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RANK PRESERVERS OF SKEW-SYMMETRIC MATRICES
M. J. S. Lim

It is possible to study the structure of rank preservers on
n-square skew-symmetric matrices over an algebraically closed
field ' by considering instead the linear transformations on
the second Grassmann Product Space A2%Z/(Z/ an n-dimensional
vector space) over I’ into itself, which preserve the irreducible
lengths of the products. In this paper, it is shown that
preservers of irreducible length 2 are also preservers of all
irreducible lengths of the products. Correspondingly, rank 4
preservers are rank 2% preservers for all positive integer
values of k. The structure of the preservers in each case is
deduced from the fact that these preservers are in particular
irreducible length 1 and rank 2 preservers respectively, whose
structures are known.

A nonzero vector in A*Z/ is said to have irreducible length k if
it can be written as a sum of %k and mnot less than k pure (decom-
posable) ncnzero products in A*%/. The set of such products is
denoted by &4, and ze <4 if and only if &(2) = k. A linear trans-
formation .7~ of A?* % into itself is an <~-k preserver if and only
if 7 (A=A,

A linear transformation .5 which takes the set of rank 2k n-
square skew-symmetric matrices into itself is a 0-2k preserver.

In [7], it is shown that <4 is isomorphic to the set of all rank
2k m-square skew-symmetric matrices. If this isomorphism is denoted
by @, then & = .7 ¢! is a p-2k preserver if and only if .7~ is a
-k preserver.

To obtain the results of this paper, much use is made of -2
subspaces of A*%Z/. An -k subspace of A*Z/ is a vector subspace
whose nonzero members are in &5. An <~-2 subspace H is called a
1, 1)-type subspace if there exist fixed nonzero vectors x == y such
that each nonzero fe H can be written

f:x/\zvf—l-y/\yf.

1. Intersection of (1, 1)-type subspaces.

LEMMA 1. If V,, V, are distinct (1, 1)-type subspaces of dimens-
ton =2 and dimV, NV, = 2, then the 2-dimensional subspaces of Z

determined by V,, V, are equal.

Proof. Let f,f. be independent in V,;N V,. Then f,=a A%, + YAy,
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=2 AN, +yANy.in Vyand fi=uANu, +vANv, fL=uANu+v
A v, tn Vo, Now <z, yp C<u, w, v, v,) N <u, Uy v, v, Which has
dimension 2 or 3 (Theorem 5 of [2], and Lemma 5 of [3]), and hence
dim <z, y> N <{u, v> <1. Without loss of generality, let  be in this
intersection; in fact, we can take x = w; and <{u,, v, v.) =&, ¥, y»
and <u, v, v,) = <&, ¥, ¥y (Lemma 9 of [2]). Since s Ay Af;i=0,
1 =1, 2, then ye<v, v,> and y €<w, v,» (proof of Lemma 7 in [3]). If
v, v,y = v, v,», then some linear combinaticn of f, and f, has ir-
reducible length at most one, which is impossible since f,, f, are in-
dependent in &~-2 subspaces. Hence {y > = <v, v> N v, v, and
{y> =< wv), which implies <{z, y> = {u, v).

2. The &-2 preservers. The structure ¢f -1 preservers is
known. In fact, in [8], it is shown that if .7~ is an .&~°-1 preserver,
then 7 is a compound (i. e., if © A ye &, then there exists a
nonsingular matrix A such that & (¢ A y) = Az A\ Ay), except when
dim 2 = 4, in which case it may possibly be the compcsite of a
compound and a linear transformation induced by a correlation of the
2-dimensional subspaces of 2. Thus if .9 is an &~-1 preserver, it
is also an <~-k preserver for all k.

We shall show that if . is an <~-2 preserver, then it is also an
-1 preserver. Since we shall make use of <~-2 subspaces and
these are varied (see [3]), it will be necessary to consider several cases.

2a. dim % = 7. In [3], it is shown that if dimZ =»n =T,
then the maximal <7-2 subspaces have dimension (%-3) and are all
(1, 1)-type subspaces.

LEMMA 2. Let .7~ be an -2 preserver, dimz = 7. Then 7~
(AcHAU AL U{0}

Proof. Let w Ave 4. Then u A v is expressible as u A (ax,—
x,) where {u, x, x,} is independent in % and 0 # acF, @ # 1. Now
{uw, 2, x,} can be extended to a set {u, x, ---, x;} of seven indepen-
dent vectors in 2. Then the following 2 subspaces :

Vi=<u AT, + VADL, U AT+ VAT W A&y + 0 AZ,
Vi=<uA®+ 0 Aaw,u A+ vATu s+ v AT
are both &-2 subspaces and dim V, N V, = 2. Moreover

T UAv) =9 (u N\ ax, — x,)
=T (UWAaz+ avA\T,—uNT,— av /I
=T WwANAax, + v Ax)— T (UWAT+avAw).
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The first vector is in .7 (V,), the second in .7 (V,). Now V,, V, can
be extended to (n-3)-dimensional .&#-2 subspaces (necessarily of (1, 1)-
type). Hence .7 (V)), 7 (V,) are (1, 1)-type subspaces of dimension
(-3) since .7 is an &~-2 preserver, and their intersection has dimension
at least two. Hence the 2-dimensional subspaces (of %) determined
by 7 (V) and 9 (V,) are equal, implying that . (u A v) has ir-
reducible length < 2.

THEOREM 1. Let dim 7 =n =7. Then I s an £ -2 preserver
if and only if 7 s an L-1 preserver, and 7 1is a compound.
Moreover, T (£)S F for all k.

Proof. Suppose .7 is an <~-2 preserver. If fe &4 and 7 (f)
0, then there exists ge &7 such that <“ (f + g) = 2 (use Theorem 7
of [2]). Then 9 (f+ ¢g) = 7 (9) € &;. Hence it is sufficient to show
7 (&) does not intersect .

Suppose x, A %, € & and .7 (2, A ,) € <. Consider the subspace
V generated by {27, = @& A X,y 2; = 2, A\ Biuy + X2 A Zipa}y, 2 = 1 < 02,
where 7o = <&, -+, @,>. Any linear combination z = } 72} a;2; has
irreducible length 2 except when @, = --- = «,_, = 0, in which case
z = a2z, and .7 («,2,) has irreducible length 2. Hence .7 (V) is an
-2 subspace of dimension (-2), which contradicts the fact that the
maximal -2 subspaces have dimension (#-3). Hence .7 ()< 4.
The converse is easy to see (cf. beginning of § 2).

2b. dim % = 4, 5. By Theorem 7 of [2], it is clear that &7,
k = 3, is trivial when dim 2 < 5. The following lemma is immediate.

LEMMA 3. Let dim 7 <5, .9 an -2 preserver. Then I~
(AU U{0}.

THEOREM 2. Let dim % = 4. Then 9 1is an -2 preserver if
and only if 7 is an £ -1 preserver.

Proof. Suppose .7~ is an -2 preserver. Suppose x, A %, € &
and .7 (v, A z,) = 0. Extend {x, x,} to a basis {x, ---, 2} of #%.
Then x, A @, + %, A ¢, has irreducible length 2 and hence

T @NTF X AT) =T (W A2) .

has irreducible length 2. Hence the above and Lemma 3 imply it is
sufficient to show only that .o~ (&) R A

Suppcse 7 (x, A %) has irreducible length 2 for =, A x,¢ 4.
Congider the subspace V generated by the products z, = 2, A 2,3

2, =, N\ % + 23 A &, Where Zr = &, -+, ).
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Then any linear combination 2z = az, + B2, has irreducible length 2
unless 8 =0, in which case .97 (?) = .7 (az,) which has irreducible
length 2 by assumption. Hence .7 (V) is an .&~-2 subspace of dimension
2. But this contradicts the fact that the <~-2 subspaces have dimen-
sion one and no more (Theorem 10 of [2]). The result follows. The
converse is easy to see.

THEOREM 3. Let dim % = 5. Then 7 is an -2 preserver
if and only if . is an -1 preserver.

Proof. As in the procf of Theorem 2, it is sufficient to show
T(A) N . Let zz =<uy, +++, uy. Suppose u, A u; €.~ and 7~
(u, A\ us) € 4. Then consider the subspace V generated by the
products

2= U N\ Uy,

2y = Uy N\ Uy + Uy N\ Us

Re = U, N\ Us -+ Uy N\ Us

By = Uy N\ Uy + Uz N\ Us «
Then z = > *_, a;z;, has irreducible length 2 except when a, =0 = «,
= &, in which case z = a2, and 7 (a2,)¢€ <5. Hence 9 (V) is an

#-2 subspace of dimension 4. But this contradicts the fact that the
maximal <~-2 subspaces have dimensgicn 3 (see Thesrem 1 of [3]).

2¢c. dim % = 6. The following lemma is clear from Theorem 7
of [2].

LeMMA 4. Let dim ¥ =6, .9 an -2 preserver. Then
3
Ta{lzuioy.

It is thus necessary to consider also the ¢~-3 subspaces.
If ze &~,, then we can agscciate a unique 2k-dimensional subspace
[2] of Z© with z (Theorem 5 of [2]).

LEMMA 5. Letzec & and x,€[z]. Then there is a representation
=0 N Uy Uy N\ Uy e Uy N Uy, WhETE Uy ey Uy = [2] — 2D
Proof. Let x, be extended to a basis {x,, ---, 2} of [2]. Then

=, N Q¥ ;) + Do ANa;2 <1 A J=2k) .

By Corollary 8 of [2] and the fact that &(z) = k, the second term
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in the expression of z has irreducible length (k-1). The result follows.

THEOREM 4. Let dim ¥ = 6. H an -3 subspace. Then dim
H=1.

Proof. If u,e€Z and f is any nonzero member of H, then u, e
[F]1. Hence f can be represented f = u, A w + y, where we% and
ye s, lylcz —<w); (Lemma 5). This latter subspace has
dimension 5. Thus, if fi, f, are any 2 nonzero members of H, then
Ji= Uy A Uy + Uy A\ Uy + Us A U, Where Z = {uy, oo+, Ug», and f, can
be expressed as fo=uU ANY, + Us A Yo + Us A\ Ys Where y; = S5, Q;;Ujy
using the fact that {f,, f,> is an <~-3 subspace, Corollary 8 of [2]
and Corollary 1 of [3].

Consider f=f, +f, YeF. Now f=u A[(v + ap)u, + a,u;+
QU+ QiU+ CygU] +Us A [QosUp+ (V4 Aag) Uy + Bogls + Qaglg] +Us A [@3Us+
sty + Uty + (7 + Q) U] = Wy A We + W3 A Wy + w5 A\ Ws, putting w, =
Uy, Wy = [(V + @)Uy + Qs + @, + 5% + ], and so on. Then
Z(f) =38 if and only if the vectors w,---, w; are independent
(Theorem 7 of [2]); i.e., if and only if the determinant of the matrix
(@;;), where a;; is the coefficient of w; in w;; 4,7 =1, ---, 6; is non-
zero. However this determinant is a monic polynomial in v of degree
35 Vize, (V + @) (7 + Qo) (Y + Qsg) — Bailhys) — Uan(@e(Y + @) — Asilis)) + A
(@ — a(Y + a,)), whose constant term must be nonzero since the
vectors u,, u, Us;, Y, Yy, ¥; are independent. Hence there is a monzero
value of v in F' for which the determinant is zero (since F' is alge-
braically closed). For this value of v, &(f) < 3. Hence there is at
most one basis member in H.

THEOREM 5. Let dim%/ = 6. Then Z 1is an -2 preserver if
and only if 7 is an F-1 preserver.

Proof. It is sufficient to prove that .7~ (&) does not intersect
A U &4 (cf. proof of Theorem 2 and use Lemma 4).

Suppose Z =< Uy, -+, Uy » and 7 (u; A Ug) € L,. Consider V=
{#, +++, 2, ) Where

= U N\ Uy By = Uy N\ Uy + Uy A Uy Zs=Uy N\ Uy + Uy N\ Uy ;

2y = Uy N\ Ug + Uy N Ug -
Then .77 (¥#7) is an -2 subspace of dimension 4, contradicting the
fact that the maximal -2 subspaces have dimension 3 (Theorem 11
of [3]).

Suppose 7 (u, A U;) € &5 Let 7 = <z, 2,y where z, = u, A u;
Zg = Uy N\ Uy + Uy A\ Uy + Ug A\ Us. Then 7 (¥7) is an -3 subspace
of dimension 2, contradicting Theorem 4.
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3. The main results. We can now assert:

THEOREM 6. 7 is an F-2 preserver if and only if .7~ is an
-1 preserver. If 7 1is an £ -2 preserver, them 7 is an F-k
preserver, k=1, 2, ..., [n/2], dim Z = n, and F 1is a compound
except when n =4, in which case F  wmay possibly be a composite
of a compound and a linear transformation induced by a correlation
of the 2-dimemnsional subspaces of Z .

Using the results in [7], we can also assert the following.

THEOREM 7. &7 is a p-4 preserver if and only if &7 1is a p-2
preserver. If & is a 0-4 preserver, then & is a 0-2k preserver,
E=1,2,--+, [n/2]. Moreover, if A is any n-square skew-symmetric
matric, then &2(A) = aPAP’ or & (A) = BPA’ P’ for a, B mnonzero
wn F and some nonsingular n-square matrix P except when n = 4, in
which case ¥ may possibly be of the form

0 a/34 a24 a23
— Ay 0 Ay 3
S (A) = aP P’
gy — Oy 0 (42%3
—Qy —a —ap 0

where 4 = (a;;), a;; = —ay;.

REMARK. These results are not necessarily true when the un-
derlying field F' is nonalgebraically closed (cf. § 2b. and end of [2]).
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