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NONSOLVABLE FINITE GROUPS ALL OF WHOSE
LOCAL SUBGROUPS ARE SOLVABLE, III

JOHN G. THOMPSON

In this paper, the simple iV-groups for which 2 g π4 are
classified. The proofs rely heavily on the fact that many
subgroups of odd order are contained in just one maximal
subgroup. The numbering of the sections is a continuation
of II.1 The bibliographical references are to be found at the
end of I.2

10* Some uniqueness theorems* Throughout the remainder of
this paper, © denotes a simple ΛΓ-group.

We set 7Γ; = πά®), i = 1,2, 3, 4.
Lemmas 10.1 through 10.5 are proved on the hypothesis that

3eττ3.
Let 5β be a 53-subgroup of (S and let S be a solvable subgroup

of © which contains 5β. Let Sβ0 = Sβ Ω O3,,3(8), and let X be a normal
elementary 3-subgroup of S. Let

, 5β, X) = {911 (1) 21 is a normal abelian subgroup of 5β.

(10.1) ( 2 ) * £ * a * "
(3) m(2I) is maximal subject to (1) and (2).
(4) 1211 is maximal subject to (1), (2), (3).}

An important property of J^(8, Sβ, X) is given by

LEMMA 10.1. 1/ Ste J^(S, 5β, X), then 21 e

Proo/. Let 21* - C(2I) n 5β0. Suppose 2ίc2I*. Then there is a
subgroup 2ίx of 2ί* such that 2ΪL < «β, |2IX: 211 = p. Then SCX is abelian
and so (4) is violated.

LEMMA 10.2. // 21 e J^(S, φ, 36), ίΛe^ C@(2I) Λαs α ^ormαί 3-
complement.

Proof. Let 5) be a S3,-subgroup of C@(2I). Since 21 e

it follows that Z(5β0) g 21. Hence, Ce(3t) S JV.(Z(5β0)) = 5β, say. The

1 Non solvable finite groups all of whose local subgroups are solvable, II, Pacific.
J. Math., 33 (1970), 451-536.

2 Non solvable finite groups all of whose local subgroups are solvable, I, Bull. Amer.
Math. Soc, 74 (1968), 383-437.
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Frattini argument implies that 8 = O8,(8)(8 n 9i). Hence O8,(8 Π 9Ϊ) S
O8,(8), so that O8,(8 Π 91) - 5ft n O8,(8)f and 8/O8,(8) is incident with
S n 9Ϊ/O8,(8 n 91). Also, O8,,8(8 n 9Ϊ) S O3,,3(S). Since 8 n $ft 2 5β, and 5β
is a S3-subgroup of 9i, it follows that O8,,8(9Ϊ) Π 5β £O 8 S 8 (8 Π 9i). Hence,
if we set % = O8S3(9l) Π 5β, we get $px s 5β0. Since © is a 3'-group
contained in C@(2I), we get SI® = SC x ®. Since 5ft and Os,,8(9ϊ)/O8,(9i)
are incident, it follows that C$1(Sί)O3,(9ϊ)/O3,(9ΐ) is the set of fixed points
of §1 on O8,f8(9i)/08,(9Ϊ). Since 5& s fβ0, Lemma 10.1 implies that (7 (̂21) s
SI. Hence, ® centralizes O8,(8(9i)/08,(9Ϊ), by Lemma 3.7 of [20], so
®SO8,(9Ϊ). Since ® is a S3,-subgroup of Ce(St), the lemma follows.

LEMMA 10.3. Suppose Ste J^(8,5β, X), <meZ q is a prime
Hypothesis 6.1 is satisfied for each Q m M(SI; g).

Proof. Since © is an iV-group, the only condition which requires
verification is (d). Suppose (d) does not hold. Let

(2) There is a 3-solvable subgroup © o f © which

contains §ίd0 such that Q o £ O8'(@).}

Thus, & Φ 0 . Let O be a minimal element of < .̂ Let

(2) @0 is 3-solvable.

(3) Q $£ O8,(@0).}

Thus, £S Φ Q). Choose @ in ^ so that @ Π ί? is maximal.
Let 2to = Ca(O). By a basic property of g-groups, 3I0 =

By the minimality of Q, 21 acts irreducibly on D/Z)(O). As 2t is
abelian, it follows that Sί/2C0 is cyclic.

Let @s be a S3-subgroup of @ which contains St, and set ©3 =
@3 Π O8S8(@). Let 93 - C(Sl0) n ©3 Thus, 33O3,(@)/O3,(@) = CF(SXO), where
Vr=O8/,8(@)/O8,(@). By Lemma 3.7 of [20], iD does not centralize CF(2Xo),
and so Q g O3/«Sl, O, S3». Thus, by Lemma 10.2, we have SX0 c 31. If
Si! is any subgroup of SI which is not contained in St0, the irreducibi-
lity of 31 on Q//>(Q) forces Q - [Q, StJ.

Suppose SX0 contains an element Z of Z(^)# . Then <2X, 0,95> S ^ Z ) ,
so that C(Z) G ̂  By our choice of Θ, we get $ g @ . Hence, [ F, SI] is
covered by St, since SI <j 3̂ and V is covered by Sβ. Hence [F, SX, D]
is covered by [St, £ι] = O, so that [F, St, Q] = 1. This violates Lemma
5.16 so no such Z is available.

Since St is noncyclic, and since SI Ξ2 Z(Sβ0) 2 Z(Φ), it follows that
SI contains an element U of ^($β). Let Uo = U n St0, so that |U 0 | = 3,
Uo g Z(5β). Then <St, D, S3> s C@(U0), so that
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(10.2)

By Lemma 6.1, we have U S O3S3(C@(U0)). Hence, [U, D] g 03,,3(C@(lIo)).
But U g 2l0, so [U, O] = D . Hence, O g O8,,8(Cβ(tt0)), which gives Q S

against (10.2). This contradiction completes the proof.

LEMMA 10.4. Suppose SX e j ^ ( S , 5β, X) αraί m(2l) ^ 2. 27wm φ o =
β̂ Π O3/,3(S) is ίλβ central product of a cyclic group and a nonabelian

group of order 33 and exponent 3. Furthermore, 3̂ = 3̂0<(P)>, where P
is an element of 3̂ of order 3 which lies in an abelian normal sub-
group of 5β.

Proo/. Since m(2X) ^ 2, so also m(ϊ) ^ 2. Let S& = C,o(£) so that
"SPi < $, |5β0: SPi I ̂  3. Choose S30 in ^ ( ^ ) 3 and let 93 = Ω^). Let ©
be a normal abelian subgroup of 3̂ of largest order subject to (£ g S3.
Then © G ̂ ^ ^ f " ( S 3 ) and X g E, so that m(S) ^ 2. Hence, S3, being
of exponent 3 and class ^ 2 , is either elementary of order 9 or non-
abelian of order 33.

Let m = JVa(5β0). Thus, O3,,3(9Ϊ) = 5β0 x (5K n Ov(2>)). Since a30G
&(Φ0 it follows that a S^-subgroup of 9Ϊ/9Ϊ n O8'(S) is faithfully re-
presented on 33O, so, by 0.3.6, is faithfully represented on S3. Hence
Ce(SB) S (5R n O8,(S)) 5β. Since C*(33) < 5R, we have CR(S3) S φ o x (^ Π
O r(8)). In particular, {7,(83) S Sβ0.

If S3 is elementary of order 9, then by Lemma 0.8.9, S3 is contained
in an elementary normal subgroup S3* of 3̂ of order 33. Hence S3* g
$β0. But this violates (3) in the definition of J ^ ( S , 5β, 36). Hence, S3
is nonabelian of order 33 and exponent 3, and (£ is of order 9.

Since SSoG^Oft), it follows that ^ == S3 {7 (̂83). Since X is con-
tained in Z(S3), we have |3E| ^ 3, and so φ o = 5βlβ Since S3 and 5ft
are normal in 5β, so also (7 (̂33) <| 5β. If ί7,0(S3) is noncyclic, then
there is an elementary subgroup @ of Cpo(S3) of order 9 with (£ <| 5β.
But then <(£, (£> <] 5β, is elementary of order 33, against ra(2l) ^ 2.
We conclude that Cpo(33) is cyclic, so that the first assertion of the
lemma holds.

Since 3 e ττ3, Sβ contains a normal elementary subgroup 2) of order
33. Thus β̂o ΓΊ 2} is of order 9, so we can choose P G 2 ) — 5β0. Since
^(^o)/^oC s(^o) is faithfully represented on S3/Z>(S3), we have 5β -
The proof is complete.

LEMMA 10.5. Suppose 21 e jy(£, Sβ, X) α^ώ m(2t) ^ 2. Lei g δe
prime Φ 3, ami ieί £i 6e a maximal element of M(̂ β; q). Then

Proo/. Let © be any element of Sf&Λ^). By the transitivity
3 See Definition 26 and Lemma 5.18.
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theorem, N((S) = (JV(β) Π N(£L))OV(N(<S)). Suppose we have shown that
5β S N((Sy. Then 5β s (JV((g) n JV(O))', so all the more so, 5β S iV(Q)'

Since m(2l) ^ 2 for some 2ίe J ^ ( 8 , 5β, X), the structure of 5β is
given by Lemma 10.4. It is straightforward to verify that © is the
only subgroup of Sβ of its isomorphism class; in particular, @ is weakly
closed in 5β. By a standard transfer theorem [20, p. 212], we get
$β S N((£y, and we are done.

THEOREM 10.1. If peπ3 - {2}, g e τr(@) — {p}, β̂ is α Sp-subgroup
of © and D, is a maximal element of M(̂ 3; q), then $β S iV©(Q)\

Proof. First, suppose p ^ 5. Let § be a p-solvable subgroup
of ® with Sp-subgroup Qp. Choose Be ^<έf^V($p). Since [£p, Λ, 58] = 1
it follows from (B) that figθp,p(©. Choose 2 X e ^ f ^ ( φ ) , and let
&~ = {SI}. Then Hypothesis 6.2 is satisfied with this choice of 21, J C
Conditions (a), (b), (c) of Hypothesis 6.1 are also satisfied, since © is
an JV-group. Hence, Hypothesis 6.1 is satisfied, by Lemma 6.3. We
have already shown that condition (f) of Hypothesis 6.3 holds, so
Hypothesis 6.3 holds. Thus, the theorem follows from Corollary 6.2.

We may therefore assume that p = 3. If © contains a 3-solvable
subgroup £ such that 8 Ξ2 Sβ, and such that for some normal element-
ary 3-subgroup X of 8, there is 21 in J^(S, 5β, X) with m(2t) ^ 2, we
are done by Lemma 10.5. Hence we may assume that

(10.3) m(2X) ^ 3 for all 21 e J^(S, φ, ϊ ) and all relevant 8, ϊ .

Set 8 = N®(Q). If D = 1, we are done, so suppose £XΦl. Then
8 is solvable and φ g S . Choose 21 e J ^ ( 8 , Sβ, X). By Lemma 6.2, the
application of which is guaranteed by Lemma 10.3, we get

(10.4) {2lG |Ge®, 2 t G ^ φ } = {2t L |Le8, 2XL e ^} .

Set 35 - FM@(2X); 5β), and X = Ω^Z^S)). Let 2K - JV.(Ϊ) a $β and
choose 33 G J^(SK, 5β, X). By Lemma 6.2, with S3 in the role of 21, we
get SK = O3,(2K)(3K Π 8).

Suppose G e © and 2F s 2R. We will show that G e 2W. We may
choose M1 in SK such that 2XG¥i s *β. Let Gi = GikZ;. Since 2tGl S ^ , 21
normalizes O^Γ1, so £fT = O c for some Ce C(2l). Since X g21, we get
Ce SK. Let G2 = CG17 so that £1 - Dσ*.

Since S3 s O3.,3(8), we have 8 - O3,(S)(S n 2K) = OS,(S)(S n JV(§B)).
Hence, G2 = L2L, where L, e 8 n N(%>), L2 e O3,(S). Since 2lGi s 5β, so
also 2 F 2 g φ , since 2tG2 = 21^. Since L.eN^S), and SIS S3, we have
2 l L l g φ . Thus, for each A in 21, A"L^AL^e 5β. Since A-Li ALsίLi =
[A, L2]

Li, we get that [A, L2] is a 3-element. Since L2e03,(S), we get
[A, L2] - 1. Hence, L2 e C.(Sl) s SW. Since Lx e iV(3S) S 2R, we get
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G2 e 3ft. Since C e C(2l) s 3ft, we get G, e 3ft. Hence, G e 3ft.
We may now apply the argument of Lemma 0.17.2 to complete

a proof that 3ft = O3(3ft). Since 3ft = O3,(3ft)(£ n 3ft), we also have
£ = O3(S). The proof is complete.

We next turn briefly to ττ4.

THEOREM 10.2. If pen* and p ^ 5, ftkew, j ^ ( p ) £ ^*{β).

Proof. Let 5β be a Sp-subgroup of © and let X - Z(J"0P)), 3ft =
JV(X). By a result of Glauberman [15], if @ is any solvable subgroup
of © which contains φ, then @ £ 3ft. Hence, ^

Let J^ί*(^β) = {21121 is a subgroup of 5β, 21 contains some

element of ^ a f l ^ ( φ M ) for some M in 2K.}

Suppose J^ί*(^β) ξ£^^*(©). Let 21 be an element of largest order in
*J^*(φ) — v^^*(G), and let @ be a solvable subgroup of © which con-
tains 2t and satisfies @ g 2K. Choose ikί in SK and @ in ^ P ^ ^ O β " ) ,
such that (g £ a .

The maximality of 21 guarantees that 21 is a S^-subgroup of @.
Since © £ @, it follows that Op,(@) = 1, by Theorem 6.1. Hence @ £
JY(Z(J(a))), by a result of Glauberman. Since .JV,(Z(J(a))) 3 21, we
get @ £ 2K, against our choice of @. Hence, J^*(^3) £ ^ ^ * ( © ) .

We may now complete the proof by using the argument of Theorem
0.24.4.

THEOREM 10.3. Suppose peπ4ί p ^ 5, 5β is a Sp-subgroup of ©,
and 3ft = AΓ(5β). Lei X be a S2-subgroup of 3ft permutable with Sβ.
TΛβπ o^e o/ ίΛe following holds:

(a) 2 G 7Γ2.
(b) jPor eαc/2, T in 2#, Cm{T) has cyclic Sp-subgroups and S2,p-

subgroups of 2ft are p-closed.
(c) Z is a S2-subgroup of ©.

Proo/. Let φ o = 0,(^2:). Since pe ττ4, X is faithfully represented
on ^30. Suppose (a), (b), (c) fail. Let ϊ * be a S2-subgroup of © which
contains Z. Suppose C^(T) is noncyclic for some involution T of %.
Then C¥ o(T)e.jy;(^), so C@(T)^3ft. Since ^ ^ L ^ ( S £ * ) ^ 0 , it fol-
lows that Ce(T) contains an elementary subgroup of order 8, so S
contains an elementary subgroup 21 of order 8. Let

21 = {A\AeW, C^{A) is noncyclic} .

Suppose £ contains an elementary subgroup of order 16. Then there
is a four-subgroup 93 of % such that C¥(S3) is noncyclic. Hence C&(B) £



488 JOHN G. THOMPSON

m for all B in 23*. Thus, if Ne N.(Z), then φξ is normalized by 8 ,
so W S 2 R , so iVeHft. Hence, in this case, N&(X) S 2R, so that (c)
holds. We may assume that £ contains no elementary subgroup of
order 16. Let S be a normal elementary subgroup of 2* of order 8,
and let g 6 S^^^V(%*), β g g . Since C%(T) S 2R, so also Cβ(Γ) C SK*
If (£g9K, then we may take Te ©, so that g S 2ft. But then φ o e
H©($; ί>)> so N®m$0) contains a S2-subgroup of ©, by the transitivity
theorem. This is not the case, so C*(T) = ©0 is of order 4. We may
now take 21 = <Γ> x <g0. Then € n @0 - 0 . Choose N i n ^ ( ϊ ) - £*
Then X normalizes $β0\so 5Fn© 0 = 0 . But we also have %N 0$ = 0 ,
since JV£ 2K. Thus, | t | ^ 2. Since OffiX) = 1, Lemma 5.3 yields an
Sl-subgroup ^ of ^30 which is the direct product of 3 Sl-subgroups of
order p, $px = φ u x ^ 2 x 5β18, such that C.Oft) = 1. Let SX, = C , ^ ) ,
SX,, = 21, Π %. Since | € | ^ 2, we may assume that 2t12 = 2t23 = <A>. But
then A centralizes ^ contrary to construction. Thus, X is a S2-sub-
group of © in this case.

We may now assume that C%Q(T) is cyclic for all T in X*. Hence,
X contains no elementary subgroup of order 8. If ^30 = Sβ, then (b)
holds. We may assume that ^βoc^β.

Let So - S Π OPt2m), 5β* = ^ W , So* - [So, 5βf]. Since p ^ 5,
β̂f centralizes every characteristic abelian subgroup of X*. Hence

X* is special, by Lemma 5.17. Suppose \Z(X£)\ ^ 4. Let J be any
involution of Z(£o*) Since C$0(J) is cyclic, So*' centralizes C%0(J). Since
|Z(£0*)| ^ 4, it follows that £0*' - Z(£o*) centralizes ^β0. This is not
the case, since φ o is noncyclic. Hence, £0* is extra special of width
2 and p = 5. It follows that if J is any noncentral involution of £0*,
then Cφo(J) is noncyclic. This is not the case. The proof is complete.

HYPOTHESIS 10.1. ^fS^{%) contains an element SK with the pro-
perties:

( i ) 12K I is even.
(ii) C9(I) S 2K for every involution / of 3K.
(iii) If X is a S2-subgroup of 2R, then N&(X) s SK.
(iv) If p is a prime such that some element of SK of order p is

a product of two involutions of © and is not a product of two involu-
tions of 2ft, then S^-subgroups of 3K are cyclic.

(v) If P is in Or(Wl)*, then either CΘ(P) = C%{P) or CJ(P) SSK

THEOREM 10.4. Under Hypothesis 10.1, © is isomorphic to L2(2n)
or Sz(2n) for some n.*

Proof. By Lemma 5.38, ϊ(@) - i(3K) = 1.
4 This theorem is an immediate consequenee of Bender's theorem on strongly

embedded subgroups.
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We next show that if § is any element of SΦ£f(f8>) such that
£ Π 3ft contains a four-group, then φ £ 3ft. Let Io be an involution
of φ Γ) 3ft and let Xo be a S2-subgroup of § containing Jo Two ap-
plications of Hypothesis lθ.l(ii) yield £ 0 £ 3ft. Let 3S be a four-
subgroup of £ 0 Then O2,(£) is generated by its subgroups O2'(Φ) Π

F e SB1, so O r(φ) £ 3ft. Let S x = O2,,,(φ) n So» so that

If NeN^Z,) and Γ is an involution of Xx, then Γ ^ e ^ , so that

TN = TM f o r s o m e M inm and iSΓikf-1 e Cβ(3P) £ 3ft, so iVe 3ft. Hence,

Let / be an involution of 3ft and let (£ = Cβ(I) = Cm(I). Let
m = 13ft: E |, the number of involutions of 3ft. Choose G in © — 3ft.
Then 3ftG contains exactly m involutions Tl9 •••, Tm9 and

{1, 21T2, •-., TxTm)

is a set of representatives for the cosets of (£ in 3ft. Holding (? fixed
and letting / range over the involutions of 3ft, it follows that Tγ T*
commutes with no involution of 3ft, 2 ^ i ^ m. By the results of
[9], ra ^ 3.

Let @ - {1, ΓXΓ2, . .- , 71ΓJ, U - <Γ1Γ2, •••, 71Tm>. Then U is a
subgroup of 3ft normalized by Tγ and @ is a subset of 3ft closed under
all power maps I H X S , s = 1, . Also, |U | is odd since Tλ commutes
with no involution of 3ft. Let p be a prime such that some element
S of @ has order p. If S is a product of involutions Λf, Λf' e 3ft, then
since M, M' e O2,,2(3ft), we get S e O2,(3ft). But then Hypothesis 10.1(v)
is violated. Hence, S is not a product of two involutions of 3ft, so
by Hypothesis lθ.l(iv), ^-subgroups of 3ft are cyclic.

Let Ίt be the set of primes p such that some element of @ has
order p. By the preceding argument, if p e π and Qp is a Ti-invari-
ant Sp-subgroup of U, then Û , is cyclic and Tx inverts every element
of Up. Hence, 3? = Y[p VLP is the direct product of its subgroups Up,
pen. It is easy to see that 55 £ @, even though Θ is not yet known
to be a subgroup. If V is any element of @, then F is a 7Γ-element,
so Ti centralizes 0 ,̂(11). As Tx inverts every element of S3, it follows
that S3 also centralizes Oπ/(U). Hence, S3 <| U. Hence, Tί centralizes
U/93. Since | XX | is odd, and U is generated by elements inverted by
7\, we have 11 — 93. In particular, |9S| = m. Since a S^-subgroup of
3ft is a Z-group, and since no element of S3* centralizes any involution
of 3ft, it follows that 3K = (£33, (£ n S3 = 1, and this implies that K is
a 7r'-group.

Let £ be a S2-subgroup of 3ft permutable with 33. Since Z has
more than 1 involution, O2,(S£33) = 1. By Lemma 5.40, we conclude
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that £S3 is a Frobenius group with Frobenius kernel £ .
If m0 is the number of involutions of £, then m0 ^ m, clearly.

On the other hand, m0 = 0 (mod |S3|), since £S3 is a Frobenius group.
Since m = |33|, it follows that m = m0, so S3 permutes transitively
and regularly the involutions of SPΐ. Hence, m = 2& — 1, where 2fc =

Let £ 0 - fl^ZCε)), so that £ 0 < 3ft, and let £ 0 = C@(£o) =
Clearly, (£0 is a T.I. set in ©.

Since S3 is transitive on φf, any π'-element of 3ft which centralizes
S3 lies in <£0. Let 3ft = 3ft/(£0 and let » = S3(£o/(£o. As S3 is a S-sub-
group of 3ft and is transitive on £>?, it follows that O^(9ft) = 1, which
in turn implies that SS = F(SK). Hence, the subgroups Ĉ SSCΌ, Coe (£0,
exhaust all conjugates of S3 contained in 3ft. Also, if A, Aιe 3K, then
[S3̂ , S3̂ i] S e 0 .

We next show that if FeS3* and Ge® - SK, then F G ^ F. As
we have already shown, we have G = CU, Ce(£, !7 an involution.
Furthermore, there is an element Co of Ko such that U inverts every
element of C ŜSCo Hence,

(10.1) UC~1VCU= V,

(10.2) UCo1 FCO U = Co"1 V-'Co

Thus, i/IC-'VC, Cr1VColt/'= [F, Co^F^Co]. Since Ko is a T.I. set in
® and 2ft = N*(&0), we have [F, C ^ F " 1 ^ ] = 1. Hence, we necess-
arily have Co""1 FCo = V, since <F> is a S-subgroup of <F, Cr'FCo).
Hence (10.1) and (10.2) become C~ιVC = UVU = V1. This is not
the case, since S3 normalizes X, so that no element of S3* is SK-real.
Hence C®(V) S ^ for all F in S3*.

We next show that C&0(V) = 1 for all F in S3*. Since C&(V) -
, we see that T1 normalizes Cm{V), so normalizes Oπ,(Cm(V)) 2
Π Ko Since TΊ normalizes S3, ϊ7! also normalizes

Since (£0 is a T.I. set in ©, we have [S3, Oπ,{Cm{V))\ = 1. Hence,
S3 <] ^ ( F ) . Since S3 is the largest subset of 9ft which is inverted
by TΊ, it follows that 2\ centralizes some Sτ,-subgroup of C K (F),
and in particular, centralizes CΘ o(F). Hence C&0(V) = 1, and so (£0S3 is
a Frobenius group with Frobenius kernel (£0. Since £ S ®0, S is a T.I.
set in @. We may apply [36] and conclude the proof of the theorem,
since if q = 2n > 2, i73(g) is not an iV-group.

HYPOTHESIS 10.2. (a) p, qe π(®)—{2}.
(b) 3̂ is a Sp-subgroup of © and Qo is a maximal element of
;q).
(c) 3̂ does not centralize Qo.
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(d) spsJV.(£g'.
(e) D o contains an element Q of order g such that C9(Q) Π N®(£ί0)

does not contain an elementary subgroup of order g3.
(f) O is a Sg-subgroup of N*(&0) permutable with 5β.

LEMMA 10.6. Under Hypothesis 10.2,
( i ) g e τr2.
(ii) £ι is a Sq-subgroup of ©.
(iii) Either Q is abelian or O is α central product of a cyclic

group and a nonabelian group of order qz and exponent g.

Proof. Hypothesis 10.2(c) and (d) imply that A9(!O,0) is nonabelian.
In particular, £}0 is noncyclic. We first treat the case m(Z(£}0)) ^ 2.
By Hypothesis 10.2(e), it follows that Ω^Z^,)) = Aί&o) is of type
(g, g). Let £}* be a Sg-subgroup of © which contains Q. Clearly,
Z(JQ*) S O and A(Z(D*)) S ^(Πo), by (e). If Ωt(Z(£L*)) = A(^o), then
£} = £}*, since Q is Sρ-subgroup of the normalizer of every nonidentity
characteristic subgroup of Qo. In this case, we have A(^o) = fli(O).
In particular, ^ ^ 1 ^ ( 0 ) is empty. Since g > 3, an appeal to 0.3.4
shows that O is metacyclic, so by 0.3.8, £} is abelian and we are
done.

Suppose Ωy{Z{£x*)) cfl^Oo)- I n this case, we conclude that

If Ωy(Zz(D*)) does not centralize βL(O0), then the image of
in ^©(^(QQ)) is a normal subgroup of order q, so that Sg,-subgroups
of 4̂©(Po) are abelian and (d) is violated. Thus βi(Z2(Ci*)) centralizes
fl^Do). Hence, ^ ( ^ ( D * ) ) = A(Po) by (e). This in turn implies that
Q* = Q and that ^ ^ ^ / ^ ( Q ) is empty. Since £1 is nonabelian, O is
not metacyclic. Hence, ^(O) is of order g3, by 0.3.4. Since β^Qo)
is of index q in β^O), it follows that 4̂®(O0) has a normal subgroup
of order q and (d) is violated. Thus, if Z(£}0) is noncyclic, we are
done.

The rest of the proof assumes that Z(D0) is cyclic. By (d), 3̂
centralizes Z(O0). Let DL be an element of . ^ ( D o ) , and let D 2 = β^Qj.).
Suppose Q £ $χ. Then Ca2(Q) is of order g, and <Q, Q2> is of maximal
class. This implies that 7Ώ2Ωo is of index g* in £}2, i = 1, •••, π,
gf% = | O 2 | . Now (d) implies that β̂ centralizes O2, so centralizes D 1 5

so centralizes D o This is not the case, so Q e O 2. As £i2 is of class
at most 2 and is of exponent g, this implies that | Q 2 | ^ g3. Suppose
| Q 2 | = q2. We see that 3̂ centralizes Q2 and so centralizes O0. Hence,
O 2 is the nonabelian group of order g3 and exponent g. Now (d)
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implies that Λ^D^fDΐ) is a g'-group. Hence, by a well-known pro-
perty of extra special groups, we have O = SdzCai&ύ By (e)> Coί^a)
is cyclic. The proof is complete.

HYPOTHESIS 10.3. (a) peπs- {2} and Sβ is a Sp-subgroup of ®.
(b) g is an odd prime, q Φ p and O 0 is a maximal element of
;g).
(c) β̂ does not centralize £V
(d) Q is a Sg-subgroup of N9(£L0) permutable with 5β.
(e) Either g Φ 3 or 3 e ττ3.

LEMMA 10.7. Under Hypothesis 10.3, D, is a Sq-subgroup of ©.

Proo/. By Theorem 10.1, *β S J
We may assume that Hypothesis 10.2 is not satisfied for (Sβ, Qo, £ϊ)

Hence, g G π3 U ττ4 If g e π4, then since q ;> 5, the lemma follows from
Theorem 10.2. Suppose q e πz. In this case, the lemma follows from
§ 0.20.

LEMMA 10.8. If p,qeπ3- {2} and <2I, S3> e < P ^ J ^ ( @ ) ^Λβrβ 21 e
and 33 e J^(g), ί/̂ e^ p ~ q.

Proof. Assume that p η^ q. Choose the notation so that p > q.
The proofs of Lemma 0.10.12 and 0.22.1 show that if ^ is a p, g-sub-
group of © and ί£ contains an element of J%f{p), then & is p-closed. On
the other hand, by sections 0.17 and 0.19, it follows that if $ contains
an elementary subgroup of order g3, then ί£ is g-closed. The details
are straightforward, so are omitted.

We may assume that <(2t, S3> is a p, g-group. Let S be a maxi-
mal p, g-subgroup of © containing <(St, 35>, and let &p&q be a Sylow
system for $. We may assume that 35 £ ίϊff. Clearly S3 is faithfully
represented on &p, since p η^ q. We may therefore choose 5 in 23* so
that C$p(B) is not centralized by 33. Let (£ = C9(B) so that & contains
an elementary subgroup of order g3. Thus, all p, g-subgroups of (£
are g-closed. This violates the fact that 23(7® (B) is not g-closed and
completes the proof.

LEMMA 10.9. Assume the following:
(a) p, geτr 3 Uπ 4 - {2}.
(b) Either 3 ί {p, g} or 3 6 τr3.
(c) <2i, 33> G &Z?£f(®), where a e J^(p) , S3 e J^(g).

p ~ q.

Proof. If j> and g are in τr4, then ΛΓ«2l> 33» contains a Sp,g-
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subgroup of ©, by Theorem 10.2. This is obviously impossible. We
may assume that peπ4, qeπs, by Lemma 10.8. Let Wl = M(ζ% S3».
Then Wl contains a S^-subgroup 5β of ($. Let S be a Sp,g-subgroup of
Wl which contains φ, and let Q be a £g-subgroup of 8. We may
assume that S3 § £}.

Let φ0 = Op(£). Since O (̂2K) = 1, so also Op,(%) = 1, so Q acts
faithfully on ^β0.

Suppose by way of contradiction that G contains no elementary
subgroup of order g3.

Choose Be33*. We argue that one of the following holds:
(a) C9o(B) is cyclic.
(β) C^{B)e^{p).

Suppose (a) does not hold. Let <£ = C¥O(JB), 9? = iV^®). Since S3
acts faithfully on ?β0, we have 3 Ϊ : D ( £ . Also, 9Ϊ = &[9fc, <J3>], and so
5R = g CgtίS). Since 5 does not centralize % B does not centralize
CR((£), and so does not centralize A(C»(®))« Thus, CΛ(K) contains
an element D of order p which is not in (£, and so <(£, Z?> = E χ <#>.
This equality shows that K e J ^ ( p ) .

Suppose now that (β) holds for some E in S3*. Then C(B) Π 2K
contains an element of J&ί(p), and so C(5) s SK. But S3eJ^ί(g),
and so C(B) contains an elementary subgroup of order g3, the desired
contradiction.

Since S3 acts faithfully on ?fi0, we can choose l?eS3# such that 23
does not centralize C$Q(B). Since C#Q(B) is cyclic, we get p = 1
(mod q). In particular, 3̂0S3 is supersolvable.

Let ® be a minimal normal subgroup of ̂ 3OS3. Thus, ® g ^(^30)»
and I S) | = p. Also, ^β0 = Cφo(®) contains an elementary subgroup
of order p\ so C(®) S Wl.

Let 8̂o - S3 Π C(®), so that | S301 - q. Let Λ be a Sp,g-subgroup
of C(S30) which contains S3®. Then

( i ) ^ is not g-closed.
(ii) & contains an elementary subgroup of order q\

Let $ be a p, g-subgroup of © which satisfies (i) and (ii) and such
that \§\q is maximal. Let φ p , § g be a Sylow system for φ.

Case 1. [Op(φ), ©J = 1 .

In this case, Op,q($) = Ov(§) x Off(§). By Theorem 1 of [43], we
get that $q is a Sg-subgroup of ©. Set £>0 = Og(ίp).

Since p Φ q, Sp-subgroups of φ are not in J^J(ί>). Thus, $p has
a cyclic subgroup Qε of index p. Since g e π3, ^>g g iV(£>0)'

Now ^ p has a cyclic subgroup of index p and Q is a ^,g-subgroup

of N($o), so Zp(ΛΓ(φo)) = 1. Since §q £ iV(^0)', it follows that

0>(Φp) i s o f order divisible by g, and that j ^ ( $ o ) ( ^ ) ' contains
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a £g-subgroup of J^<$o )(φp). This implies that !QP is elementary
of order p2.

Let £ = A9(§p). Since φ p g J^(2>), it follows that p | |X| Since
X is solvable, X' is a p-group. This is the desired contradiction, since

2. [Op(φ), φ j ^ 1.

Since $ contains no element of J ^ ( p ) , we get | Op($) | = p. Hence,
I O«(Φ) I > q, since φ g contains an elementary subgroup of order g3.
By Lemma 6.6 (ii) (with p and q interchanged), it follows that ξ>g is
a Sy-subgroup of ©, and Op(§) is a maximal element of N($q; p).
By Theorem 10.1, we have $q g JV(Op(φ))', which is the desired
contradiction. The proof is complete.

LEMMA 10.10. Assume the following:
(a) p, q e τr3 U π, - {2}.
(b) Either p Φ 3 or 3 e π3.
(c) There is an element § in Sf^^f(®) such that

( i ) Sfe contains an element of J*f(p).
(ii) !Q is a p, q-group and Q is not p-closed.

Then p ~ q.

The proof of Lemma 10.10 parallels the proof of Lemma 10.9 and
is therefore omitted.

We are now in a position to handle'—adequately.

LEMMA 10.11. Assume the following:
(a) p, q, r e τ r 3 u π 4 - {2}.
(b) Either 3 Φ p, q, r or 3 6 ττ3.
(c) p ~ q and p — r.

Then q ~ r.

Proof. We may assume that <Sl, S3> is nonsolvable whenever
5te J^to) and 23 e J ^ ( r ) . Let φ be a S^-subgroup of ©. By sections
0.19 and 0.20 together with Theorem 10.1, © satisfies Ep>q and Ep,r. Let
O, 91 be >Sg-and Sr-subgroups of © respectively which are permutable
with φ . Suppose φ centralizes Off($βQ), and 0,(^0) is cyclic. If
Or(^3i) ^ 1, then by the transitivity theorem, N»(Or(φ3t)) contains an
element of J&{q). If Or(φ3ΐ) = 1, then iV@(SS) contains elements of
Ssf{q) and J^(r) where 93= 7(ccZβ(2l); Sβ), 3 L e ^ ^ L ^ ς ( φ ) . Suppose
5β centralizes O,(^3D) and O,(^Q) is noncyclic. Then Or0β9ΐ) is cyclic,
since otherwise C®(P) contains an element of J^(q) and of j y ( r ) for
some P in 5β». Since Or(^33ϊ) is cyclic, it follows that JV@(
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contains an element of S*/(r). Thus, we may assume that Sβ does
not centralize Off($β£l) and 3̂ does not centralize Or(^33ϊ). By Lemma
10.6 if Q is an element of Off(Sβ£ϊ) of order g, then Ca(Q) contains an
elementary subgroup of order g3. Similarly for Or(^39ΐ). We may
now copy the proof of Theorem 0.22.2. The proof is complete.

LEMMA 10.12. ( i ) Suppose p, qeπ3 — {2} and © satisfies Ep,q.
Then © satisfies Cp>q.

(ii) Suppose p, qeπ2 — {2} and ® satisfies Ep>q. Then ® satis-
fies Dp>q.

Proof. The proof of (i) may be left to the reader, as it parallels
the proofs in §0.21. As for (ii), if p > q, then every p, g-subgroup
of © is p-closed, so Dp>q is obvious.

DEFINITION 10.1. Let σ be an equivalence class of 7r3 — {2} under—.
Then τ = τ(σ) is the set of odd primes q with the properties:

(a) q £ σ
(b) q £ π4.
(c) There are at least one prime p in σ and one element @ of

S^^{®) such that @ is p, g-group, \&\p = \®\p, and © is not p-
closed.

LEMMA 10.13. Suppose σ is an equivalence class of π3 — {2} under
—, and peσ. If ®0 is a p, q-subgroup of ® which is not p-closed,
if @o contains an element of J^(p), and if q £ σ U π4 U {2}, then q e
τ(σ).

Proof. Let S^ be the set of subgroups of © which satisfy the
hypothesis of the lemma. Let i be the smallest positive integer such
that some element of £f contain an element of J#l(p). Among all
elements of S? which contains an element of J^5(j>), choose @ so that
|@|p is maximal, and with this restriction, maximize |@|ff.

Suppose i = 1. Choose SI S @ such that 31 e S^^^Vz{p), and @p

is a Sp-subgroup of @ containing 21 and let $ be a S^-subgroup of ©
containing @p. If SI centralizes Off(@), then @SiVβ(SS),

by section 0.17, so by maximality of @p, we have @p = 5β and we are
done. If 31 does not centralize Off(@), then maximality of |@ \q guarantees
that Off(@) is a maximal element of M(3I; g), so by maximality of @p

and section 0.17, ©^ = β̂ and we are done.
Suppose i > 1. Let O0 = Off(@). If @p centralizes £ι0, then maxi-
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mality of @p and Lemma 0.7.9 guarantee that @p contains an element
of ^f^Λ^p), contrary to i > 1. Hence, @p does not centralize Do-
Let S3 be a subgroup of @p of type (p, p) with 33 e J ^ β β ) . If 33 does
not centralize £lQ, then 33 does not centralize CΆo(B) for suitable B in
33*, so that Sp,ρ-subgroups of C®(B) are not p-closed. This violates
the choice of i, since C&(B) contains an element of J^_i(p). Hence
% = <33|33 s @p, S3e j*ί(5β), 33 of type (p, p)> centralizes O0. Since
β̂o is weakly closed in @p, we have |iVβ($βo)|p > |@|P Since @pQ0 is

contained in N&(%), Sp ^-subgroups of JVe(5p0) are not p-closed. This
violates the choice of @ and completes the proof.

THEOREM 10.5. / / σ is an equivalence class of πs — {2} under
~ , then © satisfies CσUr(σ) cmd τ(eτ) S TΓ2.

Proof. Choose q e τ(σ) and then choose p e σ so that for some
p, g-subgroup © of ©, |@|p = |©|j, and @ is not p-closed. We assume
without loss of generality that @ is a maximal p, g-subgroup of ©.
Let •{©„ @J be a Sylow system for @, and let O0 = Off(@). If ©„
does not centralize O0, we apply Lemma 10.6 and conclude that g e
τr2 and that @g is a S^-subgroup of ©. In this case, it is straight-
forward to verify C*,g. Suppose [@p, O0] = 1.

Let % = Op(@) so that F(@) = φ 0 x D o - O, p(@). Let

Thus, 21 s φ 0, so @ s iV@(3S) = 91, 35 - 7(ccί@(Sl); @p), and S i s a Sp,q-
subgroup of 3i. By sections 0.17, 9ϊ = Op(9ί). Consider D = Op ff(@)/Op(@).
Since g^σLJτr4, it follows that . ^ ^ ^ ^ ( Q ) = 0 . By construction,
Θ/βo is faithfully represented on £i and ̂ le(D) - O pU e(Q)). This
implies that ^4@(Π/Z>(Q)) is a g'-group, which in turn implies that
0p,ff(@) — β̂o@g> which in turn implies that @ρ is a Sy subgroup of @.
The details are omitted.

Since O is clearly not cyclic, it follows that q e TΓ2. Furthermore,
it follows that © satisfies Cp,qf and the preceding argument shows
that if X is a maximal j), g-subgroup of © and |3 ; | p = 1©^, then X
is a S^-subgroup of ©. (Note that this is weaker than C£,q.) In
any case, we have shown that τ(σ) £Ξ TΓ2.

Retaining the previous notation, let p1 e σ. We may use Lemma
10.8 together with Cp>Pl to conclude that © satisfies CPl,q.

Now suppose q1eτ(σ). By the preceding argument, © satisfies
Cp,qi. As the situation is symmetric in g, q19 we may assume g > qx.
In this case, every g, g rsubgroup of © is g-closed. Lemma 10.8, Cp,q

and CPtQl yield Cq,qi.

We may now apply the argument of section 0.21 and conclude
the proof.
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THEOREM 10.6. Suppose peπs, p is odd, 3̂ is a Sp-subgroup of
© and 5£ = <Ίρ | £ e Mβ(Sβ)> is a solvable pf-group. Then

Proo/. Let Έl = JV.(ft) a 5β and let J ^ * ( φ ) = {SX|SX S 5β, §1 con-
tains an element of J^0β M ) for some M in 9ft}, i = 1, 2, 3, 4, and let
i be the smallest integer such that some element of J^*0β) is not
in ^C*(@). Let 21 be such an element of maximal order and let @
be a solvable subgroup of © which contains 21, is not contained in 2ft
and is minimal subject to these restrictions. Then @ = 21Q for some
g-group D, qφ p. By minimality of i, together with the transitivity
theorem, it follows that Off(@) £ SK Hence, Off>p(@) = Off(@) x Op(@)
and 21 is a £p-subgroup of JVe(Op(@)). Let 2l0 - 0,(0). Thus,

x ® ,

where SD is a p'-group. Choose S in @ — SK. Then 2t0 normalizes
^ 5 . Since Λ5 S 2TC, it follows from Theorem 2 of [41] that

Hence $ = $ s against our choice of S. The proof is complete.

THEOREM 10.7. Suppose % is a S2-subgroup of ©, 2eττ3, and
St = < ^ I φ 6 M@(2:)> is o/ oAZ order. Lei 2K = JV.(ft). 2%e^ 9K a iV@(£)

αtid 9K contains the centralizer of each of its involutions.

Proof. If NeN9(Z), then £ normalizes 5F. By definition of St,
we have ft = ft*, so iV@(£) S 2K.

Suppose ZeΩ^ZiX))*. We will show that Ce(Z) s 3W. Let

£o - s n orΛ(c.(Z)).

Thus, there is a subgroup S3 of £ 0 with Ze^8e^(Z). Choose JVe
iV(£o) Π C9(Z). Thus, 2:0 normalizes ft*. Now ft* n C9(Z) is normalized
by £ 0 , so ft* n C.(Z) S 0r(C9(Z)), so ft* n C.(Z) s ft. Choose £ e S3*.
By Lemma 6.1, [ft* Π C(B), Z] SθAC9(E)). Since C&(B) contains an
element of ^WL^ς(S), it follows that [ft* n C(B), Z] £ ft. Hence
$ * s ft, so ft* = ft, or in other words, Ne 2K. Since

C.(Z) = Or(C.(Z))-(N.QQ Π C.(Z)) ,

it follows that Ce(Z) £ 2K.
We next show that if 3t < £, ^(21) = Z(20 and 21 contains an

element S3 of ^ ( £ ) , then JV,(S) s 2K. Choose NeN®(W). Thus, 21
normalizes ft*. Choose Z e Z(£) Π 33*. Since [ft* n C(β), Z] g ft for
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all B in 33* and since $tN n C(Z) £ ft, it follows that ft* = ft, iVe 3ft
so JVΦ(SI) £ 3ft.

Suppose ϊ g @ G ^g^Sf (@). Then O2,(@) £ ft and

iV(s n o2,,2(@)) s 3ft ,

so © £ 3ft. That is, £ e ^T*(©).

Throughout the remainder of the proof, we set Zo = Z f) O2,,2(3ft).
Since 2G7Γ3, there is an element S3 of %S(Z) with S 3 g £ 0 . We will
show that CJlβ) £ 3ft for all B in 33*. If Z{%) is noncyclic, the as-
sertion holds since Ze ^f*(®). We may assume that Z(Z) is cyclic
and that 5 ί Z ( ϊ ) . Let £ * be a S2-subgroup of Cn(B) which contains
CX(B). If £* is a S2-subgroup of ©, then since S*e^^*(@), we get
C9(B) £ 3ft. We may assume that £* is of index 2 in a S2-subgroup
of 3ft, so that £* = C%(B). Since iV@(£*) £ 3ft, it follows that S* is a
S2-subgroup of C*(B).

Let 3; = S* n O2,,2(C(B)) and choose ΛΓ in C(£) n -^(SJ. Then 2X

normalizes ft*. Let ft = ft* n C(B). By definition of S^ it follows
that ft£O2,(C(B)). But £ * contains an element of ^ ί f ~ ^ ς ( £ ) , so
O2,(C(B)) £ ft. Thus, ft £ ft. If Bx e 33* and Z e S3* n Z(35, then

[ft* Π COR), Z] £ ft

by Lemma 6.1. Since ft £ ft, it follows that ®N = ft, so C&(B) £ 3K,
as asserted.

Let I be an involution of Xo which centralizes a subgroup S3 of
^( ίE), where a 3 ϋ £ 0 and & is some S2-subgroup of 3ft. Let Z, be a
S2-subgroup of ^ ( 1 ) which contains C%0(I). Let ^ " = {X\Z is a 2-
subgroup of © and X Ξ2 2 J . We will show that each element of j ^
is in 3ft. Suppose false. Among all elements of Jf which are not
contained in 3ft, choose % so that X Π 3ft = £* is maximal. Let £ *
be a S2-subgroup of Nm(Z?). Maximality of 2f guarantees that 2*
is a S2-subgroup of N9(X*). Choose N in N®(Z?). Then 5£* normalizes
ft*, so C%{I) normalizes ft*. Since 93 £ (7^(1), it follows that ft* £ 3ft.
By definition of £ 0, it follows that [ft*, CXQ(I)] £ ft. We will show
that $ΐN Π C(C%0(I)) £ ft. This is an immediate consequence of Lemma
5.11 applied to ft* n C{CH{I)) x C^(I) acting on O2,,2(3ft)/O2,(3ft). Hence,
ft* - ft, so iV@(£*) £ 3ft. But X* = X n 3ft and X £ 3ft, so NΪ(Z?) £ 3ft.
This contradiction establishes our assertion.

Let & be the set of all subgroups 33 which are contained in
O2/,2(3ft) and are also in ^(ίE) for some £2-subgroup Z of 3ft. Suppose
S S G ^ , and I is a S2-subgroup of 3ft. If <Z(£), 33> is a 2-group,
then since Z(X) maps into the center of O2,,2(3ft)/O2,(3ft), it follows that

3> is abelian.
Let <J^ be the set of involutions of O2/,2(3ft) which centralize at
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least one element of &. We will show that for each I in ^ , C©(7) £ 2K.
Suppose false. Among all elements of ^ whose centralizers are not
contained in SK, choose I so that |Cβ(7)|2 is maximal. Let £ * be a
S2-subgroup of Cm(I). By our previous argument, £* is a S2-subgroup
of C«(7). Let X be a S2-subgroup of SK which contains £* and
choose

Thus, <7, ^ > is a four-group.
Let £* - S* Π OrΛ(C.(I)).
If @ is any solvable subgroup of © and if ίE* is a S2-subgroup

of @, then since £f <| £*, it follows from Lemma 5.11 that 02/(@)
contains every element of M@(£ί;2').

Choose N in #(2?) Π C«(7). Thus, £* normalizes β*. Suppose
StN £ 271. Let U = Cβ(7) Π 5F. Thus, taking @ = Cβ(7), we get

By Lemma 3.7 of [20], it follows that U § $. Now [^, /] S ® since
Ie2:0gO2,,2(SK). Hence, ^ = (CG(I) Γ\ ®N)[®N, I]SSl, so NeWl. Since
C®(I) = (C*(I) Γi N9(%f)) 0z,(C9(I)) and since £* contains an element
of 33, it follows that C®(I) £ S3Ϊ. We may therefore assume that

Now ^ v = (ft^ n C ( / ) ) ( ^ Π C(Z))(ίF n C(ZJ)). Since ^ n C(I) S
O2,(C(I)) S SK, and since Cβ(Z) a 3K, it follows that ^ Π C(£T) g SK.
Now C(Z/) 3 P , so by maximality of |C β(J) | 2, it follows that S* is
a S2-subgroup of Cβ(ZI). Taking @ = Cβ(ZI), we get

^ n c(zi) a o2,(C(zi)) a aw .

This contradiction shows that if l e ^ " , then C9(I) £ 3K.
Suppose now that G^SDΪ. We will show that ^ f] ^ G = 0 .

Suppose false and Ie^ Γ\<J^G. Then Cm(I) and Cmo(I) both contain
S2-subgroups of Cβ(7), since Cβ(J) = CmQ{I). Thus, a iS2-subgroup of
Cm(I) is contained in some S2-subgroup of SKG. Since each element
of j ^ ~ is in 2K, it follows that 2K n 3KG contains a S2-subgroup of ©.
Since 2 : G ^ ^ * ( © ) , we get 3K = 2KG, against Gg 2ft.

We next show that if G^Sft, then So n 3KG is elementary. Sup-
pose false and T is an element of Zo of order 4, TeSD^. Then 7 =
T2eD(%o)i so Ie^ Let £ be a S2-subgroup of 2KG which contains
Γ and let So = S Π O2,)2(2KG). Then X n <T> = 1, since 7 centralizes
every element of ^{%).

Let e - C(I) Π So. Then [5Γ, K] £ O2,,2(2K), since C(7) £ SK. Since
every element of [T, (£] centralizes every element of ^(5£), it follows
that [Γ, ff] - 1.
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Now T normalizes an element (£ of £S^^V0Co) and G£ contains
an element of <%?{%). Since C^I) = C^(T)f it follows thatJΓ centralizes
@. Hence, @ ϋ 3ft. Since @ contains an element of ^ ( £ ) , it follows
that $ £ 2 f t G . Since fteM(@;2'), it follows that ft S O2,(3KG) = ftσ

This violates the assumption that GgSft, so Zo n 3ftG is elementary.
We rephrase the previous result in a more convenient form: if

SDΪi and 9ft2 are distinct conjugates of 2ft, then {^(SKO Π SK2 has ele-
mentary abelian S2-subgroups.

We now choose an element Z in Ω^Zφ))*. Suppose ZGe-$R. We
will show that Ge$Jl. Suppose false. We assume without loss of
generality that C%{ZG) is a S2-subgroup of Cm(ZG). In particular,
ZGeX, so ZG normalizes Xo.

Since C9(Z°) S 3ft*, it follows that C^0(^G) is elementary.
Let 33 be an element of ^ ( £ ) with 33 S £<>. Let So = C*O(33).

If CzQ(ZG) is of order 2, J hen <ZG, So> is of maximal class. S°inceJ
it follows that %Q = 33, and so Zo is either a four-group

or a dihedral group of order 8. Both possibilities are excluded since
2GTΓ3. Hence, C%0(ZG) is elementary of order at least 4, and of course

CtQ(ZG).

Let £ * be a S2-subgroup of SKG which contains C%{ZG). Let

ay = s* n o2

Let S3* G ̂ /(£*), 33* S So* and let £0* = C»*(SB*).
Choose C in C$0(ZGy. Then [Cϊo*(C), C^0(ZG)] is in

Oa,l2(2ft) Π 02,,2{ΈlG)

and being contained in Zf Π £*', we have [Cj*(C), C Ϊ O ( Z G ) ] = 1. That
is, all elements of C^Q(ZGy have the same fixed points on ίE0*. Also,
Czo(ZG) is faithfully represented on So* and C**(Z) is faithfully re-
presented on So. This implies that \C$*(Z) \ =°\C^0(ZG) \ = 2% with
α ^ 2. Let § = %>C%*{Z), 31 = < C Ϊ * ( Z ) , C ^ 0 ( Z G ) > = %X SI2, where
St - C Ϊ * ( Z ) , §I2 = Cio(ZG). Since α ^ 2, it follows that | S 0 : 2̂ 1 ^ 4.
Hence, it follows readily that ^ $ ( ^ ) contains a four-group, where
^ : 2t z> 2ί2 3 1. Each element of A^Ύ induces an isomorphism between
3I/3I2 and SI2. By symmetry, it follows that AJ^S) is nonsolvable.
This contradiction shows that if ZGem, then Gem.

Now let / be any involution of 3ft. Let 2* be a S2-subgroup of
Cm(I). We may assume that 2* g S . If S£* is not a £2-subgroup of
C@(/), choose T in iV@(S*) n C.(J) - SK. Then Z Γ G S K , SO Γ G S K , an
absurdity. Hence, £* is a S2-subgroup of Cβ(/). Since C9(I) f] O2/f2(2ft)
contains a four-subgroup whose 3 involutions are in ^ we have
O2/(Cβ(J)) S 2ft. Since ZeO2,,2(C9(I)), we get C@(/) g 3K. This com-
pletes the proof.
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THEOREM 10.8. Suppose peπ3 - {2} and jχ?(p) g ^T*(®). Then
( i ) 3GTΓ4.

( ϋ ) 2gτr4.
(iii) There are a prime q >̂ 5 and a subgroup 33 o/ ίτ/pβ (g, g)
ί/iaί 33 does ?ιo£ centralize every element of kl(33; 2) ami 33 does

centralize every element of M(33; 3).

Proof. Let σ be the equivalence class of τr3 — {2} under ~ which
contains p, and let π = σ U τ(σ). Let § be a S^-subgroup of ©, which
exists by Theorem 10.5. It is an easy consequence of Theorem 10.6
that for each q in σ, S$f{q) ξ£ ,^f*(&). For each set of primes τr0,
let £>Γo be a S^-subgroup of £>.

First, suppose that there is a prime q in σ such that the Sq-
subgroup of F(ξ>) is noncyclic. In this case, let 33 be a subgroup of
F(ίg) of type (g, q) which is normal in ίgq.

Let π* be the set of all primes s Φ q such that 33 does not cen-
tralize every element of kl(33;s). If | π * | <Ξ 1, then by the argument
of Theorem 0.24.1, it follows that < $ | $ e H(£,)> is a solvable (/-group
so by Theorem 10.7, J^(q) £ ^C*(©). This is not the case, so
| π * | ^ 2 . By definition of π, and by the transitivity theorem, it
follows that π f] π* = 0 , and π* π ( î U π2 U ̂ "3 — {2}) = ^. Suppose
SG7Γ*, s ^ 5 . Then SGTΓ4. By Theorem 10.2, J^(s) £ ^T*(@). It
follows readily from Theorem 10.7 that J&{q) £ ^T*(@). This is not
the case, so TΓ* £ {2, 3}. Hence, TΓ* = {2, 3}. By construction, 3 e ττ4.
Thus, (i) and (iii) are satisfied.

Let φ 0 be a maximal element of M(£>g; 2), and let D o be a maxi-
mal element of M(£>g; 3). Thus, 33 is represented nontrivially on both
^β0 and Qo Let © be an elementary subgroup of !gq of order qz which
contains 33. We can choose a subgroup @0 of @ of order q2 with
[C¥o(©o), @] =£ 1, and we can choose a subgroup Ĝ  of © of order q2

with [Cn^®!), 6c] ^ 1. Since g ^ 5, it follows that C%((SQ) contains a
noncyclic abelian subgroup of order 8, and C^d^ contains an element-
ary subgroup of order 27.

Suppose 2GTΓ4. Let @* = ©0 Π @i Φ l Then 2 - 3 , as C@(©*) ex-
hibits. Thus, Theorems 8.1 and 9.1 imply that © is isomorphic to either
S4(3) or i?2(3); both possibilities being excluded, we conclude that 2$ π4.

We may assume now that F(φ) Π £>σ is cyclic. We will show that
£ σ is nilpotent. Namely, «ξ)σ Π $&' centralizes F(ίg), so $σ f] $' £ F(φ),
so ^ σ Π £>' is cyclic. In particular, (Q'O is cyclic. By Theorem 10.1, it
follows that £>σ is nilpotent.

Let r be any prime ^ 5 , rgσ, and let qeσ. We will show that
every g, r-subgroup of © is r-closed. Suppose false. Thus, r||^4©(D)|
for some g-subgroup Q of ©. It follows from Lemma 5.51 that
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ξ>g contains a normal subgroup ξ>q such that r\\A&(ξ>q)\. Let $* be
a normal subgroup of ξ>q maximal subject to r\\A^q)\. Hence, §J
contains every element of S^^^K^g). Let 3ΐ0 be a £r-subgroup of
•̂ V®(̂ ?) which is permutable with $q and let 8 be a maximal g, r-
subgroup of @ which contains £>α3ΐo By the transitivity theorem,
ξ)q Π S' centralizes F(£>), so $Qq Π S' is cyclic. This implies that q = 1
(mod r), and that r | |@:@'| for every solvable subgroup @ of © which
contains £. It follows that © satisfies J57̂ ,r, so that £ is a S^-subgroup
of @. Hence, r g 7Γ3 since r g σ. Since r ^ 5, it follows from Theorem
10.2 that r£π4. Thus, reπι{jπ2 and @ contains a normal subgroup
of index r, against the simplicity of ©. Hence, every g, r-subgroup
of © is r-closed.

It is an immediate consequence of the preceding paragraph that

By the transitivity theorem, [F(£>), ξ>σ] is noncyclic. Choose q so
that the S^-subgroup of [F(ίg), tQσ] is noncyclic, and let 93 be a sub-
group of [F(£>), £>σ] of type (q, q) which is normal in Qq.

Let 7Γ* be the set of primes s Φ q such that S3 does not centralize
every element of M(§8;s). By the transitivity theorem, π Π π* — 0 .
Also | τ τ * | ^ 2 , since otherwise J^(p) £ ^^*(@), as may be easily
verified.

Suppose SGTΓ*, s. ^ 5 . Choose gx in σ. Since ξ>Ql f) C(Oq(ξ>)) is
noncyclic, it follows that !gqi normalizes a Ss-subgroup @ of @.
Suppose $ f f l does not centralize @. Clearly, s g π3, since s g σ. Also,
β g π4, since J*f{q^ £ ~^f*(®)- Hence, s e πγ U ττ2, so s e r(<τ). This
violates π* n ^ = 0^ and so φ g i centralizes @. It follows that § σ

centralizes a Ss-subgroup of ©, call it @. This implies that [Off(§), ^σ]
centralizes every element of M(Off(φ);s). This violates our choice of
33. Hence TΓ* S {2, 3}, so TΓ* = {2, 3}.

Since ^ p Π C(Oq{ξ))) is noncyclic, it follows that 3 e ττ4. If 2 g 7Γ4,
we are done, so suppose by way of contradiction that 2 e 7Γ4. Since
ξ>p Π C(Oq($)) is noncyclic, it follows that $p does not centralize every
element of W(φp; 2) and $p does not centralize every element of M(φp; 3).
Hence, 2~3, against Theorems 8.1 and 9.1. The proof is complete.

THEOREM 10.9. Suppose Z is a Szsuhgroup of © and Wl is solv-
able subgroup of © such that

(a) i\U£)g2K,
(b) Wl contains the centralizer of each of its involutions.

Let p be an odd prime, peπsUτc4. Suppose SK contains an element
of J*(p). Then

Proof. It is easy to verify that if G& Έl, then |SK Π SKG| is odd-
By Lemma 5.35, i(@) = ί(STί) = 1. Furthermore, as in the first part
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of the proof of Theorem 10.4, if @ is a solvable subgroup of © and
@ Π 3K contains a four-group then @ g HJΪ.

Let 5β be a Sp-subgroup of SPΐ permutable with X, and let ^3* be
a Sp-subgroup of © which contains *β. Let 3 = Ωx{%) = ΩJJZi^)).
By Lemma 5.40, O p(φ£)3 < 5β£. Set 8 = SβS.

Suppose O2(S) Φ 1. In this case, Op,{Έl) is of even order, so 3 S
Όp,(fΰl), so that 3 < | S . Let i be the smallest integer such that 3̂
contains a subgroup 95 of type (p, p) with 33e j^(p) . We can then
choose B in S3* with C8(B) noncyclic. Then C9(B) g 2K, so i = 1. Hence,
"5β contains an element of ^^LΛ^(p), and it follows that Sβ is a S -̂
subgroup of ®. We can then choose a subgroup @ of 3̂ of type (p, p)
such that Cθ(@) is noncyclic. Hence <?„(#) g 3K for all E in (g*. Hence,
every element of M($β) is contained in 301. By Theorem 10.6, we are
done.

For the remainder of the proof, we may assume that O2(8) = 1.
Let £ = Φ8> so that S is a group. By a result of Glauberman [17],

< S, so we get that

(10.5)

In particular

(10.6) φ is a ^-subgroup of ©, JV(φ) S 3K .

Now (10.5) and (10.6) imply that

(10.7) 3K is the only conjugate of M which contains 5̂ .

Let Q be a maximal element of M(Sβ; q) for some q Φ p. By the
transitivity theorem, which may be applied since p^πι U τr2, it follows
that iV«(Q) contains a four-group. Hence by (10.7), we get

•(10.8) N9(d) S 3K

In particular, every element of M(Sβ) is contained in 9K. If p e τr3,
we are done by Theorem 10.6. So suppose peπ4.

Let J ^ * ( φ ) = {SI |Sϊeφ, 2ί contains an element of

for some M in 2R.}

Let i be the smallest integer such that j^*(^3) §£ ̂ /^*(@), and choose
2te j ^ * ( ^ ) - ^r*(@) of maximal order. Let @ be a solvable sub-
group of © of minimal order subject to 21 £ @, © §£ 9K. Then @ =
2tO, where Q is a g-group for some q Φ p. The minimality of ί
guarantees that Og(@) S SK Suppose g ^ 2. Then



504 JOHN G. THOMPSON

by the result of Glauberman [17], so @ g 3K. Hence q = 2. Suppose
G contains a four-group. Then @ S 2WG for some G in ©. The
maximality of SI guarantees that 31 is a Sp-subgroup of 3ftσ. Thus
3KG = 3K by (10.7). We may therefore assume that £} contains no
four-group. In this case, the involution I of Q normalizes SI, and
the maximality of SI gives Ie 2K. Hence £} s Cβ(I) C 2K, so @ S SK..
The proof is complete.

11. The case 2 G τr2. Except for Lemmas 11.1 and 11.2, all results
in this section are proved on the hypothesis that 2 e τr2.

The following notation will be used throughout this section. X
is a S2-subgroup of ©, £ = ^ ( Z ^ ) ) . In case | £ | = 2, we set 3 = <Z>.
In case ^ ( £ ) ^ 0 , we choose a fixed element 2B of ^ ( £ ) and let
XQ = C2(2δ). In case | 3 | = 2 and <%r(X) Φ 0 , we choose J in SB - 3 ,
and observe that I — /Z. Let ?l = iVe(3), let £i be a S2,-subgroup of
Sfi, let S = iVs(G), and let © = % n O2,,?(5R). Let D 3 be a S3-subgroup
of %l permutable with X. Let 9ΐ = 9^/O2/(9i), and for any subset @ of
9ί, let © be the image of @ in 3Z. Further notation will be used for
various special cases, but the preceding notation is always used.

Notice that if SI, S3 are 2-subgroups of 91, then SI and 33 are con-
jugate in 5Ji if and only if SI and $8 are conjugate in $1. Finally,
|> = O2(ft) and CΈ($)

A result of Glauberman is quite helpful [16]. Since © is simple,
Glauberman's result implies that

(11.1) X has no weakly closed subgroup of order 2.

In this section, the groups of symplectic type appear frequently
(cf. Definition 2.4 and remark).

We begin with some elementary remarks. Suppose p is a prime
and 31, 33 are ^-subgroups of a group S and SI s iV(33), 93 ϋ iV(SI).
Let 2P be a Sp-subgroup of iV(3t) Π iV(33) and suppose that S^ is
not a Sp-subgroup of iV(S). Let 2; be a Sp-subgroup of N(2P) Π
iV(93), so that Z;z)2p. Since Sp is a S^ subgroup of iV(SI) Π iV(33),
no element of 8* — 2P normalizes SI. In particular, 31 is not charac-
teristic in any subgroup of 2P which is weakly closed in 2P with
respect to 2. We record this.

LEMMA 11.1. Suppose Si, 33 are p-subgroups of a group 2, SI S
JV(35), 23 S iV(3ί) αwd Sp is α Sp-subgroup of iV(3I) Π JV(S3). Suppose

also that 2P is not a Sp-subgroup of JV(33). Γfee^ 31 is πoί charac-
teristic in any weakly closed subgroup of 2P.

REMARK. In this section, this lemma will be used frequently in
case |SI| - |S3| = 2.
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We need an application of (11.1) and Lemma 11.1.

LEMMA 11.2. Suppose 22 is a S2-subgroup of the group 2 and

(a) | / > ( £ 2 ) | = 2 ,
(b) 82 has no elementary abelian subgroup of index 2.

Then D(22) £ Z{2 mod O2,(8)).

Proof. Let Z be the generator for D(22), and let / be an involu-
tion of S2 - D(22). By (11.1), it suffices to show that I and Z are
not S-conjugate. Let %l = CΆ{Z), and let $ be a S2-subgroup of ϋft Π
C(I). Choose N in 31 such that ^ = ϊ g g 2 . Let J=INeX. It
suffices to show that J and Z are not S-conjugate. In any case, J Φ Z,
since 9Ϊ centralizes Z. If JeZ(22), then J^ ̂  if and only if JNiz2)Z.
Since <Z> char iV(S2), J and Z are not S-conjugate in this case. We
may assume that J ί Z(82). Hence, |S 2 :3; | = 2, since | / > ( 8 2 ) | = 2 .
Since Z is not elementary by assumption (b), we get D(X) = D(22) =
(Zy, so by Lemma 11.1, J and Z are not S-conjugate.

We now turn to our group ©.

LEMMA 11.3. Suppose SI is a normal subgroup of X of symplectic
type and width 2^2. Then

(a) 21 is extra special of order 25.
(b) 373ί is faithfully represented on St//>(21).

Proof. Let w be the width of SI. As §1 is of symplectic type,
SI is the central product of 8I0 and SI: where SI0 is extra special of
width w and 3^ is either cyclic or of maximal class. Thus, Z>(31) =
%D(%) and so i22(Z>(SI)) is cyclic of order at most 4. Also, C%(Ω2(D(Έ)))
is of class 2, so that SI* = Ω2(C%{Ω2(D(Έ)))) is a characteristic subgroup
of SI which is the central product of 3I0 and a cyclic group of order
21+% where e = 0 if |SIJ ^ 2 and e = 1 otherwise. By Lemma 5.23,
some element SB of ^ ί T ^ ( S I * ) is normal in X. Hence |33| = 21+w+%
so |A(35) I ̂  2 e + w, since | /)(33) |^2. As ^ a f ^ ( £ ) = 0 , we have
β + w £ 2. Hence, e = 0, w = 2, so that SI = SI* = 3IC.

Let K = (^(SI) and assume (£ z> ST. Let (£0 be a subgroup of (£
of order 4 which is normal in X. Then |&O23| = 24 and />(£O33) S 2Γ;
so m(K0S3) ^ 3, against ^ ^ ^ ^ ( S ) - 0 . Hence, C^SI) = SI'.

Suppose I in ϊ centralizes SI/SI'. Then X induces an inner
automorphism of SI, so XeSI. Then proof is complete.

LEMMA 11.4. (i) / / %f(X) = 0 , then one of the following holds:
(a) X is dihedral of order ^16,
(b) £ = gp <A, B\ A8 = B2 = 1, BAB = ^.3>, and $1 is isomorphic
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to the centralizer of an involution of L3(3).
(ii) If ^(X) has more than one element, then X is dihedral of

order 8.

Proof, (i) By the results of [9], X is not a generalized quaternion
group. The hypothesis ^(X) = 0 is equivalent to the hypothesis
that every normal abelian subgroup of X is cyclic, so either (i) (a)
holds or

T = gp <A, B\ A2n = B2 = 1, BAB = A-1+ί""ι> n ^ 3 .

In the latter case, set £* = <A2, By. Then £* is a dihedral group
and %* = Ω^X). More explicitly, every element of X — £* is a root
of J£. As © is simple, we can choose G in © so that X Π 2 * ^ 2 * .
Choose X in S Π X*G - £*. Since Xg £*, Z is the involution of <X>.
Since X2 e <AG>, £ G is the involution of <X>; that is, Z = ZG, Ge$l.
Hence %l has no normal 2-complement. Application of Lemma 5.27 to
φ implies that ^ is a quaternion group. Hence n = 3 and X has the
required shape. Since J5g£>, it follows from Lemma 5.35 that B
inverts a S3-subgroup of 31, which we may assume is 0 . These
conditions determine the isomorphism class of $1, and it follows from
direct inspection of SL(3,3) that (i) (b) holds.

(ii) Suppose SB and SΏ* are distinct elements of ^ ( £ ) . Let
SD = 2K2B*. Since 2eττ2, ® is a normal dihedral subgroup of X of
order 8. Let £ = (^(S)). Since 2δ and 2δ* are normal in S, it fol-
lows that X is the central product of (£ and ®. Since 2 e ττ2, every
normal abelian subgroup of (£ is cyclic. Suppose by way of contradic-
tion that S c i In this case |(£| ^ 4.

Choose G in © such that ^ = ZG e S, Z, Φ Z\ Zγ is available by
(11.1). Since D(X) is cyclic, Z^D(X). Let © = ( 7 ^ ) , and let £*
be a S2-subgroup of C%{Z) which contains 6r, so that

If © is not elementary, then Ze Z>(@) S />(S*) so that Z = Z,. As
this is not the case, @ is elementary. Now Zγ — CD, C e S , ΰ 6 ® .
Since © and ® commute elementwise, we have

CZ, = C2i) = CΰC = Z,C ,

so that C and D commute with Zx. Hence, C2 = D2 = 1. If C e £ ,
then Z1 centralizes E, so that ^ e /)(£) S />(®) = l Hence, C Φ 1, £".
If i ? e 3 , then ® centralizes Z :, so ^ e D ( S ) g ΰ ( g ) = 1. Hence D Φ
1, Z.

Since (£ has more than one involution, (£ is of maximal class and
order ^ 16. Let Ko = (Coy be the unique (cyclic) normal subgroup



NONSOLVABLE FINITE GROUPS 507

of & of order 4. Thus, C inverts Ko. Let S)o = ζDoy be the unique
cyclic subgroup of D of order 4. Thus, Z> inverts 3)0 Also C0

2 =
Do2 = ^ Hence, we compute that (C0A)"%CΌA = £i, C0A e @. Since
@ is elementary, C0Z>o centralizes C. This is not the case since

= C0ZD0 = C0D0Z.

The proof is complete.

For each prime p, let J*?(p) — {S |S is a 2-subgroup of © and

LEMMA 11.6. Suppose p ^ 5 and ^f{p) Φ 0 . Then the following
hold',

( i ) The image of C%{Z) n N(%) in N(X)/O2,(N(Z)) is isomorphic
to the centralizer of an involution of U3(4).

(ii) S2,-subgroups of N(%)/02,(N(%)) are of order 15.
(iii) i(®) = 1.

Proof. Choose 8 in J^(p) with |iV(S)|2 maximal, and with this
restriction, maximize 8. Let 3ft be a S^-subgroup of iV(8), let 2* be a
S2-subgroup of 3K and let Έlp be a iS^-subgroup of 09Λ,p(ϊΰl). We as-
sume without loss of generality that £* g 2 .

Clearly, 8 = OP,2{W) Π 2*. Hence, Z{Z) g Z ( ϊ * ) . By Theorem 1
of [43] applied to 2ft, either C^(Z(£*)) or JV (̂•/(£*)) has no normal
2-complement. Hence, % = S*.

Since p > 3 and ^ ^ l x ^ ( S ) = 0 , 3ft̂  centralizes every character-
istic abelian subgroup of [%Jlp, 8] = 80. By Lemma 5.17, 80 is special.

First, suppose Z(20) is of order 2, so that 80 is extra special.
Since p > 3, the width of So is at least 2. By Lemma 11.3(a), | 8 0 | =
25. Since &0/D(20) is a chief factor of 3ft, it follows that 8 centralizes
So/Z)(So). Hence 8 = 80 by Lemma 11.3(b). Since 3ft̂ /Op(3ft) is of
order 5, £/8 is cyclic of order ^ 4.

Since 3ft § Sft, it follows that 8 = φ, and that S2,-subgroups of 3ί
are of order 5.

By (11.1), there is Z1 = ZGeZ1 ZYΦ Z. Suppose Z,e^. Since
3ft permutes transitively the non central involutions of φ, we may
assume that Zt = /. In this case Λ&(Z0) contains a subgroup <(A>
which permutes W transitively. Since ZeXΌ, so also IeX'Q. Hence,
$ c ϊ . Since %j§ is cyclic, it follows that (^0 Π §)Λ ΓΊ § properly
contains SB. Hence ^ e S B - 3 and 88 = ^(^(835)), since Q(2S) is
the direct product of </> and a quaternion group. Hence ( ϊ 0 n $ ) 4 Π £
contains an element L of order 4. Hence L ~ Li for some Z^ in
£ 0 Π φ. But then U = (Lf)A = Z = ZA. This is impossible, so Z, g £ .
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Suppose ZeCtiZy. Enlarge C%(Z1) to a S2-subgroup % = Zx of
Then Ze %' £ £>x, so that Z = Z, by the previous paragraph.

Hence, Z$C%{Zy. By Lemma 5.36, ^ normalizes some ίv-subgroup
of ίft, so Z1 normalizes £ιH for some H in φ. We may therefore as-
sume that Zλ e $• Since $/3 is cyclic, β is abelian. Since $1 contains
more than one involution, 5Ϊ is not cyclic. Suppose |ί£| = 8. Then

, iΓ>> so that ^ centralizes SB. Hence S centralizes SB, since
. Then by Lemma 5.29, C ^ ) = SB. Since $t stabilizes

[£, ZJ 3 SB Z)l, it follows that /)($) centralizes [£, ZJ. This contradic-
tion shows that $ is a four-group.

Since J ^ e ® and Zx inverts £l, it follows that C^Z,) = J)
Thus, Cx(Zj) is a S2-subgroup of C^Z,). By Lemma 11.1,

x

is elementary. Hence, C%{ZX) = <ZX> x SB = ©, say. Let g =
Thus, g/3 = Nm(<£/&). Since 3S < 2, it follows that

Since Z : inverts Q, it follows that

where 1^^:81 — 4 and ^V8 i s a n indecomposable <^)>~module. This
decomposition of §/Q shows that g/8 is of order 8. Since g/g =
g/3, | g | = 16, 1^(^)1 = 32. This implies that SBZL is permuted
transitively by Nx(Qί). Thus, @ contains exactly 5 conjugates of Z,
namely, {Z} U {3BZX}. Since iV5(©)/3 is elementary, it follows that
iVφ(@) maps onto ^ l (^) where ^ is the chain G?z>3Bz>l. Since 2 G
7Γ2, JVa;(@) is a S2-subgroup of iV©(@), being of index 2 in Z.

Let X* be a S2-subgroup of C©^) which contains @. Since @ is
generated by conjugates of Z> there is a conjugate E oί Z which lies
in © - O2,,2(C@(Z1)) Let @0 = © Π O2,,2(C(Z1)), so that @0 is a four group
and @o <] 2̂ * Thus, ©0̂ 7 consists of conjugates of Z and Nz*(®) maps
onto J l ^ * ) where ίT* is the chain @z>@oz>l.

Let 33 = ^4β(@). Thus, Az(&) and 4̂S*(@) are distinct £2-subgroups
of S3 and are of order 4. Thus, 33 is a subgroup of Aut (G?) with the
following properties:

(a) |S3|2 = 4,
(b) 33 is not 2-closed.

As @ is elementary of order 8, it follows by inspection of Aut (@)
that no such groups 33 exist.

We may now assume that Z(S0) is a four-group. Since 2 e τr2, it
follows that So/8(^o) is of order 24 and p = 5. Furthermore, 8 = So,
for the same reason. By Lemma 5.26, it follows that SP̂ S/C ŜDΐ) is
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isomorphic to the centralizer of an involution of Z73(4).
We will show that 3 is weakly closed in X. First suppose 131 =

4, so that 3 = Z(&0). In this case, any 2-subgroup of © which contains
3 and centralizes some element of 3* centralizes 3> since for each X
in 3*, 3 S Z(C(X) mod Oy(C{X))). If 3G c X, then since Xβ is cyclic,
we have QG Π S Φ 1, so 3 σ ΓΊ 3 ^ 1» so 3 = 3G We may assume that
131=2. Hence 8 c X . In this case, we first verify that IφZ.

Suppose false. Then SB - Z(S) and 4,(2B) - Aut (SB). Let 9Ϊ* = JV.(SB).
Then a S2,-subgroup £1* of 9ΐ*/O2,(9ϊ*) is of order 15 and a generator
Q* of £} is inverted by some element of $β*/O2,($β*). Since O2,,20W*) =
8O2/($β*), it follows that the characteristic roots of Q* on
O^^^/SBO,,^*) are λ, λ2, λ4, λ8 for some primitive 15th root of 1
in F16. Thus, Q* is non real in 9Ϊ*/O2,0ft*). This contradiction shows
that Iφ Z.

©

Suppose ZG = Zx G 2, Zx ^ ^ . By the preceding argument, Z : g S.
Let J = Ϊ J be a S2-subgroup of C(Z:) which contains C s(^)- If ^ e
Ca ίZO', then Z G 8 X , SO that Z = ^ . Hence Z$C%{Zy.

Suppose Zx centralizes 2B. Then 2B n S x ^ 1, so that SS n SBA: =
</>. In this case, C«c(I) and Cj(/) are both S2-subgroups of C(I),
so Zi G Z(O2,,2(C(/) mod O2,(C(/))). This is not the case, since [Zί9 S]
is not elementary. Hence Z : does not centralize SB. Hence, £/8 is
of order 2. Since |C f i(^x)| ^ 4, it follows that ZeDiC^Z,)), so that
2 G S J . This is not the case, so 3 is weakly closed in X.

By (11.1), we conclude that |3i — 4. By a standard transfer
theorem, Z S N(X)'. Hence S = X. By (11.1) once again, the three
involutions of 3 a r e fused in N(X). The lemma follows.

LEMMA 11.7. Suppose |31 = 2, | <%f(X) = 1 and IφZ. Then one of

the following holds:
(a) ( i ) Cβ(I) = O2,(Cβ(7)).C.(SB).

(ii) If ^8 is any 2-subgroup of C(I) which contains SB, £fcew
35 centralizes 2B.
(b) |S:| = 25.

Proof. Since (a)(ii) is a consequence of (a)(i), it suffices to show
that either (a)(i) or (b) holds.

Set K = C(J), So = CUT). Since I ^ Z , it follows that Zo is a
S2-subgroup of E. Let £ 0 = ^o Π O2,2(K), Ko = iVe(φ0), and let SB* be
the normal closure of SB in (£0. Notice that since SB £ Z(X0), Lemma
5.10 implies that SB* is 2-reducible in (£0. In particular, SB* gZ(§ 0 ) ,

By Lemma 11.6, ^4go(SB*) is a 2, 3-group. If SB* = SB, it follows
that SB* £Z(<£0), so that (a)(i) holds, since (£ - 02,(K).g:o. Hence, we
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may assume that SB* D SB.

Since ^ ΐ f L ^ ( £ ) = 0 , it follows that ^ a f ^ ( £ 0 ) = 0 . Namely,
let @ be a normal elementary subgroup of Xo of maximal order. Thus,
2B s @, as 2δ S ^(£o). Choose Γ in £ - So. Then © n @Γ is a normal
elementary subgroup of %, so © Π @Γ = SB. Thus, <@, @Γ> is a normal
subgroup of £ of exponent <£ 4 and of order 22(1+e) where |Gc| = 22+e.
Let 3te ^ i f L ^ ( < © , @Γ», SI < 2 . Thus, §1 is of type (2% 2*2), where
1 ^ αx ^ α2 £ 2, and ^(31) = SB. Since <<g, @Γ> centralizes SB, <©, ©*>
stabilizes Si 3 SB 3 1. The stability group of this chain has order at
most 24, so that |<β, S r>: Sl| rg 24. Since |SI| ^ 24, we get |<@, (F>| rg 28,
so that e ^ 3, as asserted. Hence |3B*| = 2%, where 3 ^ n <: 5. It
follows that 4̂go(3B*) does not contain an elementary group of order
33. By Lemma 5.34, .Ago(SB*) does not contain an elementary subgroup
of order 23. Choose T e Z - ZQ. Then

SB* Π SB*71 = SB = A(Z«aB*, SB*71))) .

Since SB*Γ n C9o(W*) is in the center of <SB*, SB*Γ>, it follows that
SB*Γ n C(3B*) = SB. Hence 3B*7SB*Γ n C(SB*) is elementary of order
2n~2, so n ^ 4. Suppose n = 4. Then

SB*7SB*Γ n C(2B*) ^ 3B*rC,0(2B*)/Cg0(SB*)

is a fourgroup. By Lemma 5.34, O2/(̂ 4@0(3B*)) contains a subgroup
which is the direct product of 2 groups of prime order. This is im-
possible since |SB*| = 24 and IeZ(&0). Hence, n ^ 3, so that n = 3.

Since n = 3, it follows that SB* - </> x SI, where SI<j Ko and
A0(SI) - Aut (SI). Let 2, = C 0̂(SB*), e, - i V ^ O . so that | £ 0 : 2 J = 2
and Kx maps onto ^4βo(2δ*). Choose T in X — %0, and then choose X
in SB*Z — 2 l β We can then choose R of odd order in Kι such that R is
inverted by X and does not centralize SB*, by Lemma 5.36. Since
[To, X] is of order 2, it follows that Zι = SI x S3, where 33 = C 2 l(#).
Hence, 33 is centralized by X and /eS3. If Ze33, then SB g S3, so
that SB* 3 SISB = SI x SB, a group of order 16. This is not the case,
so Z$ S3. Suppose S3' Φ 1. Since \Z0: 2 J = 2, it follows that Sx Π 2?
is of index 4 in £0> so of index 2 in £ l β Since Zι Π ̂ Γ centralizes
2B*r, it follows that SB* g ZL f] Sf. Hence ^ = 2B*(S1 n 2f). Since
SB* s Z ί ^ ) , and since Z, is assumed nonabelian, we get

Hence, ZeZ[ = S3', against Z^S3. Hence, S3 is abelian

Since SB Q Z(Z0), it follows that tfiZ&o)) = σ 1 ^ ) < 2 . Since
33, 33 is elementary. Since ΩX{Z{%)) = SB, it follows that 33 = </>.
Hence | £ | = 2\X0\ = 2 2 |SJ - 23|SI| = 25, so that (b) holds.
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The following lemma is the most elaborate of this section.

LEMMA 11.8. Suppose \&\ = 2, | ^ ( £ ) | - 1 and 2S ̂  $β.
£ is isomorphίc to Z4l Z2.

Proof. Since S B e ^ S ) , Lemma 6.1 implies that SB g φ. Since

If £> contains a noncyclic characteristic abelian subgroup S, then
2B = ^(S) <1 9ί, contrary to hypothesis. Thus, Q is of symplectic
type. Since SB c φ, the width of £ is at least 1. Suppose by way of
contradiction that the width of φ is ^ 2. By Lemma 11.3(a), we
get that $ is extra special of order 25. By Lemma 11.2, it follows
that § c l Suppose \X: £ | = 2.

We will show that if J e φ , J Φ Z, then Jq^Z. Suppose false.

Let ©o be a S2-subgroup of 5ft Π C(J) and choose JV in 31 such that
e0

Λr = β g £ . Let I = JN, so that IΦZ, I~Z. Thus g c ϊ and
© D φ is of index 2 in ξ>. If @ = @ Π ©> then Lemma 11.1 is violated.
Thus |(£| - 25, | e n φ | = 24. Let S* be a S2-subgroup of C(/) which
contains g. Thus © - £ Π £* < <ϊ, £*> = 8, say. Since | ̂ ( S ) f - 1,
we get 2S = <J, Z> = fli(Z(®)) and so S maps onto Aut (SB) = 4,(28).
Now £> Π S/28 is a four-group, so that @/2B is of order 8 and contains
a four-group. Let R be a 3-element of JV(6?) which permutes /, Z, IZ
transitively. Let U/2B = Ce/β(i2). We argue that |U:2B| = 2. As
|@:28 |=8, we certainly have | U : S B | ^ 2 . If | U : 2 B | > 2 , then R
centralizes ®/2δ so that © = SB x Ce(3ϊ), against SB - ^(Z(@)). Hence,
|U:2B| = 2.

Since 111: 2B | = 2 and since @/3S is not a quaternion group, it fol-
lows that @/2B is elementary. Since JLfi(©/2B) = Σ3, it follows that
U <| S. In particular, VL<\%. But J? induces an automorphism of 11
of order 3 and |U| = 8. Since SB - [11, R], it follows that 11 is ele-
mentary of order 8, against 2eτr2. We conclude that no element of
4? — 8 is conjugate to Z.

Choose G in © such that ^ = ZG e Z, Zγ Φ Z. By the previous
argument, Zιί^. Since C%(Z^ = C^Z,), and since 2 = φζZ^, it fol-
lows that CZ{Z^) is a £2-subgroup of C^{Z^. By Lemma 11.1, we get
that C%(Zj) is elementary. By uniqueness of 2δ, it follows that

so that @ = Cϊί^) - <X> x 2B. Since 2 e ττ2, @ <̂  £, and so | iV̂ C-E?) | - 25.
By symmetry, | JVΪ (@) | = 25, where S* is a S2-subgroup of C{Z^ which
contains @. Thus 4̂©(@) is not 2-closed and has £2-subgroups of order
4. We have seen that Aut (G?) has no such subgroups. We conclude
that | £ : £ | ^ 4 .
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By Lemma 11.5, we get that Q is a 3-group. Since %/Q is
faithfully represented on O2t2,φ)/φ and since ξ> is extra special of
order 25, we conclude that £ιξ> = 02,2>ffi) and that £ι is elementary
of order 32. This implies that £> is the central product of 2 quaternion
groups JQl9 ξ>2. Furthermore, as ίgu §2 are the only quaternion sub-
groups of φ, it follows that NxiQJ = N%($2) is of index at most 2 in
£. Also, ΛsίφiVΦ is elementary of order g 4, and so | £ : φ | <£8.
As ί£/φ is faithfully represented on £}, and as ^-subgroups of Aut (Q)
are semi-dihedral of order 16, it follows that %/$ is one of the fol-
lowing:

(a) cyclic of order 4.
(b) a four-group.
(c) a dihedral group of order 8.
Let % = Ca($i), i = 1, 2, so that |St<| = 3, i = 1, 2. Also

for suitable 3-elements i? .̂ Let

3Ϊ3 = < i ^ 2 , 02,(9l)> 5R4 = < i ^ 2 - O

Thus, 31* exhaust the subgroups of Q of order 3, 1 ^ i ^ 4. Also
Qί^ί) = 3, i = 3, 4.

We next show that % — ̂  contains a conjugate of Z. Suppose
false. Choose Z, = ZGeZ, Z φ Z^ such that C%(Zj) is a S2-subgroup
of CniZy). Then Z,e Q. Since | Q | - 32, it follows that $U permutes
transitively the 18 noncentral involutions of § . Thus, every involu-
tion of § is conjugate to Z. Since C^Zj) is the direct product of
ζZλy and a dihedral group of order 8, C^{ZX) is generated by conjugates
of Z, so C^Z,) is weakly closed in C%{Zλ). Thus, <Z> char C ^ ) ,
against Lemma 11.1. Hence, % — φ contains conjugates of Z.

Let J be an involution of £ — ̂ . We need to relate Cϋ(J) to
the set of fixed points of J on Q^/|>. First suppose that J inverts
£}ξ>/|>. Then J inverts 3̂§/«&. Replacing Q, by Q^ for_̂  suitable _N
in 9ΐ and applying Lemma 5.36, we may assume that J inverts 9ί3.
Thus J normalizes C$z(%) = £ιQ. As Qg is 3-closed, it follows that
with our normalization, we get that J inverts £ι. Hence, J norm-
alizes & = Chilli), i = 1, 2. Thus, </, $R2> = Σ3 and </, 3ΐ2> is faith-
fully represented on φ l β Similarly, <(̂ , Sft̂  is faithfully represented
on ξ>2. We can therefore choose generators Hiu Hi2 of Qt such that
Hi = Hi2, i = 1, 2. Thus, J inverts HilLHlz and

This implies that <?$(«/) = ζZ,HnH12H21H22y, a four-group. Suppose
next that / does not invert £ίφ/φ. Thus Cl§/§ = Ωj x Ω2 where
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£}x is centralized by J and Q2 is inverted by J. Thus D2 = S
for a uniquely determined ΐe{l, 2, 3, 4}. Replacing Ω by a suitable
£ίN, Ne%l, and using Lemma 5.36, we may assume that /inverts
3^. If ie{l, 2}, then J normalizes φ€ = (^(9^), so that J normalizes
both §L and φ2. Choose i e {1, 2}, i =£ i. Then (J, Q§)> is represented
on jξ>i, and since J centralizes Q^ it follows that J induces an inner
automorphism of § i # In particular, CΦ(J) is not elementary. Suppose
ie{3, 4}. In this case, J normalizes (^(9^) = SO, s o /normalizes
<Q. Choose i e {3, 4}, j ^ i. Since 3^ and 9t5 are the only subgroups
of Q of order 3 which do not centralize quaternion subgroups of §,
it follows that J normalizes 3ΐy, so J centralizes 91, . This then im-
plies that fft{ — 3ΐ2. Hence «£>f = «ξ)2 and C^J) is elementary of order
8. We may thus draw up a table exhibiting the relationships just
discovered.

(11.2)

Here J is any involution of X — ξ>. We remark that if J is a square
in fϊϊ/φ, then the first possibility holds.

For the remainder of this lemma, Zγ denotes a conjugate of Z
such that

(i) ZtβZ-Q

(ii) © = CxiZy) is a S2-subgroup of C^Z,).
As we have seen, Zλ is available satisfying (i). If (ii) is not satisfied
for a given Zλ which satisfies (i), let @0 be a S2-subgroup of C^Zj)
and choose N in 9ΐ such that © = ©o* S S. Then Z/ = Z? satisfies
(ii). If ZIe§, we get Zt<ίQ,Zle§ against § <\ ft. So the con-
clusion is that Zλ is always available satisfying (i) and (ii).

We now normalize a little more. Namely, we choose a Sy-subgroup
O of 91 such that

(iii) Zx inverts some subgroup of O of order 3.
(iv) If Zγ inverts 0 § / ^ , then ^ inverts 0 .

So if (iv) holds, ZteB. Notice also that if Zx inverts ϊRi with ίe
{3, 4}, then Zγ normalizes O = O3(C^(^i))

Cφo/5(J)

1

Cβ(J)

a four-group

not elementary

elementary of order 8

§1

§2

(11.2)'

Case (a). S/§ is cyclic of order 4.
Here Zx is a square in 9Ϊ/|>, so the first possibility in (11.2) holds.

Hence, © Π Φ is a four-group. Since β/3 is cyclic, ffi is abelian, so
Λ normalizes © Π §. Hence @ Π €> = 2δ, by uniqueness of SB. Also

n £) is of order 16. Let U be a subgroup of Q of order 8
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which contains SB and is normal in %. If & centralizes SB, then 5£
stabilizes 11Z) 2B D 1. As 3B is elementary, D($t) centralizes U. Since
^ e </)($), Z>, Z, centralizes U. This is not the case, so [$, 2B] = 3 .
Since © = $2B, it follows that ©' = 3, against Lemma 11.1.

Case (b)(i). %l$5 is a four-group and C^Z^ is not elementary.
By (11.2), Z± normalizes both & and £>2. As CpCZΊ) is not a

four-group, ^ induces an outer automorphism of exactly one of Qlf

®2i say φ 2 . Thus, £>2 has generators H2U H22 with ίZg1 = £Γ22, so that
J3Ί inverts H21H22. If 6? = ζZ^ x Gr Π ξ>, then 3 char @, against
Lemma 11.1. Thus we may assume that |@:Gcnφ| = 4, so that @
covers S£/φ. First, suppose that Z1 centralizes Q19 so that C9(Zj) = φi
Since ^ £/)(£), we get that © = <^> x g* for some group @* 3 &.
Thus, 3 is the only minimal normal subgroup of Gc which is contained
in />(@), so 3 c ^ar @, against Lemma 11.1. So suppose Zλ does not
centralize φ l β Then $1 has generators iϊu, ίί 1 2 such that Jϊg1 = Hni

Ή& = Hτ2\ and C^Z,) = <Hn>-(H12H2lH22>. Since Z/Q is a four-group,
it follows that ^ contains an element X which inverts O, so that
St = <Zl9Z,X>, X 2 e 3 and J5ΓeJV(&). _Also < Z l t Z > < f l , so that
ζHn> = C$ 1«Z, Z x » < $. As X inverts Q, it follows that X inverts
Hπ and that H£ = H12HnZ

e, where e = 0 or 1. As <iϊ21iϊ22> is the
only subgroup of £>2 of order 4 which is inverted by Z19 it follows
that X inverts H21H22, and that H2l = H22Z

f, f = 0 or 1. Replacing
fin by iϊΰ 1 if necessary we may assume that e = 0.

Suppose X~%X ^ ^Ί Since B is of order 8, we get that

so that Xiϊ12 centralizes Zγ. Hence XHι2 is an element of @ of order
8, so that 3 = £f(®) char @. This is not the case, so X centralizes
Z» so t h a t © = (Z19 X, Hn, H12H21H22>. We now get

X~ HιxX = ίzi! , X Hι2H2lH22X — Hl2HllH22Z* H2ιZ* — HnH12H2lH22

Hence ©' = <fln>, so that 3 char @. This contradiction shows that this
case does not occur.

Case (b)(ii). %J!Q is a four-group and C9(Zj) is elementary.
Suppose CQ(ZI) is not a four-group. Then C^ZJ is elementary

of order 8, by (11.2). Since C^Z,) = C^Z, Z,}) and since <Z, Z,> < «,
it follows that C^ZJ <] £, against 2 e π2. Hence, C^Zj) is a four-
group, so by (11.2), Zγ inverts Q. Since ζZ, Z^ <] ̂ , we get

by uniqueness of
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Let Gfi = (Z^ ΈSy so that @x is elementary of order 8 and @x S 6c.
Since Zγ inverts £l, there are generators Hiu Hi2 of φ£ such that
jEΓfr = Hii9 i = 1, 2. Hence SB = <Z, HnH12H2lH22>, and

so that Λ(@i) = ^ ( ^ ) where <if: ©x Z) 2B Z) 1. On the other hand, ffi
normalizes ©π since <Z l f Z > < | $ and SB = C ^ ^ , Z » . Let X be an
element of Λ - <Z, Z^. Then χ-%JSΓ = Z , F with

If C$(X) is elementary of order 8, then since <X, Z> <] ̂ , we get
C9(X) <] 5E, against 2 e τr2. Hence, CH{X) is not elementary of order
8. Since X2 e <^)s it follows that X normalizes φx and >̂2 and induces
an inner automorphism of precisely one of ^ φ 2 . Hence, X does not
centralize SB. This implies that \A%{^)\ = 8, and that C ^ ) = ©,.
Hence, C^G )̂ = @x x f$, where |gl is odd.

Since |Λ(©i)l = 8, there is E in © such that #gC(3B). Thus,
<#, ©!> is of order 16 and is the direct product of <^> with <2S, # > ,
a dihedral group of order 8. If |©| > 16, then [Gc Γl Φl > 4. This is
not the case, so @ = <(!?, @x]>. This violates Lemma 11.1.

Case (c). %I!Q is dihedral of order 8.
We first determine % and Xo = CS(SB). Let

o = ^ n i V ( 3 t 2 ) , ^ 3 = ^niV(3ft 3 ) = a n

Since $/$ = 2^/^, it follows that ^ / 3 is a four-group, i = 1, 3. Choose
ίΓiGfii - 3 such that ^ centralizes ^ , i = 1, 3, and set K = KXKZ.
Define J = K2. Since S^/3 is a four-group, we get

(11.3) K2 = Z α S θί = 0 o r l , i = l , 3 .

Since ^ centralizes SRi and inverts 3ΐ2, it follows that

(11.4) Ct(Kd = φ 2

and also that >̂L is generated by Hn, H12 such that

(11.5) Kz'H^K, = Hx.^< , i = 1, 2 .

Define iί 2 ί by

(11.6) KϊΉ^K, = Hti, i = l,2,

so that (H2l, H22y — ξ>2 and

(11.7) Kr'HuK, = HH .
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We find that SB = <Jlf Z>, where I, = HnHί2H21H221 and

(11.8) £ 0 = ζHnH12, H21H22, HnH21, KZi J, HnK^} ,

(11.9) SJ - <ffnfl"12> x <JHnH21> .

It is important to show that Iι Φ Z. Suppose false. First, suppose
05

that J is an involution.

We compute that HnH21 inverts X'Q, so that %[HnH2ι contains only
involutions. Also,

% = <£;, i ϊ n i ϊ 2 1 > char So,

since %'o char Xo, &nd (£[HnH2l is the set of all elements of £ 0 which
invert £J Finally, % contains exactly four elementary subgroups of
order 8,

g 2 =

g< - <SB,

We compute that %{%%, %^%^ SiίSsί the last relation holding since

& c £, g3 g ©.
Suppose by way of contradiction that / ^ Z . Let S* be a S2-

subgroup of C&(Ii) which contains Xo. Let S = <(X, S*)> so that ί£0 <]
8 and 2 permutes 2B* transitively. Since <££, H u ^ ) c h a r 3 ; 0 , {g j l ^
i ^ 4} is invariant under 8. Since 6 = |S: XQCΰ(XQ)\, it follows that a
S2,-subgroup S2/ of 8 normalizes % for some i. Thus, the orbit of g<
under 8 is the orbit of §» under SE, so has two elements. Hence 82,
normalizes every go s o S2/ centralizes f&/2B, 1 ^ i ^ 4. Since the g<
generate S, we get [S, 82,] s SB. In particular, [£{, 82,] s 3® = D(%Ό)-
Hence S2, centralizes S'. This contradiction shows that IγφZ.

We may now assume that J 2 = Z. Let Jo = JH^K^ Then J"o

inverts S;, and i7,(SEJ) = 2:;Z4 x ^ 4 . Let 2* be a S2-subgroup of C(/x)
which contains Γo. Let 8 = <£, 2*> g JV(SE0). Thus, normalizes SB,
and 8 permutes transitively 2B. Since J0SJ is the set of all elements
of Xo which invert X'O1 it follows that L normalizes JQ%Ό, so normalizes
{Jo2} = {X2\Xe J0ZΌ}. Hence, Jo is an involution. We compute that Xo

permutes transitively J0ZΌ, and so J0Z'Q = cclx(J0) is of cardinal 24. Fur-
thermore, there is a S3-subgroup φ of 8 which centralizes JQ. Suppose
Jo - Z. Let g = <J0, 2S>. Then [g, ξβ] = SB, and so SB s OVt%(C(J0)).
This implies that Aβ(g) contains A ( ^ ) , where ^ : g D < ( J 0 > D l .
Since g <] gSJ, it follows that ^4β(g) is transitive on g, and so iV(g) is
non solvable. This is false, and so
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Since J 2 = Z, J$ contains no involutions. On the other hand,
<φ, J, K3y is of index 2 in £, and so Jo is conjugate to some element
of <Ίρ, J, K3y. Since (φiQ* 1 = QK^J, it follows that $KΛ contains an
involution. Since φf8 = £2 and JE? e <Z>, it follows that if3 is an in-
volution. Also, all involtions of SQKZ are conjugate under $3 to K3 or
if3Z. Since iff* = KJ*1, K3 inverts J . Hence, J~ιKzJ = KdZ, so all
involutions of SQKZ are conjugate to if3, whence are conjugate to Jo,
so are not conjugate to Z.

By (11.2)', X — £ contains a conjugate of Z. Since £ J 0 U
U Φ-K3J" contains all the involutions of X — φ, and since

it follows that &J0 contains a conjugate of Z. Now ccln(J0) has
cardinal 24, and so cclτ(J0) Π §J 0 has cardinal 23. By (11.2), /0 induces
an outer automorphism of precisely one of φ1 ? φ2, and also 2B g C(/o)
It follows that C9(JQ) is dihedral of order 23, and that $J0 contains
precisely 12 involutions. Hence, φJ 0 contains precisely 4 conjugates
of Z. Hence, c c ί ^ ) has cardinal 23. Thus, | @ | = 25, and | @ Π φ I =
23. We argue that every involution of G? is contained in <(̂ )> x @ Π @.
If not, © has a 4-group @i which is a complement to Gf Π φ, and so
φGfi Z) φJ, against the fact that φ J has no involutions. By (11.2)',
@ Π φ is not elementary, and so ζzy char @, against Lemma 11.1.
This contradiction shows that /L 9̂  Z.

Since | S | > 2 5 , Lemma 11.7(a) holds. Suppose Ge® and ^ =
3 B G c £ . We will show that GeSft. If ZeSB^ then Z ^ e S B , so

We may assume that
get that

. Set Zr = ZG. By Lemma 11.7(a), we

(11.10) X e SB, - implies s C%{Z') .

Now (11.10) and (11.2) imply that ^ n © = 1. Let £* be a ^-sub-
group of C%{Z') which contains C%(Z). Since some element of 2δ*
centralizes SB, (11.10) implies that SB C CS(Z'). Hence

If [SB, SBJ -
and

(11.11)

[SB, SB,] s § Π O2,,2(C(Z')) .

, then ZeOri(C(Z')), against / ^ Z . Hence [SB, SBJ = 1,

<SB, SB,) - SB x SB, .

Since £/£> is a dihedral group of order 8, and since φ n SB, = 1, we
can choose Wx in SB, such that ^W1 is the central involution of %/φ.
Then Wx inverts 0 $ / φ , so by Lemma 5.36, Wx inverts some S2,~



518 JOHN G. THOMPSON

subgroup of $1, which we may assume is G. With this normalization t

we get W1 e $, so that <(WU Zy is a normal four-subgroup of ίE. Since
I®I = 24, SI is not of maximal class, so W^eZffi). Also, since W1

inverts D, (11.2) gives SB = C^TF,). If W, = Z', then by (11.2), (11.10)
is violated. Hence W±Φ Z', so St centralizes SB̂  by (11.10). This is
also impossible since %&1 is a four-subgroup of 31 which satisfies

so that 2Sî /«̂  is not central in ί£/|). We conclude that whenever
G e © and 2BG g £, then G e 9ΐ.

We now use the element Zγ given in (11.2)'. Suppose first that
C§(Z^) contains a four-group 2B with ϋΓeSB. We can then choose N
in JV(£) such that 2B = 2SΛ\ Let £* be a S2-subgroup of C^Zλ) which
contains ©. Choose G in @ such that £*σ = £. Then 2BG s S, so
that NGeVl. Since JV(φ) s 9ΐ, we get GeW. This is not the case,
since Zλ is not contained in the center of any S2-subgroup of 9ΐ. Hence
C^Z,) contains no four-group. By (11.2), C^Zj) contains an element
T of order 4. Again, let X* be a S2-subgroup of C%{Z) which contains
@. Then Z = T2G/>(S*), so that Z centralizes 2δ*, the unique ele-
ment of ^(Z*). Hence 2δ* c 9ΐ, we get SB* = 28^ for some N in
SR. Since Z.eSB*, we get ^eSS^, so that Zγ c φO2,(9ΐ). This is
not the case since ZλeZ — φ. With this contradiction we conclude
that the width of £> is at most 1, so the width of φ is 1.

Suppose φ = £. In this case, we again get 3 c^ar C%{J) for
every involution J of X, against Lemma 11.1 and (11.1). Hence,
§ c l Since the width of ξ> is 1, we get that \X: §\ = 2, and that
φ is the central product of ξ>x and ^2, where >̂L is a quaternion group
and φ2 is either cyclic or of maximal class.

Case 1. ^ 2 is of maximal class.
Let |>2 be the unique cyclic subgroup of index 2 in § 2 . Thus

141 ^ 8 and §&2 < SE. Since \W{%) | = 1, we have SΏ g φ ^ Sup-
pose ^ G φ^g and Zx is conjugate to Z in ©. Then Z is the unique
involution in (f(C%(Z$), so Zx = Z. Since X/^^2 is a four-group, it
follows that D(Z) C φ ^ Suppose ^ e φ , Z^Z. Then Q ^ ) contains
an element T of order 4. Let £* be a S2-subgroup of C^Z^ which
contains C%{Z^. Then T e £ * , so Z = Te D(X*). By the preceding
argument applied to £*, we get Z = Zλ. Thus, 3 is weakly closed
in φ.

Choose Z : e ϊ , ^ ^ Z, Zi - Z. Thus, £ = £<#!>. Let

x

By Lemma 11.1, @ is elementary, so |@| = 8. It follows that
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contains A{^) where ^ : GCIDSBID 1, and so A®(&) is nonsolvable.

Case 2. φ 2 is cyclic of order ^ 8.
Here, Lemma 11.1 implies that 3 is weakly closed in ξ>. Choose

i^ eXf ZίΦ Z, Zx ~ Z, and let H be a generator for φ 2 . By Lemma
11.1, CφiZj) is elementary. Let ϋΓ be an element of ξ>2 of order 4 so
that Zί inverts K. Also, !QL has generators ί/i, iJ2 with Hf1 = H2.
Hence C^Z,) = <Z> x (H&Ky. Let

x

I t follows t h a t | N%(<&) | = 25 and t h a t 3 = Z(iVs(@)). Let 2 * be a
S ?-subgroup of C&{Z^) which contains @. By symmetry, |JVa;*(@)| = 25

and <ZX> = Z{N%*{®)). This implies JVβ(@) is nonsolvable.

Case 3. | & | = 4.
First, suppose there is Zι e X — tξ>, Zλ ~ Z. Then φx has generators

i?!, ίZ"2 with Hf1 = H2. Let ίZ" be a generator for φ 2 . By Lemma
11.1, C%(Z^} is elementary. Let A = ΈLγZγ. Then A has order 8. Also
H-'AH = A5, Z i A ^ = A3. Let Γ = HJI,Ή. so that Γ is an involution
and Z,T = TZλ. Thus, % is the split extension of <A> by <ZX, T>
and <A)> = C%(A). By a result of Fong [14], £ is not the *S2-subgroup
of any perfect group.

Choose Z1 Q.%, ZγΦ Z, Zγ ~ Z. By the preceding paragraph, Zγe
•Q. We may assume that C%{Z) is a S2-subgroup of C^Z^. Since Q
char C^Z,), it follows that C^Z,) czC^Z,). Choose TeC^Z,) - ίQ.
We can then choose an element Hι of φx such that §γ = (Hl9 Hfy.
Let H2 = HI. Then Hξ = H,Za for some a = 0 or 1. Thus ^ =
HJ1ZH, where H is a generator for «ξ>2 and C^Z^ = ĵEZΊJϊg, ϋΓ>. Hence
CΓ(Z0 = ^ ί ζ , if, Γ> so that CϊίZO' S 3 . By Lemma 11.1, C^Z,)
is abelian. If T 2G<^>, then <Z> = D{C%{ZX)), against Lemma 11.1.
Hence T2g Z. Since T centralizes HJI^ we get a = 1. By Lemma
11.1, C^ZO is of type (4, 4). Now ^ i ϊ = To is an involution of
X - ^(ZO, so 2 - CX(ZXTO>. Since C ^ ) is the direct product of
<Γ> and T0~

ι(TyT0, the proof is complete.

LEMMA 11.9. Suppose \%f(X)\ = 1 and 2S < ^ . Tfce^ 2B = 3

Proof. First, suppose SB = 3 I n "this case, it suffices to show
that 2B is weakly closed in X. Suppose 2S, = SBG c £, SŜ  ^ SB. Let
if : <SB1, Sδ> => a» 3 1, ^ * : <SB1, 2S> 3 2S, 3 1. Since 2B g Z( ϊ ) , it fol-
lows that for each W in 2δ#, every 2-subgroup of C( W) which contains
2S centralizes SB. Hence, 2δ n SBi = 1 and | ̂ @ ( ^ ) | ^ 4, | AJI&*) \ ̂  4.
This implies that A®(<Qϊ&, SB^) is nonsolvable.
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We may now assume that |3I = 2. First, suppose 1+ Z. With
®

this assumption, we may show that 2B is weakly closed in X. Suppose
SBX = SKσ c S, SBBx ̂  SB. Let 2B2 = SBX n ϊo Since SΏ2 ̂  1, it follows
that [SB, SBJ C 3 n 3 G = 1. If 2B n 2Bi ^ 1, then 23 = fBlf by Lemma
11.7. Hence, suppose SB Π SBi = 1. It follows that 4««SB, SB^) is
nonsolvable. This is impossible, so 28 is weakly closed in X. We
next show that 3 is weakly closed in X. Suppose Zy — ZG e X, Z Φ Zv

by the previous argument, Zγ does not centralize SB. Hence, if Sίe
^ T ^ ( £ ) , then C^Z,) is cyclic. If 21 = SB, then X is dihedral of
order 8, against \<Zf(X)\ = 1. Hence |31| > 4, so 1(7,(^)1 ^ 4. This
implies that ZeDiC^Z,)). Thus, if X = £ x is a S2-subgroup of Cβ(Zx)
which contains C%{Z^, then Z centralizes 2δ x . Hence, 2BZ = W for
some ΛΓ in % so Ze 2BX and <Z, Zt> = 2QX, against / ^ ^

©

Thus, if IφZ, then 3 is weakly closed in X. As this violates (11.1),
©

we conclude that I ~ Z.

We will show that SB is weakly closed in X. Suppose

SBt ^ SB. Then SB Π %&ι = 1 and <2B, SB^ is abelian. Again we see
that A@«2B, SBX» is nonsolvable. Hence, Sίδ is weakly closed in X.
Finally, we show that Sίδ is the weak closure of Q in X. Proceeding
as in the previous paragraph, we get that if Z1 = ZG e X, Zt Φ Z,
then 3BX - <Z, Z^ for some X in ©, so 3BX = %£N for some N in 31,
so ZλeXn SB^O^ί^) S SB. Thus, SS is the weak closure of 3 in 2 .

By the proof of Theorem 14.4.1 of [19] applied to iVβ(2B), we
conclude that X Q iVβ(SB)'. This is not the case since A&($&) = Aut (353).
The proof is complete.

THEOREM 11.1. One of the following holds:
(a) X is dihedral.
(b) X = gp <A, B\ A8 = J32 = 1, £ A 5 - A3>, i(@) = 1.
(c) I £ I = 26, 2 /wis exactly 3 involutions, each of which is central

and ί(®) = 1.
(d) X ZZ<1 Z2, i(®) - 1.

Proof. If ^(ΣE) = φ, we have either (a) or (b) by Lemma 11.4(i)
If \%f(X)\ > 1, we have (a), by Lemma 11.4(ii).

We may assume that \<%f(X)\ = l. Suppose SB < Sft. Then by
Lemmas 11.9 and 5.28, we have (c) if 2/ Φ 1, while if X' — 1, we
have (a) by [8]. Suppose 2S <f\ 31. Then % ~ Z, I Z2 by Lemma 11.8.
Also, i(@) = 1 in this case, as the proof of Lemma 11.8 shows.

The proof is complete.

THEOREM 11.2. // 2G7Γ2, then © is isomorphic to one of the
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following groups: Z73(3), L3(3), M1U A7, L2(q).

To prove Theorem 11.2, we examine the possibilities of Theorem
11.1.

Suppose (a) holds. By the fundamental result of Gorenstein and
Walter [19], we have © = L2(q) for some q or © = A7.

Suppose (b) holds. Let 23 be a four-subgroup of Z. (Since
^ ( £ ) = 0, this does not conflict with earlier notation). Suppose
p ;> 5. We will show that Hypothesis 6.1 is satisfied with 25 in the
role of SI, π = {2}, and with p in the role of q. Certainly, (6.1)(a),
(b), (c) hold, as © is an iV-group. As for (6.1)(d), we see that every
{2, p}-subgroup of © is p-closed, so that (6.1)(d) also holds. Thus, if
f&L, Q 2 are maximal elements of M(2S; p) and if Ca.(W) Φ 1 for some
W in 2B* and i = 1, 2, then by Lemma 6.2, O x and D 2 are conjugate
under C(2B).

We next argue that if Q l } Q2 are maximal elements of M(2δ; 3),
then Ox and Q 2 are conjugate under JV"β(2δ). Suppose false. Among
all pairs of maximal elements of IΊ(2δ; 3) which lie in different orbits
of Mβ(2B), choose (dl9 D2) such that Id, (Ί G 2 | is maximal. Let W be
a fixed element of 2B*. As A9(9&) = Aut(SB), it follows that there
are Nl9 N2 in JV(SB) such that T7 has nontrivial fixed points on Qf%
i = 1, 2. Hence 6 = Di Π Ω2 ^ l Since jQlf D 2 are distinct maximal
elements of H(2S; 3), we have ©cQ,-, i = 1, 2. Let e< = JVD.(®), and
let 9K = iV©(@). Since 3?ί is solvable, it follows that there is X in
Nm(%8) such that <®x, ®ί> = © is a 3-group. Let O be a maximal
element of M(2δ; 3) which contains (£. Then Q f l Q i i ^ D ® , so that
£} and Oj. are in the same orbit under JV@(2S). Since

O Π Of 2 ® ί 3 ® x ,

O and Of are also in the same orbit under iV(2B). Thus, our asser-
tion follows.

If @ is a solvable subgroup of © which contains 2, then Ϊ g 8 ' .
Hence, no nonidentity solvable subgroup of © has a normalizer which
dominates both § and SB. By the preceding argument, we conclude
that every involution of X — 3 inverts some <S{2j3}/-subgroup of N. We
will show that every involution of X — 3 inverts O2/(9Ϊ). Let ϋft3 be
a S3-subgroup of 91 permutable with %. Choose W in 2δ — 3 and let
S l - C ^ T Γ ) . Let ^ = ^(356), so that SEX is dihedral of order 8.
Suppose by way of contradiction that 21 Φ 1. Since St is a S3-subgroup
of Cβ(2B), it follows that JV@(2X) dominates 23 and JVβ(3l) :=> 2 i e Hence
%γ is a S2-subgroup of iVβ(3l). This implies that iV(SX) Π 91 C O2/(Sβ)3:,
since if R is any element of 31 — O2,(Z) of odd order, then <ϊ 1 , i2>
contains a S2-subgroup of 31. Since JV(2l) Π 31S O2,(9ί)2, it follows
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that |9? :2I | 3 ^ 9. Let S be a S23-subgroup of i\Γ@(3t) which contains
SlSi. The preceding inequality implies that 3Xg03(S). Hence,

|2:O8(S)|8 = 3

and 2S is faithfully represented on O3(8). Enlarge 2 to a maximal
{2, 3}-subgroup 3ft of © and let φ be a S3-subgroup of 3ft. Since Z,
is a S2-subgroup of 3ft, it follows that O3(3ft) is a maximal element
of M(2δ: 3). By construction, iV@(O3(3ft)) dominates SB, so by a previous
argument, it follows that the maximal elements of H(2B; 3) are per-
muted transitively by Cβ(2B). Since SB normalizes some S3-subgroup
of SK, and since Cβ(3B) S 9Ϊ, it follows that O3(3ft) contains a S3-subgroup
of 31. This is not the case, since X, normalizes no S3-subgroup of 31.
Hence 21 = 1, so every involution of 31 — 3 inverts O2,(3ΐ). This im-
plies that 31 has an abelian 2-complement. Hence © = L3(3) or Mu

by a result of Wong [45].
Suppose (c) holds.
Suppose by way of contradiction that ^\\A^(%)\. Let 9^ be a Sδ-

subgroup of 31 permutable with X and let 3ft be a maximal {2, 5}-
subgroup of © which contains S9ϊ5. Let 3ft5 be a S5-subgroup of 3ft
which contains 3l5. Since 3O5(3ft)/O5(3ft) is central in 3ft/O5(3ft), it
follows that 3 normalizes 3ft5. Also, we see that

If @ is a solvable subgroup of © which
(11.1^)

contains 3ft, then 511@: @'| .

To see this, observe that since 3ft is a maximal {2, 5}-subgroup of ©,
3ft is a S{2 5Γsubgroup of @. The structure of Z forces the 2-length
of @ to be one, so Ne(Z) covers @/O2/(©) Since 5\\A&(%)\, we get
5| |-4 e(£)|, by construction. Hence (11.12) holds.

Let 9J?5 be a maximal element of M(3; 5) which contains 3ft5. Let
S be a S25-subgroup of iV(§?5) which contains 3 ^ 5 . Then TO5 = O5(8),
by maximality of 3}ί5. Also 3^5/2^5 is central in 8/2ft5, so using the
maximality of 3JΪ5 once again, we get that 3Jϊδ is a S5-subgroup of 8.
Thus, 3J?5 is a S5-subgroup of ©.

Case 1. 3 centralizes 3ft5.
Since 3ft is a maximal {2, 5}-subgroup of ©, it follows that 3ft5 is

a S5-subgroup of C9(Z) for all Z in 3*. Hence 3ft5 - 3ft5 Π C(Z) for
all Z in 3 # . This implies that 3ft5 = Wlδ.

Since 3 centralizes 3ft5 = W5, it follows that N(S) covers iV(3ft5)/
C(3ft5). By (11.12), 5| |iV(3ft5): iV(3ft5)'|. If 5 e π, U π2, then 0.3.4 and
a standard transfer argument show that 3ft5 g iV(3ft5)'. We conclude
that 5 G τr3 U τr4.

Suppose 5eτr4. By Theorem 10.2, J^(5) g ^ T *(©). Hence 3ft g
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M(m5). This violates (11.12).
Suppose 5 6 τr3. Choose a prime q such that a maximal element

Q of M(9K5; q) is not 1. By Theorem 10.1, Wb g JV(O)'. Let

ΰt5 = m5 n o5,5(iV(D)),

so that 3K5 S iV(3Eft5)'. Since 3 centralizes 3ft5, 3 is characteristic in
some S2-subgroup of C$lδ). Hence Tt5QN(S)\ against (11.12).

Case 2. 3 does not centralize 9K5.
Since 3 — 2/ and since XjζZy is extra special for all Z in 3#> it

follows that O5(9K) contains an elementary subgroup of order 53. Hence
5 e ττ3 U π4 and 9K contains an element of J^(5) . If 5 e ττ4, then 3K ϋ

by Theorem 10.2. This conflicts with (11.12), so 5 e ττ3.
By Theorem 1 of [39],

Since XO6(Wt)/XΌΛ(3Jl) is a chief factor of HR, it follows that 2K =
Cm{Z{Tib)) or 2K = JVro(J(2«5)). In both cases, we conclude that Wl5 is
a S5-subgroup of ©.

Let Q be a maximal element of M(2Jί5; q) with £} ^ 1, g a prime.
By Theorem 10.1, ΊSl, Q N(£l)'. By the transitivity theorem, N(Ώ)
contains a S2-subgroup of ©. This is not the case, by (11.12). We
conclude that 5Jf\A®(Z)\.

Let Zu Z2, Z3 be the involutions of X. Since i(@) = 1, these in-
volutions are fused in N(%).

We will show that S3-subgroups of A®(%) are of order 3. Let St
be a S3-subgroup of A9(%). Since 5E/ίE' is elementary of order 24, we
may assume that 21 is elementary of order 32. Then 21 = % x 5X2,
where 121,1 = 3 and \C%I%,(%)\ = 4 , i = 1, 2. This implies that 2ί: and
2I2 both centralize nonidentity elements of 3 = Ω^X), so 21 centralizes
3, against i(®) = 1.

Let S - N9(Z)/0if(N9(X)). Thus |S | - 26 3, and 8 is a Frobenius
group. Let J be an involution of Z. Then C®(J) has a normal 2-
complement, since the 2-length of C®(J) is one and 8 is a Frobenius
group. Suppose Γ, T" e 2 and Γ@ T". If T is an involution, we get
7V^} T". Suppose T has order 4. We may choose N in iV(ί£) such
that T = (T/iV)2. Let T1 = T ^ . Then T and T, are conjugate in
C®(T2). As CG(T2) has a normal 2-complement, Γ and Tx are con-
jugate in X. We conclude that elements of X are ©-conjugate only if
they are N(X)-conjugate. By a result of Glauberman [18], © is not
simple.

Suppose (d) holds.
Since ΐ(@) = 1, it follows that C&(3)/O2,(C&(g)) is isomorphic to
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the centralizer of a involution of J73(3). By a result of Fong [14],

© = Us(3).

12* The case 2 e 7Γ8 All results in this section are proved on
the hypothesis that 2 e τr3. Let X be a S2-subgroup of ©.

LEMMA 12.1. Suppose q e π3 (J π4 — {2} αraί £X is a maximal ele-
ment of kl(£; q). Then one of the following holds:

(a) ( G J r g g .
(b) JVίQi) contains a Sq-subgroup of ©.
(c) g = 3 (wwZ C ^ ) = 1.

Proof. We may assume that |Q>J > g and | iV(di) |g < \®\q. Let
G* be a ^-subgroup of N(£lL) permutable with X and let Q be a
S2-subgroup of © which contains G*. Let 2^ = O2(2X1*).

First, assume that ZΣ Φ 1.
By Lemma 6.6(i), it follows that Q* is a S^-subgroup of every

solvable subgroup of © which contains S^Q*.
Let SI 6 ^ g ^ f ς ( Q ) , SI* = §1 Π Π*, Sϊx = iVa(D*). By Theorem 6.1,

St* cSt, so SI* d%. By Lemma 6.6(i), we conclude that SI* Π O, = 1
and that Cai(B) = 1 for all B in % - SI. This implies that QL is
elementary.

Choose A m%- SI* with A9e3I*. Then Ox and Qf are normal
elementary subgroups of £1*. If X e D : Π Πf, then X = A^QiA with
Q1 in n x , so that [Q19 A] e SI* Π Qi = 1 so that Q, = 1, since COl(A) = 1.
Hence, S3 = ζ£L19 Qf> = Qi x Gf is a normal elementary subgroup of
O* normalized by A. Enlarge 33 to an element @ of ^ ^ L ^ ( Q * )
which is normalized by A. Since IQJ > g, and since O* is a Sy
subgroup of C(Q0 for all Q, in Z(O*) Π Qί, it follows that (g, g, @)
satisfies Hypothesis 6.1. Let %2 = £f. Since m(©) ^ 3, we may choose
E in e» so that C%i{E) Φ 1, i = 1, 2. Hence, by Theorem 6.1, there
is an element C in C(@) such that X2 = S£f. Hence, AC~ι normalizes
2,. But £}* is a S?-subgroup of ^(S,) f] iV(©), since O* is a Sg-sub-
group of iV^i). Now every element of NiXJ Π N(d) normalizes Cg^J,
so 33 centralizes £ x . This is clearly impossible since 93 <]£!*.

Suppose O2(£ Q*) = 1. In this case, C^,) = 1, so if q = 3, (c)
holds and we are done. Suppose q ^ 5. By a result of Glauberman
[17], Z(J(O*)) < | £ O * . Since SO* is a S2,g-subgroup of iV(Z(J(G*))),
we get O = Q* so that (b) holds.

LEMMA 12.2. Suppose qeπ2 — {2} and £ιt is a maximal element
of M(£; g). Γ/^e^ oτιe o/ ί/̂ β following holds:

(a) |OJ^g.
(b) NilCli) contains a Sq-subgroup of ©
(c) g = 3 and £ιt is cyclic while |©: JVίOJIg = 3.
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Proof. We may assume that IQJ > q and that liVίOOl* < l®l*
Let O* be a S^-subgroup of NiZXj) permutable with % and let Ω, be
a ^-subgroup of ® containing Q*. Let ^ = 02(2Xϊ*).

Since 2e7Γ3, S ^ ^ l . By Lemma 6.6(i), Q* is a Sy subgroup of
every solvable subgroup of © which contains £1*3^. Hence, ΩJ^Z^))
is contained in Q* and is disjoint from D l β Hence, C^ is cyclic since
Q* contains no elementary subgroup of order q*. Since | Π J > g, it
follows that ^(Oi) ^ 1. Since ff^O) centralizes every normal ele-
mentary subgroup of £}, it follows that Ω^OJ x Ω^Z^)) is a normal
elementary subgroup of D of order q2. Since £l is not abelian, 0.3.8
implies that Q is not metacyclic. If q Ξ> 5, then by 0.34, we have
σ^O) S Z ( Q ) , against Q * c Q . Hence, g = 3 and O* is of index 3
in £X.

THEOREM 12.1. There are no solvable subgroups Wl of ® such
that

(a) N(X) S $Jl.
(b) 2Pΐ contains the centralizer of each of its involutions.

Proof. Suppose false, and 2K satisfies (a) and (b). We will show
that Hypothesis 10.1 is satisfied. Clearly, Hypothesis 10.1 (i), (ii), (iii)
are satisfied.

Suppose p is a prime, P is an element of SK of order p, P = IJ
is a product of the involutions /, J of ©, and P is not a product of
two involutions of 3ft. Let $ be a S^-subgroup of 33ΐ with P e ^ 3 .
We assume without loss of generality that β̂ is permutable with X.
We must show that β̂ is cyclic; assume by way of contradiction that
φ is noncyclic. Since Ie C*(P), it follows that C*(P) g Wl. If

then since P = /J, we also have P = I V , with I', J ' being involutions
of 9W. Hence, C%(P) - 1.

Case 1. pe π2.
Since i(3K) = 1, S^^^ΓZ{Z) Φ 0 , and since by Lemma 5.40, M has

2-length 1, it follows that X <\

Case l(a). iS^-subgroups of & are abelian.
Since 3̂ is noncyclic, we can choose Po in ^ with Cτ(PQ) Φ 1.

Since C2(^β0)<(P> is a Frobenius group, it follows that CX(PO) contains
a four-group. Hence, C(P0) g 2K, so φ is a Sp-subgroup of ©. Since
P = //, there is an involution T of © which normalizes 3̂ and inverts
P. Since N«Poy) Q M, it follows that Γ does not invert φ . Hence,
φ = φ 0 x

 sft, where T inverts ^β0 and centralizes Sβlβ Choose P t in
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ψ19 and suppose Te$JlG. Then CmG(%) is even, so C^OPi) contains a
four-group. Hence, Cββi) £ 30ΐσ. Thus, 2PΐG contains an element of
order p which is inverted by T. This is not the case, since %

Case l(b). S^-subgroups of © are nonabelian.
Let φ* = Cy(P). Since φ* is noncyclic, we can choose P* in φ**

such that C%{P*) contains a four-group, so that C*(P*) QWl. If p ^ 5,
then every ^-solvable subgroup of G has ^-length at most 1. Hence,
in this case ζP, Is} can be enlarged to a subgroup β̂<T> with

where $ is a Sp-subgroup of ©. Then Cj(7) ^ 1, since ψ Φ 1. If
P e f f n C(7), then C(P) is contained is some conjugate of Wl and so
a S2,p-subgroup of C(P) is 2-closed. This is impossible, since I does
not centralize C(P). We may assume that p = 3 and that some 3-
solvable subgroup of G has 3-length at least 2. Since 3 e ττ2, every
subgroup of © of odd order is 3'-closed. Hence, there is a 2, 3-sub-
group © o f © with Z3(@) ^ 2 . If @ contains a four-group, then @ g
9KG for some G in ©, against 5E <] S^3. Hence, a S2-subgroup of @ is
generalized quaternion group, and we have O2(@) = 1. Let @0 = Os(@)
Since ^ ^ L ^ ( @ o ) = 0> and since a S2-subgroup of @ is faithful re-
presented on @0, if follows that a S2-subgroup @2 of @ is a quaternion
group. We assume without loss of generality that @2 £ Sft. Let
@3 = Ceo(@0 If ©a ^ 1, then C(@3) £ 9K, so that @J centralizes C@0(@3),
since S <] 22β. This forces @3 = @0, against O2(@) = 1. Hence, @3 =
1, so that @2 inverts @0 and @0 = @oi x @02) where |@01| = |@02| = 3α,
@oi being cyclic for i = 1, 2. Since @2 inverts @0, it follows that
iVs(@2) is a complement to ©0 in @. Let 21 be a S3-subgroup of JVS(@2)
Since 21 centralizes &'2, we have 2IcSK, so iV(2I) £ 3K. Hence,

iV@0(2ί)g3K, so [iV@0(2I), @5] £ O3,(@) Π @o - 1 ,

against the fact that @2 inverts Θo

Case 2. p e τr3 (J τr4.
Let ^3* be a £^-subgroup of © which contains ^3.

Case 2(a). ^ c ^ * .
Since Sβ is noncyclic, Theorem 10.9 implies that

Hence, 3̂ contains a cyclic subgroup ^?0 of index p. Also,
If P g Z ( φ ) , then φ = φo<P> and fl^^o) centralizes 2 . In this case,

, so ξβ - φ * against our hypothesis. Hence,
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If 3̂ is nonabelian, then the normalizer of every noncentral subgroup
of φ of order p is contained in M. This is clearly impossible, since
ψ Φ 1 implies that CV(SI) g φ for all noncentral subgroups SI of φ of
order p. Hence, β̂ = φ0 x P̂i is abelian, and exactly one subgroup
of 3̂ of order p has a non trivial fixed point on Z. Hence, if T
is an involution of ©, then |C(Γ)|p = p. It follows that PeZ(ψ)
and ^3* is normalized by some involution T of ©. Clearly, Sβ*' ^ 1,
since $ c $ * . If P*eC r(Γ)», then C(P*) contains <Γ, Z(φ*)> and
C(P*) is contained in some conjugate of M. This is impossible, since
T inverts Z(5β*) and 3;

Case 2(b). 5β = 5β*
Since C*(P) g 3W, it follows that a Sφ-subgroup of C^P) is of the

shape <P> x (£, where & is cyclic. By Theorem 10.9, ζP) x (£ is a
Sp-subgroup of C(P), so there is an involution of G which normalizes
<P> x (£and inverts P. But iV«P> x C) g 1 , by Theorem 10.9, and
so P is a product of two involutions of SDΐ, against our hypothesis.
We have verified Hypothesis lθ.l(iv).

In verifying Hypothesis 10.1(v), we may assume that P is of
prime order p. Let $ be a S^-subgroup of O2,(2K) which contains P.
We assume without loss of generality that Z normalizes Sβ. If C$(P)
contains no elementary subgroup of order p3, then since i(W) = 1, it
follows that X centralizes P, so that C"(P)Q3t and (v) holds. If
C^(P) contains an elementary subgroup of order pB, then once again
C*(P) s 9K, by Theorem 10.2. The proof is complete.

Theorem 10.2 and Theorem 12.1 imply that <£|£eM(2:)> is non-
solvable. We will frequently use this fact.

THEOREM 12.2. Assume the following:
( i ) p, q 6 τr3 - {2, 3}, π = {p, q}, r e π'.
(ii) ξ> is a Sp,Q-subgroup of (S; β̂ is a Sp-subgroup of &; Q is

a Sq-subgroup of φ.
(iii) 5βL = Op(©), S*Zf^im Φ 0 .
(iv) £1, - Off($), ^ ^ ^ ( 0 0 ^ 0 .
(v) 21 e ^ ^ ^ ( φ O , §I<] Φ, §ί* e &*&yr (^), 31 s SI*.
(vi) S3 e ^ ^ ^ ( Q O , 35 < Q, 93* e ^ ^ L ^ ( Q ) , 33 s 33*.

T/̂ ê  ίfeβ following hold.
( i ) Ĉ βiSS) permutes transitively by conjugation the maximal

elements of M(?β1S3; r ) .

(ii) Suppose 33 is faithfully represented on some element of H(3S; r)
ίfeere is α?ι element 9ί m M^Oi; r) wΐίfc ίfee following properties:

(a) φ normalizes 9ΐ.
(b) 33 is faithfully represented on 3ϊ.
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Proof, (i) Hypothesis 6.5 is satisfied with ^ in the role of $,
Di in the role of 2. By Lemma 6.5, we conclude that 5βx centralizes
every element of MOPX; q). We must show that 33 centralizes every
element of M(33; p). Choose ^ e ^ * ^ ) , ^ £ 33. By Lemma 6.4
(with p and q interchanged), 2^ centralizes every element of M ^ p).
Suppose <£ e H(33; p). Choose Z in 33? Π Z(iQ). Then <ξβlf (g, O> £ C(Z).
Since ^ is a maximal element of kl(Q; p), it follows that ^ is a
Sp-subgroup of Oq.{C{Z)). Since g ^ 5, 33 s 0/ ,((7(3)). Hence,

[6, 33] s 0,,(C(Z)) .

Since 33 centralizes ^ , 33 centralizes every p-subgroup of Oq,(C(Z))
which 33 normalizes. Hence, [Gc, 33, 33] = 1, so 33 centralizes @.

We next show that C0&33) = Z(^33) x $ where $ is a r'-group.
Since CflftS) £ CΌft) £ W i ) > and since £ £ JV^), the desired equality
follows from Lemma 5.19.

Let ^ = {φL, 33}. We will show that Hypothesis 6.2 is satisfied
with ^33 in the role of SI, r in the role of q. (a), (b), (c) have been
verified, and (d)(ii) holds by construction. Since φ £ ΛΓββi)* (d)(i) holds
for % = φ i # Take g = 33, and choose % in kU w (^33; r). We must
show that 3fϊ0Sθff'(JV(SS)) Let φ* be a 5,,,,-subgroup of iV(33) which
contains O ^ . Since, ^ is a maximal element of M(O;p), it follows
that ^ = Op(φ*). Hence, Theorem 2 of [41] applies to yield (d)(i).
By construction, (e)(i) holds.

Since © is an JV-group with 2eττ', it follows that (?τ, r, ^33)
satisfies conditions (b), (d), (e) of Hypothesis 6.1. By Theorem 6.2,
(π, r, φx33) satisfies Hypothesis 6.1. Since ra(33) ^ 3, Theorem 6.1
yields (i).

We remark that by symmetry we get also
( i )' CCR&i) permutes transitively by conjugation the maximal

elements of lή^Ά^; r).

It remains to verify (ii). Choose B in 33* and let 9i0 be an ele-
ment of M(33*;r) which is not centralized by B. Choose ^d1e^*(O)
with 33i c 33. Then choose BΣ in 33? so that B does not centralize
Cn^Bj). We argue that there is some element of MC(5l)(^3133; r) which
is not centralized by B. In any case, [C^iBJ, B] lies in Oq,{C{B^)),
since 23* £ Oq,.q{C(BJ). Also, ^ is a ^-subgroup of Oqt(C(B^). Let
3lx be a £r-subgroup of Oq.(C(B$) which is normalized by 33* and is
permutable with $βlβ Then B does not centralize 3^. Thus, B does
not centralize the Fitting subgroup of ^ 9 ^ . Since B centralizes ^3X,
B does not centralize the Sr-subgroup of the Fitting subgroup of ^ 9 ^ ,
and our assertion is established.

Let 3ΐ be a maximal element of M^SS; r) which is not centralized
by 33. We will show that JV(Sft) contains a Sg-subgroup of
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Choose N in JVβftφ). Then $ΪN is a maximal element of M^SB; r),
so 3ΐ* = 3F for some C in C(ty&). Hence,

iV(^33) - (JVί^S) Π N(ϊft))CW&) .

Since (7(^33) = Z(tyJ8) x $> where g is a π'-group, our assertion
follows. Let § * b e a Sp q-subgroup of N(φ&) Π JV(9t).

We have shown that if B e 33*, then there is a maximal element
ίft = SR(JB) of 14(^33; r) which is not centralized by £ . By (i), we
conclude that 33 is faithfully represented on every maximal element
of M(W8; r).

Since Q g iV(W8), we can choose N in iV(^S3) so that Q*Nz>£ι.
Replacing 9ΐ by 9iN we may assume that 3t is a maximal element of
M0&33; r) which is normalized by S&Q and on which S3 is faithfully
represented. Since 3ΐ is a maximal element of M(tyJ8; r) normalized
by ^βiOi, 3t is a maximal element of k l ^ P ^ ; r). However, we argue
that 3t is also a maximal element of MίSίO^ r). Let 9Ϊ* = iV(3ΐ). By
(i) applied to SKX, we see that (π, r, StOJ satisfies Hypothesis 6.1.
Hence, every element of M ί̂SlOj.; r) lies in Off/(3i*). As 3Ϊ is a maximal
element of TV^S; r), it follows that 9t is a Sr-subgroup of 0^(31*),
so is a maximal element of MίS!^; r).

By (i) applied to SIO^ it follows that JV(3t) contains a ^-subgroup
of JVίStDO. Let φ* be a Sp-subgroup of JV(3ΐ) permutable with £},
such that 5βx s «β*. Then ^ = 0 ^ * 0 ) , so <5β, 5β*, D> g i V ^ ) . Now
we have the exploitable equality £X = Op^N^)) Π Q. We choose Nt

in iV^O so that ψ*Nl = φ, O^i - O. The expression for £i, guar-
antees that N^Ni^). Thus, ^ G normalizes 9ίiVi and since 9 ^ is a
maximal element of 14(^33; r), 33 is faithfully represented on 3ΐVi; the
proof is complete.

HYPOTHESIS 12.1. ( i ) p e τr4, p ^ 5.

(ii) © satisfies E2 p.

We will show that Hypothesis 12.1 is not satisfied. Suppose false.
Let $ be a Sp-subgroup of © permutable with £, and let SK = Λfββ),
9K being available by Theorem 10.2.

Let ^β0 = Op(?βX) and let Q be a maximal element of M(S£; g), q
being an odd prime. We will show that O s 3K. First, suppose that
£ contains an elementary subgroup of order 16. In this case, X con-
tains a four-subgroup G? such that Cpo(6f) e J^(p) . Hence, C(JK) S Tt
for all £7 in @*, by Theorem 10.2, so D s 2W. We may therefore
assume that £ contains no elementary subgroup of order 16. Suppose
that £i g 3K.

Let @ be a normal elementary subgroup of X of order 8. Let
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Oo = O n SK, Oi £ D, |£^: Do | = g, with © £ iV^). Let

Let © = {#| j£e @*, C*0(J2) is noncyclic}. By Theorem 10.2, (S Π ©0 = 0,
so EE' e ©o for all E, Ef in <§. By Lemma 5.39 with % in the role
of Sβ, it follows that ί£ is isomorphic to a subgroup of (?L(3, p).
Since 2K dominates X, it follows that 2/ Φ 1. However, this violates
Lemma 5.43(b).

Since £1 £ 9K, SK contains every element of M(£). Hence,

This is not the case since 2JΪ is solvable.

HYPOTHESIS 12.2. ( i ) p e τr3, p ^ 5.

(ii) Maximal elements of M(S£; p) contain elementary subgroups
of order p\

We will show that Hypothesis 12.2 is not satisfied. Suppose false.
Let $ be a Sp-subgroup of © permutable with Z. ϊβ is available

by Lemma 12.1. Let σ be the equivalence class of πz — {2} under ~
which contains p, and let π = σ U τ(σ). Let S be a S^-subgroup of
© which contains φ . Let φ o = O p ( ^ ) , 2 0 = O2(^2). Thus, by Lemma
12.1, ^ ^ ^ 3 ( ^ 0 ) ^ 0 .

Suppose q e π, q Φ p and C is a Sg-subgroup of ^ permutable
with ?β. Let Q, = O,(^Q), φ x = Op(?β£i). We will show that

( * ) [%, QJ centralizes every element of M ^ ; 2) .

Suppose (*) does not hold.
Since (*) does not hold, it follows readily that © does not satisfy

ElP q. We will exploit this fact.
If £ 0 = 1, then by Theorem 6.1, N{Ώ,λ) contains a @2 p^-subgroup

of ©. We may assume therefore that

(12.1) So Φ 1 .

Suppose φ 0 Π ̂ ! = 3 ^ 1. Let S be a S2,p ,-subgroup of N(3) with
$ c S . We assume without loss of generality that X^ = Op'(2).

Let $ = ^ n O 2 i ? ( ^ S ) , α^GiV(φ). By Theorem 6.1, (X&J* £
$ £ C(3f) £ JV(3f), and so (£<A)* = (^0Qi)c for some

This implies that NiX^) contains a S2-subgroup of ©.

Let I = 5β n Off>p(φG), τ/eiV(i). Then (3: 0 D^ £ <ΪOD1, C( |)> £

C(3f)£JV(3f), so (3^D1)
lf = (2^Qi)d for some deC(φ) . Hence, N(X&d

contains a S^subgroup of ©, and so N(Z0&ι) contains a S2 p g-sub-
group of ©. This is false, and so
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(12.2) 5& Π 5& = 1 .

Since Sf&^Vffiύ Φ 0 , (12,2) implies that

(12.3) Sf&^J&u Φ 0 .

Let [φ0, QJ = Q 2. Since (*) is false, some element ® of N^; 2)
is not centralized by Q2. Suppose Q2 centralizes every element of
M(Q; 2). Note that φ normalizes £ι2. Let £}2 = O? = Dξα, so that O 2

centralizes every element of M(Q;2). Since β̂ £ iVίC^)', it follows
that £}2 is not cyclic. Thus, G 2 contains a subgroup S3 of type (q, q)
with 83<]Q, and it follows that 93 centralizes every element of H(Q;2),
whence 33 centralizes every element of M(S3; 2). Let 58 = W = W,
so that 23 s £}2, and 33 centralizes every element of M(S; 2). Since
O 2 g Q 1 ( we have S g O , and S G M ( S ; 2 ) . Thus, <®, φ, Q> g
iV(23), and £>, is a ^-subgroup of O,,(iV(33)). Now ®, = [3), QJ 3
[S, D2] Φ 1 and ®x s Og,(Op,(N$8))). This implies that Q2 does not
centralize any S2-subgroup of Og/(OP'(iV(33))), against our assumption
that Q2 centralizes every element of M(Q; 2). We conclude that
[̂ 30, O J does not centralize every elememt of H(Q; 2). By Theorem
6.1, [%, OJ does not centralize any element of M*(Q; 2).

Suppose ?βL = 1. In this case, there is a maximal element 9ΐ of
M(Q; 2) which is normalized by φ, so (*) holds since [Sβ0, 9ΐ] = 1.

Suppose Sβj. is a nonidentity cyclic group. Let g be a normal
elementary subgroup of 3̂ of order p3 with Gc g ^30. Choose a maximal
element ΪR of M(Q; 2) such that JV(9t) ί l ^ i s a Sp-subgroup of N(ϋt).
Let φ* = JV(3t) Π φ, so that φ * O is a iSp ,-subgroup of iV(3t) and
φ*φ x = φ. Let ®* = © Π φ*. Since ^ is cyclic, @* is noncyclic.
Since ^ £ ZflS), @* < 5β. Let @f <3 5β, ©f S @, I®? | = P2. Then

[©*, QJ = Q*

centralizes 3ϊ and Of is normalized by ^β. Hence, iV(-Qf) contains
Ox, 3ΐ and φ . Let ^ be a Sp.9-subgroup of JVίOf) which contains Q ^ .
Since £l, = O/^), (*) follows immediately.

Suppose ^ ^ ^ / ^ ( ^ β ! ) = 0 . Proceeding as before, choose a maxim-
al element 9ΐ of M ^ ; 2) such that iV(9ΐ) Π ? = φ* is a ^-subgroup
of JV(3*). Since ^ έ f ^ O f t ) = 0 , it follows that ^*/C¥*(^) is ele-
mentary of order 1, p or p2. If ^3* Π ̂ ?0 is noncyclic, then since φ* Π
% centralizes ϊβ19 it follows that φ* D ̂ β0 contains an elementary sub-
group g of order p2 which is normal in *β. Since g centralizes 3ΐ,
so does [Qi, @], so (*) is seen to hold. We may assume that φ* Π ^30

is cyclic. Since . i / ^ f ^ O R ) = 0 , it follows that φ * Π φ 0 Φ 1- Sup-
pose φ* n C(^) is noncyclic. Since Ωffi* Π %) S ^(Φ), there is an
elementary subgroup % of ^3* of order p2 which is normal in Sβ and
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contains Ωffi* f) *β0). By Lemma 6.4, it follows that Ωffi* Π $β0) central-
izes 3ϊ, so again (*) holds. Suppose that φ* Π C*^) is cyclic. Since
ψ% = *β and φ 0 Π Φx = 1, it follows that <$*af^(*β*) ^ 0 . Now
since . ^ ί f ^ O f t ) Φ 0 , and since ^ ί f ^ ^ o ) Φ 0 , it follows that Sβ
contains a normal elementary subgroup SI of order p\ Let

21* = φ* n 2i.

Thus, §1* is of order precisely p\ since φ* contains a normal cyclic
subgroup φ* Π Cββi) with factor group elementary of order 1, p or
p2. Since *β s ^OPi)', it follows easily from 0.3.4 that C(%) Π 21* is
noncyclic. This is impossible, so we conclude that

(12.4) S^^Vffit) Φ 0

Choose an element 33 of S^*Λ\i&ύ with 93 < O. Suppose S3 is
faithfully represented on some element of M(33*; 2), where

93* e S^^Λ^ίΏ) ,

S3 s 33*. Let 3ϊ be the element of M($A; 2) given by Theorem 12.2(ii),
with φO s JV(9t). In this case, [̂ β0, OJ centralizes 3Ϊ, so

[%, QJ Π » = 1 .

This is impossible since 33 Ξ2 Z(Qi). Thus, S3 is not represented faith-
fully on any element of M(S3*; 2). We can thus choose Z in Z(Ώ) ΓΊΠf
such that ^ centralizes a maximal element 3ΐ0 of M(D; 2). Hence,
C(Z) 2 <(̂ βi, Sϊô  and we assume without loss of generality that
S$JR0 is a group. It follows that iV^Sΐo) contains a ASP ^-subgroup
of ©. By CP)ί, we can choose a maximal element 9^ = ίfifi of M(O; 2)
such that φD is permutable with 9t1# Thus, (*) holds in this case,
too.

We will next show that there are a prime q and an elementary
subgroup @ of ^ of order q2 such that

( i ) G? is normal in a Sg-subgroup of fl.

(12.5) (ii) @ centralizes every element of H(6c; 2).

(iii) e g

If φo Π F(S) is noncyclic, we may take q = p, so suppose that ^ 0 Π
is cyclic. We can then choose q in π(F(&)), q Φ p such that ^30 does
not centralize the S^-subgroup g g of F(St). Let Q be a S^-subgroup
of St permutable with «β. Then Og(Qφ) 3 gff, so by (*), [Off(Q5β)f 5R,]
centralizes every element of kl(O9(Q^3); 2). Let O* be the largest
subgroup of Oq(£ι?β) which centralizes every element of \A(Oq(£fi$; q)).
Clearly, D* < Dφ, so O* Π ©, < Π^β. If Π* Π g, is noncyclic, © is
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clearly available. Suppose Q* Π %g is cyclic. Then in particular,
%q Π [Off(D5β), ̂ βo] is cyclic. We will show that this is not the case.

Let S = JV(0ff(O5β)) and let O be the largest subgroup of Og(Q*β)
which centralizes every element of H(O; σ — {#}). Let S = JV(Z(O)).
Then <8,ffi>g£*. By Corollary 6.2, 5p s S', so φ g S * ' . Since φo

does not centralize %q by hypothesis, [gg,
 s$o] is noncyclic.

Let © satisfy (12.5.i), (12.5.ii) and (12.5.iii). It follows easily
from the definition of π that © centralizes every element of M(Gr; r)
for all primes r Φ 3, g. Thus, S = ζ&\$ e M(@; #')> is a solvable #'-
group, and $gJV(£). It follows that every element of M(5β) is con-
tained in N(S) = m, say. Hence, J^(p) g ^*(@), by Theorem 10.6.
It then follows that every element of M(£) is contained in SK, so
Z^m and by Theorem 10.7, N(%) S 9K, C(/) c 2K for all involutions
/ of £. This is not the case. We have shown that Hypothesis 12.2
is not satisfied.

Let σ be the set of all primes q >̂ 5 such that % normalizes some
nonidentity g-subgroup of ©.

HYPOTHESIS 12.3. There is a prime p >̂ 5 such that p||^4@(^>)|
for some 2-subgroup § of ©.

By Hypothesis 12.3 and Lemma 5.51, there is a normal subgroup
£ of £ such that p \\A&($)\. Let ίϊ - JV(£) and let $0 be a S2 -̂sub-
group of ffi which contains S. Let $ be a ^-subgroup of β0. Let
£o = Op 2(̂ o) n 2 J o - $ n θ p 2 p(fflo). Thus, [φ0, φ0] = © ! < « , and φ0

does not centralize φ0. If g e σ and Ω is a maximal element of
M(S; g), then since neither Hypothesis 12.1 nor 12.2 is satisfied, it
follows that S^^^4^3(D) = 0 . This implies that ίgί centralizes d,
by Theorem 6.1. Since p ^ 5, φx contains an element S3 of ^ * ( £ ) .
Thus, 3B centralizes every element of H(33; {2, 3}'). It follows that
<3I|2Ie M(2)> is of odd order. This is not the case, so Hypothesis
12.3 is not satisfied.

HYPOTHESIS 12.4. There is an element 93 of '&*(%) which central-
izes every element of M(33; σ).

Suppose Hypothesis 12.4 is satisfied. Then <φ|φeM(3;)> is of
odd order. Since this is not the case, Hypothesis 12.4 is not satisfied.

HYPOTHESIS 12.5. α g ^ ,

Suppose Hypothesis 12.5 is satisfied. Let p be the largest prime
in σ, and let q e σ. Since 6^r^f<yίΛ

z^€) Φ 0 , we can choose an ele-
ment / of %* which centralizes a Sg-subgroup of © and a ^-subgroup
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of ©. Hence, if ^ is a Sp-subgroup of © which is normalized by ίE,
then JV(5β) contains a Sσ-subgroup @ of © which is normalized by £-
Also, 2/ centralizes @, so 3/ contains no element of ^ * ( 2 ) . Hence,
Z{V) is cyclic, so by a well known property of 2-groups, %' is cyclic.
Clearly, %' Φ 1, since £ does not centralize @, while each Sylow sub-
group of @ which is normalized by % dominates %. If Ω^Z') is weakly
closed in X, then Z g JV(A(£'))'> so that 2 centralizes @. Hence,
fl^S/) is not weakly closed in £ . Let fl^S') = 3 = <£>, and choose
G in © so that 3 G cz%,ZG = Z1Φ Z, QG = &. We may assume that
3 g ϊ G . Let Gf be an elementary normal subgroup of XG of order 8
which contains 3i Let ©0 = Ce(Z) so that |G?0| ^ 4. We assume
without loss of generality that @0 g Z. Then Gf0 normalizes @, but
3i does not centralize @. We may choose E in @S so that Ce(E) is
not centralized by Zlm Since Hypothesis 12.3 is not satisfied, a Sσ>2-
subgroup of C(E) is σ-closed. Hence, there is an element % of
S^ctf^{%G) which normalizes a d-subgroup @0 of © with Z^C^Q).

This is not possible, since Z centralizes every element of M(£; σ). We
have shown that Hypothesis 12.5 does not hold.

Let σi = σ n π t , ΐ = 1, 2. Since Hypotheses 12.1, 12.2, 12.3 fail,it
follows that σ = σ1lJσ2J and since Hypothesis 12.5 fails, σ2 Φ 0 .
Let p be the largest prime in σ2, and let $ be a Sp-subgroup of ©.
Let G? be a normal elementary subgroup of ^ of order p2. Maximality
of p guarantees that for each q in σ2 — {p}, @ centralizes every ele-
ment of kl(@; q). A routine argument shows that G? centralizes every
element of M(©; σ^. It follows that © centralizes every element of
of M(@;{p, 3}'), so £ = <£|£eM(©)> is a solvable p'-group. Thus
N(2) 2 S, and it follows that <£> | £> e M(S:)> is of odd order. Since
this is not the case, we have derived the desired contradiction.

Received May 18, 1970. I am indebted to Professor J. H. Walter and Dr. Anne
MacWilliams for pointing out several gaps.
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