 3,3 + 1 3 odd

1/2' i ^ j j even

0 otherwise.

Let (Z) denote the space of all sequences fo) such that lim% ΣΓ=i aazά
exists. On p. 657 of [13] it is shown that {ejf E3) is a complete
biorthogonal sequence. But, as A. K. Snyder has noted, (6.3) does
not hold since Π {se (Z): E2j(s) = 0} is c. Thus {ejf Eά) is not series
summable.

6.6. Every Banach space in which there is a series summable
complete biorthogonal sequence has the approximation property (p. 167
of [5]).

Proof. Without loss of generality it may be assumed that the
space is a .BiT-space S in which {eό, Eό) is a series summable complete
biorthogonal sequence. Suppose Σ * II «»ll \\v* II < °°> sneS,yneS* and
V x yn(s)sn = 0 for each s in S. Then Σ » Vn(ej)sn = 0 for each j so thatΣ«

Σ Vn(Sn) = Σ E(SJJ = JS?(Σ Sjy) = E(0) = 0 .
n n \ n J

Thus the trace of a nuclear operator is well defined on S so that by
Proposition 35 of [5] S has the approximation property.

Strongly series summable complete biorthogonal sequences*

7.1. Let S be a sequence space associated with a complete
biorthogonal sequence in a Banach space and let A be an absolutely
convex consistent subset of φ such that || \\A determines the topology
of S (i.e., S = S(A)).

( a ) M(S) = U ^ i n(AAiω)yω).
( b ) {ejf Ej} is a norming complete biorthogonal sequence in M(S)°.
( c ) M(S)ff c M(S).

Proof. ( a ) As noted in § 3, M(S) is a i?iΓ-algebra with the norm

I N U = sup{||^s||^: Hsll̂ 4 ^ 1} .

But A is dense in the unit ball of S so that

= sup {| (i6s, t)\:seA,te A{ω)}
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Hence

(7.1) M(S) c U n{AA^Yω) .
Λ = l

If uen(AA{ω)Yω) for some n, define Fu on φ by

F'u(8) = us .

T h e n F'u i s c o n t i n u o u s o n (φ, \\ \\A) s i n c e

\\us\\A = {(( ί ) | £ A ί β ° } ^ | | | | ^

for s in ^ . Thus F'u can be extended continuously to all of S, and if
Fu is this extension

Fus = MS .

Thus ueM(S) so that equality holds in (7.1).
( b ) This follows from the equality 11u|\M = sup {\(u,v)\:ve AA(ω)}.
( c ) By 5.2(c)

which is contained in M(S) since

Since AA(ω) c (AA^ψn^ it follows that

c

THEOREM 7.2. Lei S be a sequence space associated with a com-
plete bίorthogonal sequence in a Banack space, and let A be a con-
sistent absolutely convex subset of φ such that \\ \\A determines the
topology of S. Then the following statements are equivalent

( a ) M(S)" = M(S)
( b ) eeM(S)"
( c) There is a sequence {un} in φ such that limw ujj) = 1 for

each j and {un} is bounded in M(S).
(d) There is a sequence {un} in φ such that

lira | |s - uns\\A = 0
n

for each seS.
(e) There is a sequence {un} in φ such that limπ (sun, ty) — y(s)

for s in S and yeS*.
(f ) (AA{ω)){^^Hω) absorbs

Proof. (a)=^(b). Trivial since e e M(S).
(b)=>(c). If eeM(S)/f then e is in a{AA^ψ){<pnω) for some a > 0
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because (AA ( ω )) (^W ( ω ) is the unit ball of M(S)ff by 5.2(c). There is
thus a sequence {un} in (AA{ω)Yφ) converging coordinatewise to e since
(AA«»)yφ)«P)(«» i s t h e c i o s u r e i n ω of (AA{ω)){<p). Also each un is in the
unit ball of M(S).

(c)=>(d). Let {un} be given by (c). For s in φ

(7.1) l i m | | m . - s\\A = 0
•w.

since

ii«- «t . ι r^ Σ i «ω - 8(j>
3=1

where Ns is such that s(j) = 0 for j > Ns. Also

for seS. Thus by the Banach-Steinhaus theorem (7.1) holds for each
s in S.

(d)=>(e). Let {un} be given by (d) then for s in S and y in S*

lim (sun, ty) = 2/(lim swn) = y(s) .

(e)=>(d). Let {un} be given by (e) then (d) follows from II. 3.2
and II. 3.6 in [2] since \\mnunek — ek for each k.

(d)=>(f). Let {un} be given by (d). Given u in M(S) define FUUn

on S by

Then

l im i^ttw^s = ^6s
n

for each s in S. By the uniform boundedness principle {FUUJ is a
bounded sequence in £&. Thus

{u^} c a(AA{ω)){ω) Π 9 = φ L 4 ( ω ) ) ( ^

for some α > 0. Since uneά —> βy for each j , {uun} converges coordi-
natewise to u. Thus u e a(AA{ω)y*n*Hω). This implies that (AA{ω)y*H*){ω)

absorbs each point in M(S). But (AA^]yφHφ){ω) is closed in M(S) since
it is closed in ω and M(S) is a RίΓ-space. Thus (AA(ω))(ίP)(ίP)(ω) absorbs
(AA{ω)){ω) which is the unit ball of M(S).

(f)=>(a). By 7.1(c), M(S)ff c M(S). But (AA(ω))(^)(9)(ω) is the unit
ball of M(S)ff so if it absorbs (AA(ω))(ω\ Λf(iS) c

A complete biorthogonal sequence in a Banach space is called
strongly series summable if the associated sequence space has one,
hence all of the properties in 7.2.
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7.3. Let {Xj, x'j} be a strongly series summable complete biortho-
gonal sequence in a Banach space X. Then

( a ) {xj, xr

ό} is norming;
( b ) {Xj, x'j} is a series summable basis;
( c ) {xj} is an approximative basis in the sense of Singer ([11],

Definition 3.19).
( d ) X has the metric approximation property (Definition 10, p.

178 of [5]).

Proof, ( a ) Let {un} be a sequence as in 7.2(d) and let

* = 1, 2, . . . , \\x'\\ ^

It follows from 7.2(d) that || \\B determines the topology of X.
( b ) By 7.1(a) and 5.2(c) the closed unit ball of M(S)f is (AA(ωψHω)

where A = {seφ: \\s\\ <; 1}. This implies that S^iβ) c M(S)f and since
the inclusion is continuous, S*(S) c M(S)f0. Thus if M(S)ff = M(S),
Sf(S)f => M(S) so that £f(S)f = Λf(S) by 6.3.

( c) Let y'nj be defined by

Let {mn} be any increasing sequence of integers such that ujj) — 0
for j > mn. Then 7.2(d) implies that

liTYi L _ V IJ' Y T W . — 0

so that {xn} is an approximative basis of X.
( d ) This is an immediate consequence of 7.2(d) with Fn = Fu

for each ^.

THEOREM 7.4. Let {xjy α?J} α^ώ {^ , ̂ } 6β complete biorthogonal
sequences in Banach spaces. If {xά1 x)} is strongly series summable
and M({Xj}) c M({yά}) then {yά1 y'ό} is a strongly series summable.

Proof. Let S be the sequence space associated with {xs, $$} and
T the sequence space associated with {yj9 y)}. If M(S) c M(T) the
inclusion is continuous since both are J3iΓ-spaces. Thus if (c) holds
for M(S) it also holds for M(T) with the same sequence {un}.

I do not know an example of a series summable complete biortho-
gonal sequence which is not strongly series summable. If {xj9 x)} is
series summable and {ejy Eό} is norming in £f(S) then <9*{S) = M(S)f0

so that {xjf x]} is strongly series summable.
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