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MONOTONE MAPPINGS OF A TWO-DISK ONTO ITSELF
WHICH FIX THE DISK’S BOUNDARY CAN BE
CANONICALLY APPROXIMATED BY
HOMEOMORPHISMS

WiLLiaAM E. HAVER

The theorem stated in the title is proven. As a corollary
it is shown that the space of all such monotone mappings is
an absolute retract.

1. Introduction. Let D" denote the standard =-ball of radius
one in E™ and H(D") the space of all homeomorphisms of D* onto itself
which equal the identity on the boundary of D". Let H(D") denote
the space of all mappings of D* onto itself which can be approximated
arbitrarily closely by elements of H(D"). Under the supremum topology,
H(D") and H(D") are separable metric spaces; H(D™) is complete under
the supremum metric. It is known that H(D") is locally contractible
[7]1, H(D™) x l,~ H(D" [4], H(D") jis homogeneous [7], and that
H(D"Y~ 1, [3]. In this paper we shall be concerned with the case
n = 2, and to simplify notation we shall write D for D% It is well-
known (ef. [8]) that H(D) is the space of all monotone mappings of
D onto itself which equal the identity when restricted to the boundary
of D.

We shall show [Theorem 1] that the elements of H(D) can be
“canonically approximated” by elements of H(D) and [Theorem 2] that
H(D) is an absolute retract. The work of this paper depends heavily
on W. K. Mason’s paper, “The space of all self-homeomorphisms of
a two-cell which fix the cell’s boundary is an absolute retract”, [9].
The crux of Mason’s paper is the definition of a basis for H(D) which
can be shown to possess some particularly nice properties. We shall
review the definition of this basis in the following section and then
define a basis for H(D). Familiarity will be assumed with the notation
and basic definitions of [9].

2. Mason’s basis for H(D). Consider D to be a rectangle in R*
with horizontal and vertical sides. A grating, P, on D consists of a
finite number of spanning segments (crosscuts) across D, parallel to
its sides, with the same number of horizontal and vertical crosscuts.
Let P, P, --- be a sequence of gratings on D such that (a) the mesh
of P, approaches 0 as i increases and (b) if I is a crosscut of P; and
j =1, then [ is a crosscut of P;.

Let 57 be the collection of all polyhedral disks H contained in D
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such that Bd (H) is the union of a vertical segment in the left side
of Bd (D), a vertical segment in the right side of Bd (D), a polygonal
spanning are of D, H?, that is contained in the closure of the same
component of H(D) — H as the top of Bd (D), and a polygonal spanning
arc of D, H®, that is contained in the closure of the same component
of H(D) — H as the bottom of Bd (D). Let 7" be the collection of all
polyhedral disks V contained in D such that Bd (V) is the union of
a horizontal segment in the top of Bd (D), a horizontal segment in
the bottom of Bd (D), a polygonal spanning arc of D, V*, that is
contained in the closure of the same component of H(D) — V as the
left side of Bd (D) and a polygonal spanning arc of D, V*#, that is
contained in the closure of the same component of H(D) — V as the
right side of Bd (D).

Let P; be a grating from the sequence P, P, ---. Let{l, ---,
1.} be the set of horizontal crosscuts of P; and {m, ---, m,} the set
of vertical crosscuts. Let {H, ---, H,} C 57Z satisfy H;N H; = @ if
t#jand {V, ---, V,} 7 satisfy V;N V; = @ if i+ j. Then define

OP; Hy -+, Hy; V,, -+, V)
={fe HD)| f(l) c H; — {C1(D — H,)} and
fim) < Vi = {C1(D — Vy} for 1 <@ < n}.

Then the basis for H(D), which Mason denotes HVT, is the collection
of all such open sets.

3. A Basis for H(D). In this section we define a basis, 8, for
‘H(D) and demonstrate that it possesses some nice properties. Let P;,
{H, ---, H,) and {V,, ---, V,} be as in the definition of HVT. The
basis, B, will consist of all sets of the following form:

B(Pj; H1, oo, Hn; Vu cee, Vﬂ)
= {fe HD) | f~(ly < H, — {CL(D — Hy} and
FHm)C Vi — (CL(D — Vi)}, for 1=i<n}.

We note that fe B(P; H, ---, H,; Vi, ---, V,) N H(D) if and only
if f*eO(P;H,---,H,;V, -+, V,). To see that the elements of g
are open subsets of H(D), let f be an arbitrary element of B(P;; H,,
-, H;V, ---,V,). Then let

¢ = min {d(F(HF U HP), U L), d(f(VE U VE), Umy)) .

1<isn j=1 i=1
Let g be an arbitrary element of H(D) satisfying d(f, g) <e. Suppose
that g¢ B(P; H,, ++++, H,; V,, ---, V,). Then, without loss of gener-
ality, we can assume that there exists an integer ¢ such that ¢7'(J;)
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is not contained in H; — Cl(D — H;). Since (i) g7'(l;) N (Bd D) =
)N @BdD)c H; — C1 (D — Hy), (i) g7'(l;) is a connected set and
(iii) H U H? separates H; — Cl1(D — H;) from D — H,, there is an
xe Hf U HP such that g(x)el;. But this implies that d(f(x), g(x)) =
d(f(HF U H?), ;) = ¢ and hence d(f, g) = e.

LEMMA 1. B s a basis for H(D).

Proof. Let fe H(D) and ¢ >0 be given. We wish to find Be g
such that f e Band d(f, g) <e¢ for all xe B. Pick a grating, P;, such
that diam |st(z, P;)| < ¢ for every xe D. Let I, be the ¢th crosscut
from the top of D. Choose HT to be a polygonal spanning arc of D
with one endpoint in each side of D that separates the top of D from
£7i(1,). Choose H? to be a polygonal spanning arc of D that separates
() from f7'(l;). The polyhedral disk H, is thus uniquely defined.
Assume inductively that disks H,, ---, H;_, have been defined in such
a manner that ;N H, =@ if 1<j<1—1,1<k<+—1,and 7=k
and that for each j,1 < j <7 — 1, H separates H?, from f'(;) and
H? separates f7'(l;) from f7'(l;.,). Choose Hf to be a polygonal
spanning arc of D that separates H?, from f7'(l;). Finally choose
H? to be a pylygonal spanning arc of D that separates f'(l;) from
F7'(Liyy) (or from the bottom of D if ¢ = »). We have thus uniquely
defined H; in such a way that the inductive hypothesis is satisfied.
Define V,, ---, V, in a similar manner. Now, by construction
feBP;H,---,H;V,---,V,) and if geB(P; H, -+, H,; V,, -+,
V,) then d(f, g) <e.

LEMMA 2. Let B, ---, B; be elements of 8. Then B = [1i-, B:
is an element of B.

Proof. Assume B = ¢ and that P, is the grating associated with
B, 1<k<=j. Hence for any %k, 1 < k < j, every crosscut of P, is a
crosscut of P;. Let [, be the first horizontal crosscut of P;. For each
k,1 <k <7, let H,, be the element of 5# associated with [, and B,
(if there is one). Let H, be the component of D — (Ui, H'. U Ui-, HE)
that contains f7'(l,). Define in an analogous manner H, ---, H, and
v, -+, V.. Itis clear that B(P; H, ---, H,; V,, -+, V,) = Ni-. B
The elements of {H, ---, H,} are pairwise disjoint since each H; is
contained in H;, and the elements of {H, ---, H, ] are pairwise
disjoint.

Lemma 3 will follow as a corollary to the following theorem of
Mason. (The proof of this theorem constitutes the bulk of [9].)

THEOREM (Mason). Let U be an element of HVT and K a finite
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dimensional compact subset of U. Then there is an embedding + of
the cone over K into U such that +(f, 0) = f, for all fe K.

LEMMA 8. Let B= B(P; H, ---,H,; V, ---, V,) be an element
of B and K a finite dimensional compact subset of BN H(D). Then
there is an embedding ) of the cone over K imto BN H(D) such that

¥(f, 0) = f, for all feK.

Proof. Since H(D) is a topological group, the function G: H(D) —
H(D) defined by G(f) = f™* is a homeomorphism. Therefore, by the
note following the definition of B, G(K) is a finite dimensional compact
subset of U(P; H,, ---, H,; V,, ---, V,). Hence by Mason’s theorem
there is an embedding + of the cone over G(K) into U(P; H,, ---,
H,; V, ..., V,)such that 4(f, 0) = f, for all fe G(K). Define r: K x
I— Bn H(D) by Mk, t) = Gy (G(k), t)).

4, The main results. The following theorem shows that the
elements of H(D) can be canonically approximated by elements of H(D).

THEOREM 1. Let a be an open cover of H(D). Then there exists
a locally finite polyhedron, &, and maps b: H(D)— P, : F — H(D),
and 6:H(D) x I— H(D) such that

(a) for each fe H(D), there is an element, U,, of a such that
0(f, t)e Uy, for each tel,

(b) 6(f,1) =, for each f e H(D),

(¢) 6(f,0) = wb(f), for each fe H(D),

(d) 6(f, t)e H(D) for each fe H(D) and tec|0,1).

Proof. Let ' be an open barycentric refinement « (i.e., if f e H(D),
| st(f, &')| is contained in some element of &). For each positive integer,
k, let a;, be an open cover of H(D) such that

(i) a, is a refinement of «’,

(ii) if Vea,, diam V < 1/k,

(iii) if Vea,, then Vepg.

We next define an open cover, 7, of H(D) x [0, 1).

oo k k
Let 7= {V x [0, 1/2) | Vea} U kL_J_Z{Vx(z s 8 2 = 1)llVeak} .
Let v be a countable refinement of 7 such that
(a) if hen, st(h, r) is a finite set,
(b) if hew, then there is an element of 7, V x J, such that
[st(h, V)| C V X J.
Let % be the nerve of v and B: H(D) x [0, 1) — &7 be the standard
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barycentric map. Order the element of v, and for each h;ev, let
V, x J; be an element of 7 such that |st(h;, v)| < V; x J;. Note that
Ve pB.

We shall define a map +: &7 — H(D) by induction on the skeletons
of &. For each vertex (k;) of &7, let °((h;)) be an arbitrary element
of H(D) intersected with the projection of A; onto H(D).

Now assume that for m = 1, 2, ---, n we have defined ™ F#™—
H(D) such that 4™ extends 4™ and for each simplex o™ = (h;, - - -, h;):

(a) +™™) is finite dimensional,

(b) v™™ c HD)NA{V;| ki < N0 st(hay )}

Now let "™ = (hy, =+, h,y,» be any simplex of 7 *'. Let

U= NVl b N stlhs, M) -

Since each V; is an element of B, by Lemma 2, Ue 8. By the in-
ductive hypothesis the image under +" of the boundary of o™ is a
finite dimensional compact subset of U N H(D), denoted K. By Lemma
3 there is an embedding

A © (K)— Un HD)

such that M f, 0) = f for all fe K. We consider ¢"*' to be the cone
over its boundary, and so for (z, t) e o™, let ¥"*'(z, t) = My"(2), ©).
Extending over each = + 1 simplex in this manner gives
gt Pt — H(D) and completes the induction. Hence lim, . " =
Jri & — H(D) is continuous by the continuity of each +" and the local
finiteness of 2
Let b: H(D) — & be defined by b(f) = B((f, 0)).

We next define the homotopy 6: H(D) x I — H(D) in the following
manner:

w(B(f, 1), t+1

o0 =10 )

Conditions (b), (¢), and (d) are obviously satisfied. We show simulta-
neously that ¢ is continuous and that for each fe H(D) there is an
element U, of « such that for each tel, 0(f, t)e U,.

Suppose that (f, t) € H(D) x [0, 1) and that (2*— 8)/2* <t<(2F—1)/2%
Let &, be any element of v which contains (f, t). By the definition
of 4, vB(f, t)e Vi,. But Vyea,_, U @, U a4+, and therefore the diame-
ter of V, is less than 1/(k — 1) which implies that d(yB(f, t), f) <
1/(k — 1) and thereby that 6 is continuous. Since each «; is a re-
finement of a’, there exists an element of «', Ug,,, such that
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{f} U{wB(f, ) c Vo< Uy,,. Since ' is a barycentric refinement of
«, there is some element, U;, of a such that U,ep,y Uy C Uy and
hence 6(f, t)e U,, for each te Il

The following result is an immediate corollary of Theorem 1 and
a theorem of Hanner [5] which states that a metric space X is an
ANR if given an arbitrary cover, a, of X there exists a locally finite
polyhedron .&7, maps b: X — &, 4: & — X, and 6: X x I — X such that
6(x, 0) = rb(x) for all x € X, O(x, 1) = « for all xe€ X and for each xe¢ X
there is an element U of a such that 6(x, t) e U for all te]0, 1].

THEOREM 2. H(D) ts an absolute retract.

Proof. By the preceding comments, H(D) is an ANR. But H(D)
is contractible by the Alexander isotopy [1] applied to H(D). The
theorem follows since every contractible absolute neighborhood retract
is an absolute retract.

5. Applications. (a) The author has shown [6] that H(M),
the space of all mappings of a compact manifold onto itself which can
be approximated arbitrarily closely by homeomorphisms, is weakly
locally contractible. Theorem 1 can be used [7] to show that for any
compact 2-manifold, M?* H(M?) is locally contractible.

(b) A problem of current interest is whether H(D) is homeo-
morphic to [,; it can easily by shown using a result of Anderson [2]
that if H(D) is homeomorphic to I,, then H(D) is homeomorphic to ,.
Perhaps the results of this paper and the fact that H(D) is complete
under the usual metric will be helpful in showing that H(D) is homeo-
morphic to I,.

(c) L. C. Siebenmann [10] has asked whether the inclusion map
i: H(M)— H(M) is a homotopy equivalence. Theorem 1 provides an
affirmative answer to the question for the special case i: H(D) — H(D).

Added in proof. Recent work of Torunczyk (“Absolute retracts
as factors of normed linear spaces,” Fund. Math., to appear) implies
that since H(D) is an AR and H(D) x l, ~ H(D), H(D) is in fact
homeomorphic to I,.
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