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MOMENT SEQUENCES IN HILBERT SPACE

GORDON G. JOHNSON

Suppose f is a real valued function of bounded variation
on [0,1]. Then for each nonnegative integer =, the Stieltjes
1

integral | j*df exists, where for each number z, j(z) =z. A

necessary 0and sufficient condition is given for f in order that
the moment sequence for f, {C,}»-0, is square summable. A
second result establishes that the set of all such square sum-
mable moment sequences is dense in [2.

LemMMA 1. If p is a number, 1/2 < p < 1, and for each nonnega-
tive integer n,a, =1 — (n + 1)77 then

1. lima* =0,

n—r00

2. >, a¥ ewists

n=0

and

3. f‘, 1 — a,)? ewists .
n=0

Proof. To establish 1,

limaz =lim @A — n™?)"

Nn—oo n—oo

=exp[lim n In[1 — xn77]].

n—oo

Sinece 12 < p <1,

limn In[l —%?] = — plimn/[n? — 1] = — o

n—soo

and hence the result.
To establish 2, it will be sufficient to show that for sufficiently
large n

ar =@ +mn)"

i.e., that [1 — n7?]"' < 0"
Let w» =k and ¢ = p™ — 1 (note that g > 0); we have then to
show that

[[1 _ k—l]k]kg <Ek'—k.

Recall that
201
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A-FkT=e"
and hence that
[ - &1 < e
Now if k is large we have
e <kt -k

and the result is established.
The third part follows immediately from the definition of a,.

THEOREM 1. If f is a real valued function of bounded variation
1

on [0, 1] and, for each nonnegative integer n, S j"df = C, exists, then
0

8

C: < o
0

n

]

if and only if
S 1 2
S[rw - saia - an] < =
where the sequence {a,}7-, s as given in Lemma 1.

Proof. Let us first establish the necessity of the condition.
Suppose 3.7, C; < <o
If » is a positive integer

C., = S::i”df

e+ ] sw
= af() — | s+ gdr .
Let 7, = | * fdj*/az, then
C. = ailf (@) — 7l + FU) — Flajaz — | rdj".

Let 6, = S Fdj*/(1 — a?), then

C, = ailf(a.) — 7] + fD) — fla)a; — (1 — a3)o,

and
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= (a3l — 7] + [F Q) — d.])* .

Since the sequence {[6, — 7.]};=: is bounded it follows from Lemma
1 that

Sa [0, — nF < e
Hence, since Y>>, C? < -, we have that
S W = 4,F < e
i.e.,

oa
n=1

~ . fagria - ap|'<

and therefore the condition is necessary.
Now let us establish the sufficiency, i.e., suppose that

oo
n=1

= | _sdivja - e

exists.

Now C, = | f(0) - g:nfdjn] — (s for n=0,1,2, -

As befor
5(], rar)

n=1

exists and hence we have only to consider
(s =, sy

S (v - sar]fn—an)a - e
5 (@ =, raie] /i - )

5 (r@ = s - a1+ Fmat — ax1) -

IA I

Il

||M3 MMB ||M8 ﬁM3

Recall the assumption that

3 (r@ = | raioi - az1)

exists and hence we need only consider
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(fMaz/[1 — az])®

8 1M

n

 (fQYar/l — aif

which also exists. Hence it follows that 37, C? exists.
As an immediate consequence of this result we have the following
results, which are stated here without proof.

ProrosiTION 1. If there isa 9,0 < o < 1, such that f(1) — f(x) <
l—2if 60=2=1 then X3.,C2 < oo,

ProposIiTION 2. If there ts a 0,0 <6 <1, such that f has a
continuous derivative on [0, 1] then >3, C2 < oo,

PRrOPOSITION 3. If there is a number 0,0 <0 <1, a number
a > 1/2 and a number B > 0 such that

[fQ) — f(x)| = B]1 — =|* for « in [9,1]
then >ip_, C2 < oo.
Consider the following example. Let f=1— (1 — 5)'* on [0, 1],
then C, = S jrdf = ZnS (1 — 7" if =1, and hence C,., = 2(n +
0 0

1) S:ﬁ(l — 7™ It then follows that 2n + 8)C,., = (2n + 2)C, and this

yields the following for » =1,2, ---, C,,, = C.II'=[(2t + 4)((2t + 5)].
By the use of Stirlings formula we have that C2,, = 61 7 (n + 3/2)7'/
and hence 37, C? does not exist.

The following lemma is stated without proof.

LEMMA 2. If t is a positive integer and n is a nonnegative
tnteger less than t, then

s ( )mt(— 1) = (= 1!

t
m=0 \ M,

and
t [t
S ( )m”(— )™ =0.
m=0 \ M

DEFINITION 1. Suppose {C.}o-, is a real number sequence and =
is a positive integer. Let #,(0) =0, #,(1) = C, and if z is in (0,1) N
[k/n, (k + 1)/n) where £ =0,1,2, <<, n — 1 let
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P.@) = 3, (") 2(" N t)<~ 1°Crs -

t=o\ t/ i=0

THEOREM 2. The set of all square summable moment sequences s
dense in [’

Proof. Let, for each nonnegative integer ¢, &, = {0;};2, where d,;
is the Kronecker 6. Associated with each such sequence ¢,, there is
a function sequence {®,.}7-, as given in Definition 1. For each non-
negative integer ¢ and each positive integer k there is a number

1
sequence C,,, = {C,,.,:}o-, associated, where C,, ., = S J"de,,,.
0
A straight forward computation yields

k —
Coer = 3, (— 1) m<m/k>< )(t_m)

= (- 1>t( t) (m)<— 1) (mk)"

and therefore

3 Cia = 3 (f)[mz(;)(— 1)"‘(m/lc)"]2 .

7n=0

This, using Lemma 2, becomes

(’;)[2( t )(— " (m/k)* |

<lz)[m2< )(— 1" (/)" /)" |

(5L (1) ey

o ({Jwomsri e (]

=0

k —2t 4 2t.2 2 2
(t)k [z( ) K1 — )
+

T

I
|!M8

iYL

t—

2>, (t) mi(— 1™ Z (%)it(— 1)k (K — mi)]
m +1

zg(

-

c>

> )2m21 ( ) k—Zth/(kZ )

w28 (D v 3 (L () e - m

m= i=m+1

S

-

o
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if k>t
Note that

lim k—k(]:)/ (k- m) = (@)

k—oo

and that

k—oo

k 2
lim k‘lc( t) / (¢ — mi) = (&)=
Then it follows that

Iim3 C:,, = 3,

k—oo n=0 m

=3
————

+2H(t%m—nfi(3w—nwwz
m i= 1

=m+1

Hence, if ¢t is a nonnegative integer
lim ||C, .|| = 1. (]| - || is I* norm)
koo
Let us now show that
}cim e, — ensll = 0.

Suppose t is a nonnegative integer and k is a positive integer
greater than ¢.

S (Bus = Cod)

Ms

(an,t - C’n,k,t)z

t

= (Bt,t - Ct,k,t)2 + Cvik,t

n=t+1

:
Il

co

= (1 - Ct,lc,t)2 + Z Cﬁ,k,t .

n=t+1

Now

(= Condt=(1- ( ’ >k“ mz(;)m(~ )

and
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t
m

since

k—oo

lim (’:)k— = (th™

and hence by Lemma 2

lim (1 - Ct,k,t)z = O

koo

Combining this with the fact that
i C:,k,t =1
n=0

yields, lim,_.. |le;, — &,.|| = 0 for each nonnegative integer t.

Since {¢,:t=10,1,2, .-+} is a complete orthonormal set for I* and
each point can be approximated by a square summable moment se-
quence, it follows that the set of all square summable moment sequences
is dense in I’ and hence the theorem is established.
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