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SOME PROPERTIES OF MODULAR CONJUGATION
OPERATOR OF VON NEUMANN ALGEBRAS AND
A NON-COMMUTATIVE RADON-NIKODYM
THEOREM WITH A CHAIN RULE

HuzIHIRO ARAKI

For a cyclic and separating vector ¥ of a von Neumann
algebra R, the corresponding modular conjugation operator Jy
is characterized by the property that it is an antiunitary
involution satisfying Jy¥ =¥, JyRJy = R’ and (¥, Qjy(Q)¥)=0
for all Q< R where j7(Q) = JyQJy.

The strong closure Vy of the vectors Qjy(Q)¥ is shown to
be a Jy-invariant pointed closed convex cone which algebrai-
cally span the Hilbert space H. Any Jyp-invariant ¢ € H has
a unique decomposition @ = @, — @, such that @;c Vy and
S*(Dy) L s®(D,).

There exists a unique bijective homeomorphism oy from
the set of all normal linear functionals on R onto Vy such
that the expectation functional by the vector gy(p) is p. It
satisfies

[l ow(o)) —ow(o) 11> = || o1 — 2 ]
= {ll ow(o,) + pr(p2) |1} ] 0w (0:) — aw(o2) ] -

Any two oy and oy are related by a unitary %’ in R’ by
way(p) = og:(p) for all p.

The relation lp, = p, holds if and only if there exists
A(py/p,) € R such that A(p/p,)or(0,) = ow(p;). The smallest ! is
given by || A(o./p,) ||. It satisfies the chain rule A(os/p,)A(p,/0:) =
A(os/p). It coincides with the positive square root of the
measure theoretical Radon-Nikodym derivative if R is com-
mutative.

As an application, it is shown that product of any two
modular conjugation jyj, is an inner automorphism of R.

For a product state & o; of a C* algebra generated by
finite W* tensor products {Q,.; B;} ® {®;e;1,;} of von Neumman
algebras E;, it is shown that @ p, and @ o} are equivalent
if and only if 2'[|oy(p;) — ou(0})||* < oo where || oz(p) — ou(0’) ||
is independent of 7.

It is shown that there exists a unitary representation
Uy(g) of the group of all x-automorphisms of R such that
Us(9)xUr(g)* = g(x) for all xe R and Up(g)or(g*o) = ov)o) for
all normal positive linear functionals p.

1. Introduction. In the Tomita-Takesaki theory of modular
automorphisms [9], two operators 4, and J, are associated with each
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cyclic and separating vector ¥ of a von Neumann algebra R on a
Hilbert space H.
4y is a positive selfadjoint operator such that

(1.1) LT =T,
(1.2) 7(t)Q = (4)"Q(dy) " e R

for every @€ R and real t. It is called a modular operator and the
automorphisms 7,(t) of R is called modular automorphisms.
J = Jy is an antiunitary involution, namely

(1.3) (=, Jy) = (y, )
(1.4) Jr=1.

It satisfies

(1.5) JU =7,
(1.6) JRJ = R’ .

We shall call J, a modular conjugation operator.
4y and J, are defined through the polar decomposition

L. S = J,4y°

of the closure of an antilinear operator S, which is defined on its
domain R¥ by

(1.8) SQY = Q*7, QeR.
An important property is
(1.9) JyngrJyr = Ag_r-l .

Our investigation centers around the following property of J = J,
observed in [2]. For any Qe R, @ =0, @ + 0, the following strict
inequality holds:

(1.10) (¥, Qi(Q¥) >0
where
(1.11) 7:(Q) = J,QJ, e R’ .

The validity of (1.10) comes from the property 4, > 0 and the
following identity obtained from (1.5), (1.7), and (1.8):

(1.12) ¥, Qi (QY) = (@Y, 4°Q*Y) .

QOur first result is the characterization of the modular conjugation
Jy for a given ¥ by (1.3), (1.4), (1.5), (1.6), and (1.10). It should be
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remarked that (1.3), (1.4), (1.5), and (1.6) without (1.10) are not suf-
ficient to characterize J,. If (1.5) is dropped, then there exists a
unitary « in the center such that J = J,,.

Our second result is concerned with the strong closure of the set
of all vectors Qj(Q)¥, Qe R. It is shown to be a pointed closed convex
cone which algebraically span H and is selfdual in the sense that any
@ € H satisfying

(1.13) (@,2)=0

for all xe V; must be in V,. Any ®&c V, is shown to have a unique
decomposition @ = @, — @,, satisfying @, ¢ V,, @,€ V; and s¥(®,) L s¥(®,).
Our third result is concerned with a possibility of having some
@ ¢ V, for a given normal positive linear functional p such that w, = p
where w, denotes the expectation functional on R by the vector @.
This turns out to be possible for all o in a unique and nice manner.
It is shown that there exists one and only one element in V,—denoted
as o,0—Tfor any given normal positive linear functional o on R, such
that the expectation functional ®,, by the vector g,0€ V; is 0. The
mapping o, is bicontinuous due to the following inequality:

low(0) — ou(0) [P = [1 0, — 0. ]
= {Haw(pl) + aw(pz) ||} || Ua'(p') - O'W((Oz) H .

Any two o, and g, are equivalent up to a unitary equivalence, namely
there exists a unitary «' € R’ satisfying

u'oy(0) = 0,(0)

for all p.

The fourth result is concerned with the Radon-Nikodym derivative
satisfying a chain rule. The relation lo, = o, for two normal positive
linear functional o, and p, holds if and only if there exists A(0,/0,) € R
such that A(0,/0.)0+(0) = 0,(0.). It satisfies the chain rule

A(pa/{oz)A((oz/(Ol) = A(ps/p1) .

If R is commutative, A(p./0,) is the positive square root of the
measure theoretical Radon-Nikodym derivative. For a general R,
A(p,/p,) is different from the noncommutative Radon-Nikodym deriva-
tive found by Sakai [8].

As a corollary to our investigation, we find that product of any
two modular conjugation j,j, is an inner = automorphism of R.

Another application is made in connection with an infinite tensor
product of von Neumann algebras R;. We define

d'(0,, 0:) = [l 04(0,) — a4(0.) ||
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which is independent of the choice of cyclic and separating vector 7.
For normal states o; and p; of each R;, we consider product states
® p; and ® 0; on the C* algebra A generated (as an inductive limit)
by finite W* tensor products {@;.; B;} = R(I) where I is any finite
index set. The representations of A canonically associated with & p;
and @ p; are quasi-equivalent if and only if

S0, O3 < o

and the central supports of o; and o} are the same. The distance d’
is in general larger than Bures distance [5]. They coincides if o, and
0, commute.

As a further application, we show that there exists a unitary
representation U,(g) of the group of all x-automorphisms of R such
that Uy(9)xUy(g)* = g(x) for all xe R and U,(g)a.(g*0) = o,(0) for all
normal positive linear functionals p.

We also give a simple proof of the continuity of the modular
automorphism z,(t)x in o for a fixed x € R and bounded ¢.

2. A characterization of the modular conjugation operator.

THEOREM 1. Let ¥ be a cyclic and separating vector for a von
Neuwmann algebra R on H. Amn operator J is the modular conjugation
for U if and only if the following 5 conditions are fulfilled.

(i) =z, Jy) = (y, x) for all z, ye H.

(i) J* = 1.
(ili) JRJ = R
(iv) JU = 7.

(v) (¥, QiQ)7) =0 for allQ e Rwhere j(Q) =JQJ. The equality
wn (v) holds if and only if @ = 0.

Proof. It is known [9] that the modular conjugation J, for the
vector ¥ satisfies (i), (ii), (iii), and (iv). (v) with the strict inequality for
@ # 0 is already proved in §1.

We now prove that J satisfying the 5 conditions must by J,.
From (i), it follows that J is antilinear. From (ii), it follows that J
is bijective. Hence J is antiunitary.

Let T be defined on R? by

@2.1) TQV = JQ*V , QeR.

Since ¥ is separating for R, Q¥ = Q.7 implies @, = @, and hence
JQIT = JQx¥. Therefore, T is well-defined and is linear. Since ¥ is
cyclic for R, T has a dense domain. By (iv) and (v),

(2.2) Q7, TQ¥) = (¥, Q*j(Q@M¥) =0, QeR.
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Thus T is positive on its domain and hence is symmetric.
By (1.8) and (2.1), we have

(2.3) T=JS.

Since J preserves norm, we have T = JS and

(2.4) D(T) = D(S) = D(4y% .
Define

(2.5) u=dJJy.

Both J and J, are antiunitary. Hence w is unitary. We have
(2.6) T = udy?,

where (1.7) is used. We shall now show that 7 is selfadjoint. Then
(2.2) implies that T is positive and hence (2.6) implies T = 4j* and
% = 1, which proves J = Jy by (2.5).

From (2.3), we have'

@.7) T* = S*J .

It is known [9] that R'? is a core of S*. (Namely, the closure
of restriction of S* to R'¥ is S*.) By (iii), JR? = R'¥. Hence RT
is a core of T*. Since R¥ is the domain of 7 and T* > T, we have
T* = T.

The condition (iv) of Theorem 1 is not essential as is seen in the
next result.

THEOREM 2. Let ¥ be cyclic and separating for R in H. An
operator J satisfies conditions (i), (i), (iii), and (v) of Theorem 1 if and
only if there exists a unitary w in the center of R such that

(2.8) J = Jul = wlu*) .

The condition (2.8) is equivalent to JJ, being in RN R'.
For the proof we need preliminary lemmas.

LEMMA 1. The weakly closed linear hull of the set of all operators
QJ(@), Qe R is {RU R'}".

Proof. For arbitrary @, R and Q,< R’, we have
3
Q)Qz =4 Z;.oeimr/zan(Xn) y
X, =@+ (@) e R,

! This part of proof has been simplified by a suggestion of Dr. G. Elliott.
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where j(Q.) = JQ.J € R, j(X,) = JX,J.

LEMMA 2. Let W be a von Neumann algebra on H such that W'
is commutative. If T =T, + ¥_ is a cyclic vector for W in H,
and

(2.9) ¥, Q¥ )+ (¥_,Q7,)=0

for all Qe W, then there exists a selfadjoint operator A such that its
spectral projections are in the center W' of W and

(2.10) SVWNT_ = A (T )V

where 8" (¥,) are projections onto the closures of WU ..

Proof. s"'(¥.) belong to W’ which is commutative and hence is
the center of W. Let

E=s""T)s"T).
Then
(2.11) EV. = sV (W) .

We define A tobe 0 on (1 — E)H. If E = 0, (2.10) is trivially satisfied.
Hence we consider the case E == 0.

We are going to define a selfadjoint operator A, = AE on EH
satisfying

(2.12) EV_ = {AEV,

which implies (2.10) in view of (2.11).
Since WEV, = EWV, are dense in Es"'(¥.)H = EH, E¥, are
both cyclic for WE on EH. Define an operator A, by

(2.13) AQEV, = —iQEV_, QeW

on a dense subset WE¥, of EH.
If QE¥. = 0, then (2.9), where @ is replaced by EQFQE, implies

(QET., QEV.) = (¥, EQIQEY_)
= —(T_, EQ}QETV.)
=0

for all Q,e W. Therefore QE¥_ = 0. Hence QE¥, = QE¥, for
Q, @ ¢ W implies QEV_ = Q'E¥_, which shows that A, is well-defined.
A, is obviously linear.

From (2.9), we have for Q, Q,c¢ W
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(QEV., A,QEV.) = (¥,, —iEQQEV_)
= (—i¥_, EQrQ.E¥.)
= (A.QEY,, Q.EV,).

Therefore A, is symmetric. A, obviously commutes with @ € W on
its domain.

Since ¥ is cyclic for W, WEY¥ = EWV is dense in EH. Hence
EV, + EV_= EV is cyclic for EW on EH. It is therefore separating
for the commutant of FW on KFH, which is EW".

From (2.9), we have

(EV, — EV_, QE¥. — EV_)) = (EV, + EV_, QEV, +EV.)).

Hence || Q(E¥, — E¥_)|* = 0 implies ||QEV | =0 forany Qe W. As
we have seen, KV is separating for EW’ and hence E¥, — E¥_ is also
separating for EW’. It is therefore cyclic on EH for the commutant
of EW’ on EH which is EW.

Since

(4, + )QEV, = iQEY, — EV.),
(4, — )QEV, = —iQEV, + EV),

for all Qe W, A, + ¢ and A, — ¢ have both dense ranges in EH by
cyclicity of E¥, — E¥_ and E¥, + E¥_ for EW. Therefore, the
closure 4, = A4, of A, is selfadjoint. By (2.13) with @ = 1, we have
(2.12).

REMARK. The assumption that ¥ is cyclic for W can be omitted.
Let e =s"'(¥). Then(1—e)?, = —(1—¢)¥_. Substituting @ = (1—¢)
into (2.9), we obtain

A -] =[1—-e¥_[f=0.

Hence we may restrict our attention to eW on eH with ¥, ¥, ¥_ all
in eH and apply proof of Lemma 2.

LEMMA 3. If Qe RN R, then
(2.14) JoQJy = Q@

where Jy 1s the modular conjugation operator for a cyclic and separat-
ing vector ¥ of R.

Proof. It is known ([1], [9]) that the center of R is elementwise
invariant under any KMS automorphisms. Hence Qe R N R’ commutes
with 4,. We have
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o Q)T = J,QT = 4P°Q*T
= QT = Q*V .

By (iii) of Theorem 1, J(R N R’)J, = RN R’. Since ¥ is separating
for RO RN R, we have (2.14).

Proof of Theorem 2. Assume that J satisfies (i), (ii), (iii), and (v)
of Theorem 1. From (i) and (ii), J is an antiunitary operator. Set

(2.15) v, =27(¥ £J?).
We have

(2.16) JU, = ¥, ,
(2.17) r=v, +¥_.

By (2.16), we have for Qe R

7., QQY.) = (JV., QI(QJY.)
= (Jwt, JQ](Q)Ti)
=Y, Q)Y )

where the second equality is due to Qj(Q) = j(Q)Q and the last equality
is due to (i). Similarly,

¥, QA7) = — (¥, WQT5) .
Hence
1Im (¥, Q@Q)7) = ¥, Q@QY¥.) + (¥, QQY,) .

By (v), this must vanish. By Lemma 1, the weakly closed linear
hull of Qj(Q), Qe Ris (R U R')’. Setting W = (R U R')”, the premises
of Lemma 2 are satisfied. Note that W’ = RN R’ is the center of R
and is commutative.

Hence there exists a selfadjoint operator A affiliated with B N R’
such that (2.10) is satisfied. We define a unitary operator v in RN R’
by

uw=s""T)1 - s"(T))
(2.18) + (1 — 1A)A + A EV(TL)ST(T)
+ V(@A - sV'(TL)) .

Because ¥ is cyclic for R, it is cyclic for W. Hence s"'(¥,) Vs"'(T.) =
s"'(¥) =1. Thus

1 —s"TNA—-s"T) =0

and u is unitary.
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From (2.10) and (2.18), we have

w¥ = (1 — sV (W),
(2.19) + (1 + AY)s" (T )T,
+ i1 — ST .

Since JWJ = W, both W¥, and W¥_ are invariant under ..
Therefore s”'(¥'.) both commute with J. We shall next prove that
A commutes with J.

As we have seen, K = sV'(¥,)s"'(¥_) commutes with J. From
(2.16) and JWJ = W, the domain WE¥, of A, is invariant under J
and A, commutes with J. Hence the closure A, of A, commutes with
J, because J preserves norm. From the uniqueness of the spectral
projections and

S NE, = A, = JAJ = S NI ELT)

we have E, = JE,J for all spectral projections E, of 4,. Hence J
commutes with (1 + A%
From (2.19) and (2.16), we have

Ju¥ = u¥ .

Since w is in the center of R, it commutes with Qj(Q), @ € R. Since
4 1s unitary, we have

w¥, Qi@u¥) = (¥, Qj(Q¥) = 0 .
By Theorem 1,

J = Juq' .
Since the unitary mapping H—uH = H ¥ —u¥, R—uRu* = R
brings S, to uS,u* = S,», we have
quu* — uw e

Hence we have (2.8).
By Lemma 3, we have

JJy = uJyu*Jy, = u’

which is a unitary operator in the center of R.

Conversely, let w be a unitary operator in RN R’ and JJ, = w.
Then J = wJ, satisfies (i), (ii), (iii), and (v) of Theorem 1, where (ii) is
due to Lemma 3:

(wa)Z = Wquwa == ww* = 1 .

The following example shows the case where (i), (ii), (iii), and (iv)
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are satisfied but J == J,. The center in this example is trivial and
J # uJyu* for any unitary u in the center.

ExAMPLE. Let H, be n dimensional Hilbert space and R = B(H,) ®1
be the algebra of 2 x 2 matrices on H, = H,Q H,. Let ¢, e, be an
orthonormal basis of H, and e;; = ¢; Qe;€ H,. Let ¥ = 27(e, + ey),
O = 27"%e, + e,). Then Jye; = e; while Jye;; = e; for ¢+ 5 and
Joe; = e;; for © = j. Hence J, = J,. However, J = J, satisfies (i), (ii),
and (iii) because it is a modular conjugation operator for @ and
satisfies (iv).

REMARK. The condition (iii) is used only in the proof of the essential
selfadjointness in Theorem 1. If R is a finite matrix algebra then (i),
(ii), (iv), and (v) are sufficient to proveJ = J,. Whether (iii) is necessary
for more general case is an open question.

3. Technical lemmas concerning 4;Q4;*. We denote by ¥, the
set of all operators @ such that there exists a family of bounded linear
operators 7,(2)Q depending on a complex parameter z, which is holo-
morphic in z for all z and satisfies

3.1) T (0)Q = 4¥Q4F*
for real ¢.
For real z, we have
(3.2) T (R)QIFD = 45Q0 , @ e D(4%) .

If ¢ is an entire vector of log 4,, then the left hand side is an entire
function of z and hence Q@ must be an entire vector of log 4, and
(3.2) holds for all z. Since vectors, on which log 4, is bounded, are
entire vector of log 4, and form a dense set of analytic vectors for
4¢ for any real a, (3.2) holds for any z and @< D(4¥) by Nelson’s
theorem.

If @, and @, are in %y, then (z4(2)Q.)7+(2)Q, is an entire function
of z and satisfies (8.1) for @ = Q,Q.. Hence Q,Q.c A, and

(8.3) (2)(@.Q:) = {T:(R)Q)T(2)Q: .

Similarly, @ e %, implies @* € ¥, and

(3-4) 7(2)(Q") = (z:(3)Q)" .
We define

(3.5) Ay, =Wy N R, Dy =T,

(3.6) S‘)In = s)IW Nn R ’ Dm = %WW .
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If Q ey, then [7,(2)Q, Q] = 0 for any Q,€ R’ and real z, hence
for all z by an analytic continuation. Therefore 7,(2)Q € 2y,. Similarly,
if Q e Ay,, then 7,(2)Q € A,, for all z.

For any L' function f, we define

3.7 Qf) = S A¥QAFf(t)dt .

It is bounded (|| Q(7) || = IIQIIS 701 &), QU € R if Qe Rand Q(f) € R

if Qe R’. If fis a C~ function such that e*f(») is bounded for any
real «, and

(3.8) 7t = @ | e nan
then Q(f)e U, and

(3.9) T (R)Q(f) = Q(f2) »
(3.10) £.0) = @ | e e fonan .

We shall use the following specific function later:

(3.11) fi@) = (Br)*exp{—-t*/8}, B>0.

It has the property that Q(f%) is in the weak closure of convex hull
of A#Q47* and

(3.12) lﬁlgl QUIE) =@ .

If f has a compact support, then Q(f)¥ is an analytic vector of
4% for any real a. Since )

QUAY = f(log 4,)Q¥

and R? is dense, such vectors Q(f)¥ are dense and hence D, is a
core of 4z for arbitrary z. Similarly, D,, is also a core of 4z for
arbitrary z.

LEMMA 4. Let Y = Skdpz be a positive selfadjoint operator and
D be a core of Y. Then D is a core of Y= for 0 < a < 1.

Proof. Any vector in the domain of Y is in the domain of Y&,
0<a=1. Then

Y| =|pY2l]+|L—-p)Yu|
(3.13) sllpelf + 1A = p) Y|P
=llelP + [ Yol .
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If v,eD, x,—»2xe D(Y) and Y=, — Y=, then Yz, is Cauchy by (3.13)
and hence € D((Y*|D)"). Since D(Y) is a core of Y*, 0<a <1 D
is also a core of Y.

LEMMA 5. For Qe R, the following two conditions are equivalent.
(3.14) QU € D(4¢'»+=) .
(3.15) Q*¥ e D(47°) .

If these conditions are satisfied for an «a > 0, then there exists
a family of closable operators T,(2)Q for Imze[—a, 0] with a common
domain Dy, such that

(1) 74(2)Q s affiliated with R,

(2) 7Ts()Qx is continuous in z for Imze[—q, 0] and analytic
m z for ze[—a, 0) if x€ Dy,

(3) T4(?)Qx = 4¥Q47%x, x € Dy,

(4) (T(x)Q)*x = 4¥Q* 47%x, € Dy,.

Proof. Due to Jy4f = 47*J,, we have
(3.16) D(47%) = JoD(45) .
Hence (3.15) is equivalent to

4PQY = J,Q*¥ € D(45)

which is equivalent to (3.14).
Assume that @ satisfies (3.14) and (3.15). Define an operator A,
on Dyrz by

(3'17) AzQ’w = Q'AZ}ZQT ’ Q’ € ah ’

where Imze[—ea, 0]. By (3.14), Q¥ is in the domain of 4y for
Imze[—a, 0]. Since ¥ is separating for R’ Dy, A, is well-defined
and linear.

To show that A, is closable, we show that its adjoint has a dense
domain. For @] and Q) in Ay,, we have

(QY, A.QY) = (Q*QY, 47Q7)
= (47"*{7(=Z — 9/2)(Q*Q)}Y, Q)
(3.18) = (Jed7 T 2QF QY Jp 4V Q*Y)
= (47°Q*Y, 47 Q*QY)
= (QI47Q*7, Q:¥)
where Q*¥ is in the domain of 4¥ by (3.15). This proves that D(A4})
contains a dense set D,, and A, is closable. We denote A4, = 7,(2)Q.
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(1) By (3.17), we have
QIAQY = QIQ:47QY = A.QQY

for any @ and @; in %,,. Hence A, commutes with Qe %, and is
affiliated with (2,) = R.
(2) By (3.17), we have

EERRY = Q47Q¥

which has the stated continuity and analyticity due to (3.14).
(38) This follows from the following computation:

FRAFQY = 4AFQ(t(—2)Q1T
= A¥{to(—2)Q QY
= QUFQ¥ = AQT .
(4) This follows from the following computation where (3.18) is
used.

QF, G:(2QQY) = (QI47Q*Y, QF)
= (4¥{mo(—2)QIQ*Y, Q:¥)
= (47Q*{zo(—2)Q1}Y, QF)
= (47Q*477QY, QY) .

COROLLARY. For Q< R, the following two conditions are equiva-
lent.

(3.19) QU € D(4%) .
(3.20) Q*T € D(4¢»+%) .

If these conditions are satisfied for an a > 0, then there exists a
family of closable operators T,(2)Q for Imzel0, a] with a common
domain Dy, such that

(1) 7(»)Q is affiliated with R,

(2) 7,(2)Qx is continuous in z for Imze [0, a] and analytic in
z for Imze (0, o) if € Dy,

( 3 ) fur(z)Qx = A?QZ’F’% HAS Dufzy

(4) EF(2)Q)*x = 4¥Q*47%x, x € Dy,

Proof. Interchange roles of @ and @* in Lemma 5 and denote the
restriction of {74(z)(Q*)}* to Dy, by 74(2)Q. The only change is in the
analyticity at the boundary Imz = a.

LEMMA 6. Assume that @€ R and

(3.21) 4QU = Q¥
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for some @, € R and a real a 0. Then there exists a family of
operators t4(z)Q € R for Imz between 0 and —a (i.e., in [0, —a] if
a <0 and [—a, 0] of a> 0) such that

(1) 74(2)Q is strongly continuous in z for Imz € [0, —a] or [—a, 0]
and analytic in z for Imze (0, —a) or (—a, 0).

(2) 74(2)Qx = 4¥Q45"x, x € D(47%).

(3) (t(x)Q)*x = 47Q*47"n, x e D(4¥).

(4) o < max{|Ql], || QII)

(5) 7/(0)Q = Q, To(—i)Q = Q..

Proof. First assume a > 0. Since Q¥ € D(4¥?) for any Q.c R,
(3.21) implies (3.14). Consider

f(z) = (=, T(2)Qy)
for , ye Dy,. If v = Q¥, y = Q¥, then

|f(2)] = [(Q:*QY, 47QY) |
S QR ||| 47™ QY ||
S QT | {|| 42QF || + || QF ||}
for Imze[—a, 0] due to (3.13). Since f(z) is continuous for Imze
[—a, 0] and is holomorphic for Im z e (—a, 0), the three line theorem

is applicable.
On the boundary Im z = 0, we have

@1 =lllillyll QI , ¢ real.

For z = s — 7, we have

{Tr(2)QIQY = Q4¥QY
= Q4PQY = {47Q47"}Q'Y .
Hence

[f(s —i) = llz|[ly]l[|Q.] , s real.
Therefore,

f@) | = ll=l[[lyll max {[|Q.], [Q]]} -

This implies that 7(2)Q, Imze [—a, 0] is bounded. We denote its
closure by 7(2)Q. It satisfies (4) due to the above estimate. (5) follows
from definition. From (1) of Lemma 5, 7(2)Q € R. Since Dy, is a core
of 47 for any z, we have (2) and (3) from (3) and (4) of Lemma 5.

(1) holds on a dense set Dy, by (2) of Lemma 5. Due to the
uniform boundedness (4), the continuity statement holds on any vector.
Then analyticity statement also holds on any vector by Cauchy integral
theorem.
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The proof for the case a« < 0 is the same as the case a > 0.

4. The cone V% Let Vi be the weak closure of the set of
vectors

4.1) {4:Q7; Qe R, Q =z 0}

where a [0, 1/2]. V} is 7% of Takesaki [9]. Since 4¥°Q¥ = J,Q¥ =
7+(Q)¥ for Qe R, Q =0, Vi* is F*° of Takesaki.

THEOREM 3.

(1) V¢ is a pointed weakly closed convex come invariant under
A%,

(2) @eVy is in the domain of 4Y*** and
(4.2) Jp® = Ay .

(3) 43V} is a dense subset of V.

(4) J,V§= Vi~

(5) The dual of Vg is Vi* .

(6) Vg= g1 {Vi"* N D4z ")},

(7) If Qe R and Q¥ c Vi, then 4¥Q47* is bounded by || Q|| for
Imz€|0, 2a] and satisfies

(4.3) (47*Q4¥)” = Q*,
4.4) (47Q45)" 20,

where the bar indicates the closure.

Conversely, iof 47°Q45 is a positive bounded operator with a dense
domain affiliated with R, then Q¥ ¢ Vy.

(8) If 0ec Vi, a =£1/4 and w, < lwy for some 1 > 0, then there
exists Q€ R such that

(4.5) o=Q¥, [RI=10",
(43Q47%)~ is bounded by I'* for Imze[2a — 1/2, 1/2].
(9) If Q¥ e Vi, Qe R, then (||Q] — Q¥ e V3.
Proof. Vg is obviously a weakly closed convex cone. Since
4H(45Q¥) = 45Q.7 , Q, = 43Q47%

and Qe R, Q, =0, Vi is invariant under Aj.
We shall prove that V§ is pointed after (6).
(2) If QeR,Q =0, we have

J(45QU) = 47°0,QU = 4)"Q¥
— A(a}lz—2a)(dew) .
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Hence 43Q¥ satisfies (4.2).

Since Jy is bounded and 4§"*7*® is closed, (4.2) holds for any @ in
the strong closure of the set (4.1). Since the set (4.1) is convex, its
strong and weak closures coincide.

(3) Since (4.1) is convex, Vi is the strong closure of (4.1). If
@ c V3, there exists Q, ¢ R, Q, = 0 satisfying lim Q,¥ = @. By (3.13),

14:Q.7 — )| < [| 47(Q.YF — D) + | QT — OF
=[[Jo(@F — D) | + || @Y — @|*—0.

This proves 4§7% c Vi. By definition, 4357% contains a dense subset
of Vi.
(4) This follows from J; = 1 and

TediQU = 4y*QU

for Qe R, Q@ = 0.
(5) Let @Q,Q.,€R,Q =0,Q,=0. Then

(4;Q.7, £//7Q.¥) = (QF, 4/°Q.Y)
=¥, QJr(Q)¥) =0

due to @, =0, j(Q,) = 0 and [Q,, j»(Q.)] = 0. Hence
(4.6) (Vgy D Vi«

where (V§)' denotes the set of all @ such that (@, z) = 0 for every
xe Vi.
Next let @ e (45.7°%). Let f§ be given by (3.11) and let

(4.7) 0, = g L3O FE(t)dt .
Since 4§.7°% is invariant under 4¥, we have @; ¢ (45.2°%)’. Furthermore,
(4.8) L7, = S L5D F5(t — 2)dt

for real z and the right hand side has an analytic continuation to all
z. Hence @, is an entire vector of log 4, and is in domain of 4y for
arbitrary z. Hence

L0, (F?) = F* = 4V}

where the last equality is due to (2) and (4), for example, and the
first equality is due to [9]. Hence @, ¢ 4'*~*<P% By (3), @, V',
Since @ = lim,_, @;, we have @ e Vi* e,

By (3), we now have

(4.9) (V§) (4857 < V.
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By (4.6) and (4.9) we have (5).

(6) First consider the case a < 1/4.

For @ e V3, there exists Q,€ R, Q, = 0 such that ¢ = lim 43Q,7.
We use (3.13), in which we replace x by 4§Q, — Q.)¥,Y by 4y*
and a by 1/2. We have

| 45" {45(Qn — Qu)T} I
S 148Qn — QTP + | 4479Q0 — QT |
= [|4§(Qn — Q)T | + | Jpd¥(Q, — Q)T [|*
Hence 44Q,¥ is Cauchy and has a strong limit 4¥*~"@, which must
be in Vi* by definition. Hence
thxf - A;—IM{ VIIFM n D(A§-114)} .
Let xe Vi*N D(45"*) and ye V§. Then
(4y*y, 4572) = (4i'y, ) 2 0
due to 4d¥*ye Vi (V). By (3),
(Vi#=y D 4g~ ¥ { V3t 0 D(437'14)} .

By (5), (Vi* ) = V% and hence we have (6).

The case a > 1/4 follows from the case a < 1/4 by (4).

(1) Let®e Viand —@e Vy. By (5), @L V;* . The linear span
of Vi/** contains 4y*7°%U, ¥ = A, ¥, which is dense. Hence @& = 0 and
Vg is pointed.

(7)) If Q¥ e Vg, then Q¥ e D(4y**) and

Jwa‘ — A},ZQ*W — Aé{,'z—zaQw'
due to (4.2). Hence Q¥ € D(47*) and
477QU = QT .

By Lemma 6, we obtain the first half of (7) except for (4.4).
By (3) and (4), Vi*™ > 4;°5?". By (5),

0 = (4rw, Q¥) = (x, To(1)Q¥)

for all xe &?*. Hence 7,(ta)@ = 0 which shows (4.4).

Let Q, = (47°Q4%)~. Then Q4;0 = 4;Q,®@ holds for a dense set
of vectors @. Hence 4;Q*¥ = Q;¥, which implies 4y Q¥ = J,4;Q*¥ =
47°Q¥. Therefore Q¥ = 4;Q,¥. Since Q, =0 by (4.4), Q¥ e V3.

(8) If w, < lwy, there exists Q' e R’ such that w, = wyy, and
[|Q']] < 1'%, Then there exists a partial isometry «’ in R’ such that

0 =uwQY.
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By (4.2) we have
470 = Jy@ = (W' QY .

By (4), J.@ € Vi** and hence by (7), @, = j.(#’'Q’)e R has bounded
74(2)Q, for Imze[0, 1 — 2a]. Setting Q = 74(7/2 — 2ia)Q,, we have
0=QV,QeR and [|Q] =[Q =l (4Q4™) = 7,(2)Q, with
2 =2+ (12 — 2a)t and hence is bounded by ['* for Imze [2a — 1/2,
1/2] and is positive for Imz = a.

(9) IfQ¥ e V¢, Qe R, then 4;Q47” is bounded by ||Q][|, symmetric
and affiliated with R due to (7). Hence

(1Rl —Q) 47 = || Q|- £;Q4*

is bounded, positive and affiliated with R. By the last half of (7),
(1@ —Q¥ € Vy.

5. The cone V. We denote V, = V" due to an importance of

1/4
7.

THEOREM 4. Let ¥ be a cyclic and separating vector for R on H.
(1) Vi is a pointed closed selfdual convex comne.
(2) Vi satisfies

(5.1) A Ve = Vi, —o0 <t < oo,

(5.2) Jyx =, xe V.

(5.3) Q@Vec Ve, QeR.

(5.4) (=, Q1 @y) =0, =z,ycV,, QeR.
(3) Vy is the strong closure of the set of

(5.5) Q. (Q¥, (ek.

(4) If @€V and @ 1is separating or cyclic for R, then @ is
separating and cyclic for R and V, = V.

(5) If @ is a cyclic and separating vector for R, thew @€ Vy
if and only if J, = Jr and

(5.6) @, 2¥) =0

for all ze RN R, 2z=0.
(6) Any @ec H has a unique decomposition

(5.7 =0, — @, + (0, — D,)
such that @,€ Vy,1=1,2,3, 4, and
(5.8) ?,10,, 0,1 0,.
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(7)) If @,€ Vy, 0, Vy and @, L @,, then
(5.9) s¥@,) L s%(D,) , s¥(D,) L s¥(D,),

where s*(@) and s®' (@) denote projections onto closures of R'® and RO,

respectively.
(8) If &,€ Vy and @, Vy, then

(5.10) lws, — w3, |l 2 || 9, — @, |

where w§ is the expectation functional on R by a wvector @.

Proof. (1), (5.1) and (5.2) follows from Theorem 3. Because

{QIx(@HRQI#(Q)} = (QR)I(QQ)) »

(5.3) follows from (3). (5.4) then follows by Vy = V,.
(3) Let Q(f%) be given by (8.7) and (3.11) for Qe R. Then

QUEDIHQUDY = QUL QUSFE)T
= 4/'QQrT e Vy

where
Q. = (iHR(fH)e R .
Hence
QY = lim QU2 QUENT € V.
On the other hand, if we set

Qs = T(—i/DQ(FP)}, QeR, @20,

then
Quafr(@en)¥ = Qupdy* Q5T = 4/ QI(SFE)Y .
We have
lﬁiil;l QUY = @)Y = Q¥ ,
| 4Q(fE)Y — QF}?

= | 4HQP(FY — QU + | QF(FY — Q¥ |
=2[[QfY - QTP —0.

Hence 4j*<”* is in the strong closure of the set (5.5) and we have (3).

(4) If R'® or RO is dense, then R® = J,R'J,® = J,R'® or R'® =
JeRJy® = J;R® is dense. Hence if @ in V, is separating or cyclic,
then @ is cyclic and separating. If @ e V,, then J, satisfies



328 HUZIHIRO ARAKI

J@ =0, (9,Qi:(Q9)=0

due to (5.2) and (5.4). Hence J, = Jy by Theorem 1. Since V, is
the strong closure of Qj,(Q)?, we have V,cC V, due to (5.3) and
Jr =J,. Since V, and V, are selfdual, we have V,= V,D> V.=V,
and hence V, = V,.

(5) If &eVy, then J, =J, as we have seen and (5.6) holds
because z = 2'*j,(z"?) due to Lemma 3. Conversely, assume J, = Jy.
By (6) and (7), which we shall prove below, we have

(5.11) O=0,—0,, 0,cVy, OVy,
(5.12) s*(®,) L s*(®,) .

Assume that (9,, Qj(Q)®,) > 0 for some Q€ R. Let @, = s*(?,)Qs"(D.).
We then have by (5.12)
(2, Q7+(Q)P)
= “(@1, QJjF(QJQz) = "'(@ly ij’(Q)Qz) <0,
where we have used s%(@,)0, = @, j+{s%(®,)} = s¥(9,) (because of

JeR'O, = jo (R P, = R®,) and s¥(9,)0, = @,, in the second equality.
This contradicts with J, = J, and (5.4) for the cone V,. Hence

(5.13) (2, Q7x(@)9:) = 0

due to (5.4) and (5.11).
From (5.13), we have

s"(@,) L s7(®:)

where W is the von Neumann algebra generated by Qj,(Q). By
Lemma 1, W = RN R’. Hence z =s5"'(9,)e RN R’ and

(¥, 20) = —(¥,90) =0

by (5.6). Since ®@,¢ V,, we have (¥, ®,) =0 by V; = V; and hence
(T, 0,) = 0. We shall see that this implies @, = 0 in the proof of (7)
and hence @ = @,¢ V5.

(6) Let @e H. Define

(5.14) D, = 27D + J,0), O, = (20)7(O — JD,) .
Then
(5.15) @ = Q'r + ?:@,, y J;p'@, = @r ) Jyr@,; = @,; .

Conversely, if (5.15) is satisfied, @, and @; are uniquely given by
(5.14).
We now show that any @c H satisfying J,@ = @ has a unique
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decomposition

(5.16) =0, —0,, 0,cVy, 0,eVy, 0, 10,.
Let

(5.17) d=inf{||@ — @|; D e Vy}

(5.18) Ii?]!@;—@ll =d, @,eVy.

Since (5.18) implies that the sequence @) is uniformly bounded, there
exists a weakly converging subsequence @, ,:

w — liin. @”Ib(k) - @1 .

Then

1@ — @, = [0, ]| + d* — lim || @ |* -
By (5.17) and || ®,|]* < lim ||@.,, ||, we have
(5.19) @ — @, | =d*.

Let &, =@, — ® and ze V,. Then @, + xxec V, for A, =0. We
have from (5.17) and (5.19)

10:.[P=d* = |0 — (D, + M) |
= 191" + M2(2,, ») + ||z |I"\}
where (@,, z) is real due to J,@, = @, and J,x = x. We then have
(@, 2) =0

which implies @,¢ V; = V5.
Since @, and @, are in Vy, (@, @,) = 0. For »> 0,

=2 - Q10 —-N" = |2 — M2(D,, 22) — Nl 0:1[)

which implies (@, @,) = 0.

To prove the uniqueness of the decomposition (5.16), let @ = @, -
@, = @, — @, be two such decompositions. For any vectors x, x,, s
we have

(5.20) G(z,, ,, x;) = det ((%;, 2;))(=dex X*X) =0 .
Since (@,, ;) are all real, we have

0= G, 9, —9,)
(5.21) = (2. = [[o: 1) [ 2111* 1] @ [
— (2, 21|21 — 2| 211" || 2. (2}, @) »
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0= G, 0, —9)
(5.22) = (1o — 1o P) [ @, [ || @211
— (@, 0) @[ — 2[D.[*[|9: (2, ©7) .

Since (@,, #})=0 by Vy;= V,, either all terms in (5.21) are
negative or all terms in (5.22) are negative. In the first case, all
terms in (5.21) vanish and we have the following three alternatives:

Case (i). @, =0,0 = —@,. Then

2.1 = (9, 9) = —(9,9)) =0
and hence @, = 0 =0 and @, = —@ = ;.
Case (ii). @®,= 0,0 = @,. Then
21" = —(9;, 9) = — (9, 2) =0
and hence 9; =0=0, O, =0 = @,.
Case (iii). (@;, @;) =0 and ||D, || = ||®]]|/*. Then
10,1 = [| 01| = (21, @) = (2}, 9,)
which implies ||@, — @]|* = 0. Hence @, = @] @, = @;,. If all terms
in (5.22) vanish, we have the same argument.

(7) First we prove that any nonzero @ ¢ V, is never orthogonal
to ¥. By (8), there exists @, € R such that

0= ﬁfp Q.72(Q.)7 .
Assume that (¥, ®) = 0. Then
0= li£n (7, Q.7:(Q.)7)
= lim [| Q.7 [ .
Let © = Qi(Q¥, Q' ¢ R, @ = @(%). Then

(v, 0) = lim (z, Q.7:(Q.)¥)
= lim (j/(Q:Q)Y, Q*Q.¥)
= lim || 45“Q*Q.7 ||
= lim || {ro(:/4)Q}* £ Q.Y |*
=0.
By (3.12) and Lemma 1 (or (3) and (6)), such 2 is total in H and

hence @ = 0.
Since V, = V, for any separating @, in Vy, we have

(5.28) @, 9,)>0
if ®,€ Vy, @, Vy, @, is separating for R and @, + 0.
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We now assume that @,¢ Vy, @, Vy and @, 1 @,. Let s and ¢
denote s*(®,) and s*¥'(®,), respectively. Since JyR'®, = j(R')0, = RO,
we have jy(s) = s’. Hence J, commutes with ss'.

Consider the space H = ss'H and a von Neumann algebra B = sRss’
on H. 0, is in H and is cyclic and separating for B by definition of
s and s’. Since J, commutes with ss’, the restriction of J, to H is
the modular conjugation operator J;1 for @, on H due to Theorem 1.
We also have

85'Qi(Q)0, = ss'Qir(Q)ss'D, = Qjo(Q)D,

where Q = sQs. Hence ss'Vy = 174,1.
Let @, = ss'0,. @,e V, because @,¢ V,. We also have

(D, ) = (D, 0,) =0 .

By (5.23), we have @, = 0.
Denoting ® = (1 — s)(1 — 8')@,, , = s(1—5")@,, and P, = (1 — 5)s'®,,
we have

D, =P+ P+ P, .

Since J,0, = @,, and j(s) = s’, we have J,?, = ®,. We now prove
P, =P, =0.

Assume @, 0 and let s, = s%(®.), si = 8% (®w), k =1,2. Then
Je(s) = 8}, Ju(ss) = 81, 8, =8, $,=<1 —s. Let c¢(&) denote the central
support of Fe (R U R’)”. Then j,(c(E)) = ¢(E)* = ¢(£) by Lemma 3.
Hence ¢(j:(E)) = ¢(E). Setting E = s,s{, we have c(s;s]) = ¢(s,87). Since
$81P, = P, %0, ¢c(s;8]) # 0. We have c(s) = c(s;s) = ¢(s,s7) and c(s,) =
c(s,8)). Therefore, there exists a partial isometry ue R such that
wru < s, Ut = 8, c(uut) = c(utu) = cs,s).

Since s, is the support of @, u*u®, = 0. Then s” = s¥(u*u®,) < s/
is nonzero and c¢(s”) < ¢(s,sy) < ¢(sy). Hence there exists a partial
isometry v € R’ such that v*v <s”, vo* <s], v+#0. Again v*ou*up, #0.

Since

wp, e uld = s,H, wvp,evH < siH,
there exists A€ s,Rs, such that
(5.24) Re (wvp,, Ap,) > 0.

Let Q = A*u — jy(v). A*u vanishes on (1 — s)H and its range is
in (1 — s)H. ju(v) vanishes on sH and its range is in sH. v vanishes
on s’'H and its range is in s’H. j,(A*u) vanishes on (1 — s')H and its
range is in (1 — s’)H. Therefore,
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0 < (2, Q7x(Q)2.)
= —(Py, Je(A*w)jr(v)P2) — (P;, A*uv®,)
= —2 Re (p,, A*uv®,)

where we have used J,®, = @, @, =J,®,. This contradicts with (5.24).
Therefore @, = @, = 0 and 9, = ®.
We now have

@) = s*(P)=1—s,
sT(@) = sF(p)=1—¢".
Hence (5.9) is satisfied.
(8) For @,¢ V, and @,¢ V,, we have a decomposition
0, — 0, =0, — O_
satisfying @, e V,, @, L @_, due to (6). By (7), we have s*(@.) L s*(D_).
Let E = s®(@,) — s®(®_). Then ||E|| =1. We have
@5, — @, || Z || W, (B) — 0, (E) ||
= 2_1| (@1 - Qz, E(@l =+ @2)) + (¢1 + 0, E(@l - (pz))l
=|Re (9, + 0,0, + D,)|
= (@, + O_, O, + D,
=@, —0_, 0, —0,) =0, — 0,

where we have used (9,,0_) =0 and (9,,0.)=0 due to 9,,0,,0_,9, € V,.
6. Some Radon-Nikodym theorems.

THEOREM 5. Let ¢ be a normal positive linear functional on a
von Neumann algebra R with a cyclic and separating vector ¥ such
that U < @y. Then there exists ho€ R, || hy|| £ 1, ko = 0 for each a € [0,1]
such that

(6.1) 20(Q) = (4"°Q*T, 45"hY) + (45" T, 45"QY) .

Proof. Let he R, h* = h and

(6.2) FiQ) = {(47Q*Y, 45°h¥) + (4:"°h¥, 457Q¥)}/2 .
If @ <1/2, then
(6.3) H(Q) = (1/2){(T, Q4:nT) + (4507, Q¥)} .

If « = 1/2, then
FiQ) = A2){(Jo4i*h¥, Jp45°Q*T)

(6.4)
+ (Jedi"QY, Jydi"hO)} = fi74(Q) -
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Hence f¢ is a normal linear functional on R. If Q* = @, then
(6.5) Fi(@Q) = Re (£4"Q*7, 43"h¥)
and hence f§ is selfadjoint. Since

FiQ) = (£:Q*7, h¥) + (¥, 4;Q¥)}/2

for « < 1/2 and f¥(Q) = f+%Q), f& is weakly continuous in A.

Let F be the set of f§, he R,h* =h,1=h=0. Then as an
image of a compact, convex set under continuous real linear map, F'
is weakly compact and convex. F' contains 0. Let F° be the polar
of F', namely the set of Qe R, @* = Q and f(Q) < 1 for all fe F'. Then
(F°)Y = F, where (F")° is the set of all normal linear selfadjoint func-
tionals f satisfying f(Q) < 1 for all Q¢ F".

For each real ae |0, 1], consider

mi(Q) = sup Re fi(a + it) ,
t
fh,(a + it) — (Aéra-—'it)/ZQ*w', A;'a-i—'it)lzhw‘) .

fi(2) is obviously an analytic function of z for Reze(0,1). It is
continuous for Reze€ [0, 1]. Furthermore,

|fh(a + ’l:t)| § H A;q—it)/ZQ*gf H || A{ra‘\\-it)/zhw‘ ”
= {[[JeQV |I* + | Q[P JehT ||* + || AT ||} .

By the three line theorem,
s1t1p Re fi(a + it) = log sup | g ntatit
is a convex function of . Hence
9"(Q) = sup {mi(Q); he B, h* = 1, 1 =z h = 0}

is also a convex function of «.
Since fi(a + it) = fi(a), V' = 4¢hd7", we have for Q* = @

9%(Q) = sup {fi(Q); ke R, h* = h, 1 = h = 0} .
By (6.4) we have
9'@Q) = 97Q) -
Due to convexity,
(6.6) 9"(@Q) = 9'(Q) .
We have

FiHQ) = (¥, j=(h)QY)
= w@(Q) ’
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@ = (b)Y .

The set of such w, for he B, h* = h, 1 = h = 0 is exactly the set of
all normal positive linear functionals ¢ of R satisfying # < w,. Hence

9"%(Q) = @) and by (6.6)
9°(Q) =z Q)
for any @* = Q, Qe R, «c[0,1]. Hence pec(F°)° = F.
REMARK. h,_, = h,. h, is unique. (If # =0, set Q = h,.)
COROLLARY. If @c Vi, ¥ — @c Vi and a =< 1/4, then there ewists
he R such that 0 < h <1 and
(6.7) 20 = W + 4¥hV .

Such h is unique. If @e V§ W — @c V§ and a = 1/4, then there
extists b’ e R’ such that 0 = W/ <1 and

(6.8) 20 = WU + L5

Such K is unique.

Proof. Let a £1/4,8=1/2 — « and
M) = (0, Q¥)1, QeR.

Since 4;Q¥ e Vi = (V¢) for Q =0, we have £ =0. By ¥ —0¢cVy,
we also have ¢t < w,. By applying Theorem 5 to /¢ and setting % = lhy,
we have

20UQ) = (W¥, 4Q¥) + (4Q*Y, h¥) .
Since
(4:Q*Y, hWO) = (J,h¥, Jo 45Q*7)
= (4R, 4°+QU)
= (42hT, 25Q7) ,

we have (6.7).
If h, and h, yield the same @, then we have for & = h, — h,

0 = (WU + L°hW, W) = || WU || + || 4607 || .

Hence h¥ = 0 and h, = h,, which proves the uniqueness of .

If « = 1/4, then we interchange the role of R and R’. Then 4;*
replaces 4, and 1/2 — « replaces @. We then obtain the latter half
of corollary.
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REMARK. If a = 1/4, then 4Ph¥ = Jh¥, 4357 WT = J,B'Y and
hence &' = jy(h).

THEOREM 6. For any normal state tt of a von Neumann algebra
R with a cyclic and separating vector ¥, there exists @ € Vi such that
W, = M.

We first prove a technical lemma.

LEMMA 7. Let ¥ be a cyclic and separating vector for R and
S be an operator in R with a bounded inverse S~ e R such that
STe Vy. If 4°QT = Q¥ for some Qe R and Q,€ R, then

(6.9) 45/Q(ST) = Q(S¥) , Q.= SQA.S™.

Proof. By using J, = Jg due to S¥ e V,, we have
4GQSY = JuQ*SY = ju(Q@*)ST
= Sjse(@)Y = Sjn(@*)F
= ST,Q*V = S4°QU
= SQY = SQ1S—1(SW) .

Proof of Theorem 6.

Step (1). Let 0 <6 <2 We prove that if ¥, is cyclic and
separating vector belonging to Vi, t,€ R, t;c€ R and

(610) 90, = w1 + t1w1 ’
(6.11) lelf=a, =9,
(6.12) AT, = L,

then there exists @ € V, such that
(6.13) wq) = w¢1 .

We first note that by Theorem 4 (4) and (5), Jy, = Jy and Vy = V.
Let

(6.14) te = (1/2){t, =t} .
Then
Jllfltltw‘l = itliwl .

By Theorem 4 (6) and (7), there exists ¥, € Vy and ¥,e V;, such
that
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-, ¥ ="0,-7,,
sR(V,) L s*(Wy) .
Let
t,= — M (Tt , t, = 18Tt .
Then
LW =V,eVy, 6.V, =¥,e Vi,
Ntull=d, ltull=2.

By Theorem 3 (9), (0 — t.)¥.€ Vy, (0 — t)¥,€ Vy,. Hence by
corollary to Theorem 5, there exists #,¢ R and h,e R such that

0=h =9, 0<h =9,
., = (T, + JyhT)2,
t.¥, = (BT, + Jp b7 )2 .
From J, 0¥, = 47hi¥, = 45h,7,, we obtain
hy =ty (—1/2)h, = 2t — b, ,
hy = T (—1/2)hy = 2t; — h; .
Thus
Bl —hill = 28] + [l B — he|| = 30 .
We set
0, =u9,, ' = exp {— s (h, — ho)},
¥,=87,, S,=1+¢ — ikl — hy),
t:= 1+ t)(—1+ (ki — h3) + exp{—1i(hi — R})}) — it (h] — h3),
t, = .S .

Since %’ commutes with ¢, and w¥, = exp {—i(h] — K)}¥, due to
j,gfl(h1 — h)¥, = (h] — hy)¥,, we obtain

0, =7,+t7,,
Wy, = Wy, .
We have
Sy =14ty + (0/2){(h — o) — (b — ha)} .

Hence 7, (—14/2)S¥ = S, and (ty(i/4)S,) is symmetric. Furthermore,
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(6.15) i + (@/2) (R — ko) — (Bl — R} =30 < 1.
Hence || 7y (—9/4)(S, — 1)*|| < 30 and 7y,(#/4)S; = 0. Therefore ¥,¢
I/.yr1 = Vyr.

Since S, is invertible, ¥, is again cyclic and separating.
We have

He ]l = @ + o)e* — 1 — 30) + 3%,
ISl =@ —30)~".
Hence
2]l < a,6°
with
a, =1 —30)"3 + (1 + 0)(e¥ — 1 — 30)/0%
= (1 —30)7'(3 + (9/2)1 + 0)e®) < 16
for 0 < 2™*. Hence
el < ad

with @ = 27 < 1.
By Lemma 7,

To(—1/2)(¢*) = Si{re (—3/2)(SFTE*)}ST .
Since 7y,(—1%/2)SF = S,
Tr(—4/2)(t3) = {Tv (—2/2)(t*)ST

= {(—=1 — ik — k) + exp {Uh, — h})(1 + 7o (—1/2)(t))
+ ik — ho)Tr (—3/2)(E)}STT

Therefore,

[ Te(—9/2)E) || < {1 + 0) (e’ — 1 — 9) + o°}(1 — 35)~*
<ad.

From (6.15), we also have

N, =l =11 — S|P,
S L= S+ &) @, (1)
< 30(1 — 0)'w, (1)
= 40w, (1) .
We can now repeat the process and obtain a sequence of vectors

®,, ¥, and operators t,c€ R such that ¥, is cyclic and separating,
-?p.'ll. G VW}
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Il a0, |z, (—i2)E) | = a"™d,

Wy, = Wy, »

n

1T, = Toes || < a0, (1) .
¥, is a Cauchy sequence and has a limit
O =1lim¥,cV,.
Since lim || ¢,7, || = 0, we have
O =1lmo,,
W, = limw,, = w,, .

Step (ii). We prove that if t* =¢te R and 7,(2)te R for Imze

[—1, 1], then there exists @ € V; such that @, = @ expiyr-

Let 2(\) = (exp )P, 0= N <1. It is cyclic and separating because
¥ is cyclic and separating and e* is invertible. We have

Jx(z)di/&)tx()\:) - tﬂc()») = elttw‘
= AT Ty (— 20 = el T

where t' = jy{ty(—1/2)t} € R’. Then

AR T, ot x(N) = tFa(\) = T
= Ty T = AT = "z (\)

where t” = e*{t,(—1)t}e™*. Combining two computations, we have
A,(z)tx(?\;) - t"x(?\,) .

By Lemma 6, 7,,(?)tc R for Imze[—1,0]. Since (z,(?)t)* is holo-
morphic for Im z¢ (0, 1) and coincides with 7,,(2)t at Imz =0, it isan
analytic continuation of z,,(2)t. We have 7,,(2) € R for Imze[—1,1]
and |[7,(2)t ]| = [[t”]]. We note that |[¢]| = [|7,(0) || = [["]].

For ye D,;, we have convergence of

S, ()t Aty = ey
and
3, ()45, (V) Ay = exp (Va2

for Imze[—1, 1]. Hence

4%,e" 45y = exp (N2t .
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In particular, for \' > 0,
I Tom(—7/2)e"" — 1] = "1 — 1.
Let N be a natural number satisfying
Nz 2'Ce, C=e"|t(—0)t]l = ][t"]l.
Let \, = n/N. We have

” et — 1 ” < ghlitlh _ 1
el 1 < Ny H " H At
27,

IA A

Similarly, for 0 = A <1,
I Tew(—t/2)e — 1] = 27 .
In other words, t"”" = e* — 1 satisfies ||t/ ]| < 27 and
I Ten(—1/2)8" || = 27

for 0 =A<1, and e* =1 + ¢'".

Let y(n) = exp (t/N)P(n — 1), where @(0) = ¥ and @(n) is to be
determined inductively such that @®(n)e V,, @(n) is cyclic and sepa-
rating, @, = ®,;, and n < N. @(0) = ¥ obviously satisfies require-
ments for @(n), n = 0.

If Woiuor) = Wy, then @y = Gexpiyion, ) = @any-  Since y(n) =
1+ t")@(n — 1), we can apply Step (i) if @(n — 1)e V, and &(n — 1)
is cyclic and separating. There exists @(n) € Vy such that w,,, = ®,,, =
®,,- Since x(\) is separating, s"(®,,) = 1. Hence s¥(d(n)) =
Jr{s®(@(n))} = 1 due to @(n)e V,. Thus, by induction, we have desired
@(n), n =< N. In particular, @(N)e V, satisfies ®yy) = Diexpoyr-

Step (iii). Let Sy be the set of all w,, xe Vy. Sy is a norm closed
subset of R: by (5.10). We prove that any pe R} is in Sy.

Since ¥ is cyclic and separating, there exists a positive selfadjoint
operator A, affiliated with R such that ¥ is in the domain of A, and
0= w,,[3]. Let A, = S/\dEx, Al=A(E,—FE,;))+{1-E, + (/L)E,,),
t = (log AD(SfS), Prs = @exprr- Then ¢ is a selfadjoint element of 2y,.
By Step (ii), 0.:€Sy. Since lim,...,lim; .|/ 0.,; — 0] =0, we have
0eSy.

7. Representation of Ry by V,. We denote the set of all
normal positive linear functionals on R by R} and the set of all
normal states on R by R%,. As before w, denotes the expectation
functional by a vector .
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THEOREM 7. Assume that B and R, have cyclic and separating
vectors ¥ and ¥ ,, respectively.

(1) The mapping oy from w,c Ri to 04,(®,) = xe Vy is a bijec-
tive homeomorphism from RY onto Vi, relative to the norm topologies.

(2) If p= 3.0, 0€ R, 0,€ Rt and s(0,) are mutually orthogo-
nal, then oy,0 = 3, 040,.

(3) If R=@.R, V=@V, then o,(D 0,) = B 0y,(0,) for any
0. € (R.);, @ 0. € Ri.

(4) IfR=Q@ (R, ¥.) on H= Q(H, ¥,) (the incomplete infinite
tensor product containing ¥ = QV,), then 0@ 0.) = @ 0v (0.) if
0.€(R% and @ o,(0.) e @ (H,, ¥.,). The last condition is equivalent
to existence of pe R such that

PQR(®L) = (®rIQ . Qe®F.

for every finite index set J. (Symbolically @ p.c E%.)
(5) For any @ H, there exists a unique | @ |, € Vy and a partial
isometry uw' € R’ such that

(7.1) Q:’u,’l@lw,
(7.2) ww* = sF(@),  wru =sT(0) .

There also exist a unique | @ |y € Vy and a partial isometry we R such
that

(7.3) O=u|D,

(7.4) uu* = s¥(@) , w*u = s¥(| D |y) .
They are related by

(7.5) u=glw), [Pl=uG(w)| D] .

(6) If @ is any cyclic and separating vector for R, there exists
o unitary we R’ such that

(7.6) 0x(0) = woo(0)
for all pe RE.
Proof. (1) follows from Theorem 6, (5.10) and

|0.Q) — 0,(Q)] = (x + ¥, Qz — ¥) + (¢ — v, Az + v))|/2
slle+ylllle—ylllell,

which implies

(7.7) lo, — o, ]| =l +ylllle—vyll.
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(2) By (1), there exists @, V; such that w, = p,. Since s(0,)
are mutually orthogonal, s*(®,) = s(0,) are mutually orthogonal and

22, = 3 0.(1) = p(1) < oo .

Hence we have convergence of

o=30,.

Since @,¢ Vy, s¥(?,) = j(s"(®,)) are also mutually orthogonal.
Hence

(., QD,) = (D, Qs™(9.)P.n)
= (s"(9.)2,, QP,) = 0

for Qe R and m =+ n. Therefore,

(9, QD) = 3.(9,, @2,) = > 0,(Q) = 0(Q) -

Hence @ = 0,0 = 3 040,.

(3) This follows from (2).

(4) If¥ =Q@VY., thenJ, = @Js, and 4y = @ 4, which is seen
as follows: Let J = @Jy, 4° = @ 4. Then J4QU = Q*¥ if Q =
® Q. and @, = 1 except for a finite number of @. Since such @ is *
strongly total in R, J4'*Q¥ = Q*¥ for any Q€ R and hence J4'*>
Jpdy?. J satisfies (i)-(iv) of Theorem 1. It also satisfies (v) due to
JQU = 4"°QW and 4 = 0. Hence J =.J,. Hence 4 = 4,.

If @0y (0.)e@ (H,, ¥,) and p, are faithful, then

J@aw (Pg) — ®Jay, (o) = ®J¥fa = J@Wa .
(44 o

Let Z, be the center of R,. Then {Q (R., ¥.)}) = @ (R,, ¥,) and hence
the center Z of @ (R., ¥.) is given by @ (Z,, ¥.). If 2, is a projection
in Z, and 2, = 1 except for a finite number of a, then z = @z.,€ Z
satisfies

7, 2{@ 0v (0)}) = II (¥, 204,(0)) Z 0 .

Z, and Z can be viewed as L=(5,, t.) and L=(I] 5., @ tt.) where
projections are characteristic functions. Hence any projection in Z
can be weakly approximated by a finite sum of projections z = @ z,.
This implies

7, (@ v (0)}) = 0

for all projections in Z and hence for all ze Z, z = 0.

By Theorem 4 (5), we have @ oy (0.)€ Vgr,. The same conclusion
holds for nonfaithful o,, by taking a limit of faithful o, + \.ws,,
=0 as 2N —0. (@o(0.)e®(H, ¥,) implies 0,(0,) = ¥, except
for a countable number of «.) We also have
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® 0. = Dgoy (o) € RL.

Hence

O-F(® loa) = ®0'47‘a(10a) M

Next assume @ 0. Ri. Without loss of generality we may as-
sume |[|¥,]| =1. Let R(I) = Quecr Bsy ¥(I) = @uecs ¥y Pu = 0y (00),
? = 0,(@ p.), 0(I) = wy, for an arbitrary index set I and o(J) =
R.cr 0 D) = @ucs D, for a finite index set J. J¢ denotes the comple-
ment of J in the index set. p,e R, implies

2]l = ll@N)l = [l@]l =1.

Since ¥(J°) ® z is total when J runs over finite index sets and z
runs over @.., H,, there exists a finite index set J and a z€ Q..; H.
such ‘that (@, ¥(J°) ®=2) = 0, ||2|| =1. Then for any K J° we have

1o(K) — oK) || = [ @05 — @0pFee, || < 2.

(If (%, y) # 0, then (7.7) implies || w, — @, [ = (|| + [| ¥ [I)* — 4=, ¥')*
for ' = ey where 6 is a real number such that (z, ¥') > 0. Hence
o, — o, | <|[lz]l*+ [[y]*)

By the first part of the proof of (4), we have oy x(0(K)) =
Qucx 0r (0.) = O(K) for a finite index set K where the condition
®.cx 0r,(0.) € Q.ex H. is trivially satisfied. By (5.10)

[T(K) — O(K) [ = |[o(K) — oK) ||
and hence
(T(K), o(K)) =272 — || o(K) — p(K)|) =6 >0,

where we have used (¥(K), #(K))= 0 due to O(K)e V. Since
NZ.]l =19.]| =1, we have 1 = (¥,, @,) > 0 and hence

1217, 0)z=d6>0
ae K
for any finite index set K —J°. Hence
Ealll — (T Oo)| < o0

which implies @ @.¢ @ (H,, ¥.).

Therefore, @ p.< R} implies @ gy (0.) € @ (H., ¥.).

(5) For any ®c H, there exists a unique |® |, V, satisfying
W, = Wy, by (1). Then there exists a unique partial isometry u'e R’
satisfying (7.1) and (7.2).

Next set

19 = wirn(w)|Pls .
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Then | @ |; = 7,(w)®. Since s*(| D |y) = 7:(s¥(| @ |v)) = ju(u'*u’), we have
O =u|0ly = jlu)|P; .
We also have

Je(u)ge(w)* = Gu(s¥(P)) = Ju{s(@s")} = Ju{s™ (@ia),)}
= Je{s" (|2 [s)} = s"(1 @ [¥)

where the last equality is due to |@|; e V; and wZ denotes the expec-
tation functional on R’ by a vector z.

Thus (7.5) satisfies (7.3) and (7.4).

To see the uniqueness of |@ [; and %, we note i’ = wf,. If we
interchange the role of R and R’ in the definition of V,, we obtain
the same set V. Hence by (1), a vector € V; satisfying wf = o for
any given pe(R'); is unique. Hence the uniqueness of |@|;. The
unitary operator <€ R satisfying (7.3) and (7.4) is unique because
uQ |0y = QP for Q € R’ determines u on s*(| @ |r).

(6) Since @ is separating s*(c,0,) = s(w,) = 1. Hence s*(0,0,) =
jr{s®(o,w,)} = 1 and 0,0, is cyclic and separating. By Corollary 2 of
§4, Jopo, = Jr and Vo, = V5.

Since w, = ®,,.,, there exists a partial isometry we R’ such that
orw, = wP. Since both @ and o,w, are cyclic, w is unitary.

Since we R’, we have for S = J,,4Y2 and S, = J,4572,

SwQ? = SQW@ = Q*wd = wQ*® = wS,Q?, QekR.
Hence S = wS,w* and Jy = J,, = wJ,w*. Hence
(w00, Qi QwP) = (040, Qj(@)P) = 0 .
By Theorem 4 (1) and (4),
WO,0E Vo = Vi

By the uniqueness in (1), wo,0 = 0,p0.

8. Applications of d,. The following theorems are examples of
applications of Theorem 7.

THEOREM 8. Let ¥ and @ be cyclic and separating vectors for K.
Then the = automorphism

QeR—j{j(Q)eR
of R is inmer.

! The author is informed by Professor Takesaki that Dr. Connes has a simple proof
of this.
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Proof. By the proof of Theorem 7 (6),
Jy = wJow*
for a unitary we R’. Setting u = j,(w*), we have
Jelio(@)} = uQu*

where % is unitary and uec R.

THEOREM 9. Let % be the C* algebra inductive limit of finite W*
tensor products {Q..; R.} = R(J), where J is any finite subset of given
index set {a}. Let p,, o.€ (R,)f,. Assume that central supports of O
and 0, are the same. The representations of A canonically associated
with @ 0. and @ 0, are quasi-equivalent, if and only if S, d'(0. 0L < oo,
where

(8.1) @'(0y 02) = || 0w, (0a) — 0 (00) ||

does not depend on ¥,.

Proof. By Theorem 7 (6), d'(0, 0.) does not depend on 7.

First assume > d'(0,, 0.)* < . Then there exists a countable
index set I such that d'(o,, 0.) =0 for a¢ I. Then p, = 0, for a¢ I.

By assumption

; 11— (Uwafoa, O'Wap’a)] < 0.

Hence @ = @. 0y 0. and @' = @, 0y 0. belong to the same incomplete
infinite tensor product H = @ (H.,, 05,0.). The C* algebra A has a
natural representation 7 on H and @ 0, = ®,, @ 0, = w,.. Let E, be
the central support of p,, which is the same as the central support
of 0,. Then (R.U R.)oy0.= E,H,. Since (QR.)=@R, in an
incomplete infinite tensor product, the central support E of @ oy 0.
satisfies KH = lim; (@.¢s 07 ,04) @ (@aes EoH,). By the same calcula-
tion the central support of @ oy 0. coincides with E. Hence @ 0.
and @ . produce quasi-equivalent representations of 2.

Next assume that representations of 2 associated with @ p. and
® 0, are quasi-equivalent. Let H,, 7w, @, be canonically associated
with p,. We have w, = @ 0. for @ = @ @..

By assumption of quasi-equivalence, there exists x,c @ (H,, 0.),
@, # 0 such that @ o, = >, ®,,. Since (@..; P.) Q z is total when J
runs over all finite index sets and z runs over .., H,, there exists
a finite index set J and ze€ @..; H, such that (x, (Q..; ?.) ® ) + 0.
Denote ¢’ = @ p and 0" = W, o, Then || — p"|| < 2.

Let 0x = @.cx Our Ok = Quex Oh. Restrictions of p” and o' to
®..x R. is px and p% for any finite index set K in J°. By Theorem 7
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(4) and (3.10), we have
ale_];{ (O'Wapa, O'yrap;) ={2 — || Ovx)Px — Orx: 0% ||}/2

=20~ H2>0
where ¥(K) = @.cx ¥.. Since 0 < (04,0., 05,0.) =1, we have
2301 — (O 0, O, 00) | = 21| 05,00 — Or 04| < oo .
REMARK 1. The distance d'(p, 0') satisfies

(8.2) d'(o, 0') = d(p, 0)

where d(po, o) is the Bures distance [5]. Since >, d(0., 0.) < = is
another necessary and sufficient condition for quasi-equivalence, it must
be equivalent to >, d'(0., 0. < . Hence there must be a constant
A > 1, such that

(8.3) (o, 0) = d'(p, 0') .

REMARK 2. If R is semifinite, @ if a o-finite faithful normal
trace on R, H is the Hilbert space of Hilbert-Schmidt operator affiliated
with R, Hilbert-Schmidt relative to ®, and R is left multiplication,
then an example of V, is the set of vector corresponding to positive
Hilbert-Schmidt operators. The inequality (5.10) correspond to the
inequality |6 — 0|l = || 0" — 0|5 [7].

THEOREM 10 [6]. 7. (t)x — Ty(t)x strongly as || 0 — || — 0 where
o0 and + are faithful positive linear functionals of R, both x€ R and
VW are fived.

Proof. Let &, = 0,(0) and &y = g,(y) for some cyclic and sepa-
rating ¥. Then for z¢ R,
| dijwéy — 4008, || = || Jedijnsy — Jodilad, ||
= lz*¢Ey — &)l = 2|y — o'
where we have used Theorem 4 (5) and (8). Hence
I (48 + Daéy — (482 + D, || = 2 ([l [ — o'
Since |[[(4i} + 1)7'|| =1, we have

(4] + 17 = (485 + D7HLE + Dady ||
= |1(48) + 1745 + Dby — (42 + Dado} + (& — &) ||
=3zl [ly —ell".

Since 43 is essentially self-adjoint on Ré&y, (4i) + 1)Réy is dense.
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Hence by uniform boundedness || (4i7 + 1)~'|| < 1,
(4 + )7 = (4 + )7

strongly as ||&, — &y || — 0. Let f,((uv + 1)) = w*. f, is a family of
continuous functions on (0, 1), equicontinuous on compact subsets of
(0, 1) for bounded ¢ and uniformly bounded. Hence by [4]

A;’;—»A;”w strongly as ||[0 — || —0

uniformly in ¢ in a compact set. This implies 7,(t)x — 74 (¢)x strongly
as || — 4 || — 0, uniformly in ¢ in a compact set.

REMARK 3. A similar application yields an alternative proof of
Theorem 3 of [6]:
In Theorem 3 of [6], let
®(x) = (1 — V) 'eluzu*) + 1 — N)P(uu*zsuu*)} .
Then @, = 0, @, is faithful if @ is faithful and

[[P(1) — 1] =M1 — M)7'Plun*) — P(u*w)
=@ -=-N).

We also have

lP(2) — P@) || = 1 — M7 [ Ap(uau®) — (1 — MP(au*u) |
+ A7 ave(uureuu®) — (1 — N)P(u*zuu*u) |
+ A7 A = Ne(uFru) — Ap(zun™) |
S@-=MA-=N"ATxlle.

Hence
P, — Pl £ @ —N)(1 —N)"\Te.
It is easily seen that r@(zu*) = (1 — M)P(w*x) and hence
(432 — ML = N, = 0 .
Since ||u*&, || = P(uwu*) Z 1 — N — ¢, we have
(4" = N1 = NP || = 1+ MHL =N [P — @

This proves Theorem 3 of [6].
Let Aut (R) denote the set of all x-automorphisms of R. Each
g€ Aut (R) induces an adjoint mapping on Ej:

(g*P)x) = 2(9()) .

THEOREM 11. There exists a wunitary representation Ug(g) of
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Aut (R) such that
(8.4) Ue(9)xUr(9)* = 9(x), ek,
(8.5) Ur(9)or(g70) = 04(0) » pe R} .

Each Ugg), g € Aut (R), commutes with Jy. For two cyclic and sepa-
rating vectors ¥ and @, U, and U, are unitarily equivalent through
a unitary operator u' € R’

(8.6) w' U(g) = Us(9)u’ .

Proof. Let &(9) = o(9*w,) where w, is the expectation functional
by ¥. We define

(8.7) U9)2¥ = g(x)é(9™) , xeR.
We have
(9(@)&(g™), 9(W)E(@™) = (97 we(9(x*y)) = (=¥, y¥) .

Hence Uy(g) is well-defined and its closure U,(g) is isometric. Since
g*w, is faithful because ¥ is separating and ¢ is an automorphism,
o(g*wy) = &(9) is separating. Since &(g)e Vi, it is cyclic if it is
separating. Hence U,(g) is unitary.
From the definition (8.7), Uy(¢9)x = g(x)U(g) and hence (8.4) holds.
Let S, = Jp4¥* and S, = J,4* for & = &(g™"). We have

U(9)Sa¥ = U(g)s™*¥ = g(x*)é
= S,9(x)é = S,U(g)x¥

for xe¢ R. Since R¥ is a core of S, and R¢ is a core of S,, we have
U(9)S,U(g)* = S,. By the uniqueness of polar decomposition, we have
Ulg)J:U(g)* = J,. Since &(g')e Vy, we have J, = J,. Hence U(g)
commutes with J,.

Let e R and € V,. Then

(U9, wj()€) = (U(9)v, {U(9)y U(9)*}J{Ulg)y U(9)*}é)
= (v, ¥i:()¥) = 0

where y = g7'(x), J. = Jr, [U(9), J+] = 0, U(g)*s = ¥. This implies
UghreV.=V. = V;.

Hence U(g)VyC V5.
By (8.4), we have for « = U(g)o.(0) and p€ R

wy(gz) = P(x) .
By U(g)o.(p)e Vy, we have (8.5).
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From (8.5), we have

Un(9) Us(g:)¥ = U(9.9:)y

for e g, (Rf) = Vy. Since Vy, linearly span H, we have

Us(9.) U(9.) = Us(9.9:) -

For two cyclic and separating vectors ¥ and @, there exists a
unitary «' e R’ such that «'o4{w,) = @, which automatically satisfies
w'a(0) = 0,(0) for all pe Rf. Then

w Un(9)0+(9%0) = u'04(0) = 04(0) = Us(9)a4(9*0)
= Uyg)u'ox(9*0) .

Since o,(9*0), o€ Rf, is total, we have (8.6).

REMARK. The weak, strong and =-strong topologies coincide on
unitaries and they induce a topology 7, on Aut (R) through Ui(g).
Since the multiplication of unitaries is continuous relative to strong
topology, (Aut(R), 7,) is a topological group. On Aut (R) there is a
topology 7 by the norm convergence of g*p for every pe Rf. The
two topologies 7 and 7, coincide which can be seen as follows:

The strong convergence of Uy(g) is equivalent to the strong con-
vergence of U,(g)*.

Since V, span H, the strong convergence of Uy(g)* is equivalent
to the strong convergence of Uy(97")o,(p) = d,(9*p) for each pe Ri.

Since ¢, is a homeomorphism, the strong convergence of g,(g*p)
is equivalent to the norm convergence of g*p for each pe Rj.

9. Radoa-Nikodym derivative satisfying a chain rule.

THEOREM 12. Let o, te Rf and ¥ be a cyclic and separating
vector.
(1) The following two conditions are equivalent.
(@) lo=p for some .
(B) There exists A = A(¢/p)e R such that

(9.1) Wx) = o(A*zA),  Acy(p) = on() ,
(9.2) s(0) = s(A*4) .

The operator Ac R satisfying (9.1) and (9.2) is unique.
(2) If (@) or (B) holds, then

(9.3) 1A/ |I* = inf {l; lo = p1} ,
(9.4) | A(z/0) || o5(0) = o(#)
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where x = y denotes x — ye Vy.
(8) If Ly =t Ltty = t, then

(9.5) At r) = At/ 1) A8/ 1) -
(4) Ap/r) = s(@).
(5) A(¢/p) does not depend on V.

Proof. (1) First assume (B). Noting J,0,(0) = 0,(0), we have

(1) = Jrou (1) = JrAo(0) = Ju(A)o(0) .
Hence

(9.6) HQ) = (@"x(0), 7:(A*A)Q"a+(0))
= |l7:(A*4) || 0(Q)

for @ = 0, Qe R. Hence (B) implies («).
Next assume («). Then there exists t'e€ R’ such that

(9.7) o) = t'o(o) , |IT'II=1.
Since Jy0,(tt) = 0,(¢t) and J,0-(0) = 0,(0), we have

or(1) = Jyo, (1) = J{t's™ (04(0))}0+(0)
= Je{t's™ (ox(0))}ox(0) -
Hence we have (9.1) with
A = jift's™ (04(0))} -
Since ji{s™(0,(0))} = s7(04(0)) = s(0) due to J,04(0) = 0x(0), We have
s*(A*4) = Je{s™(04(0))} = s(0) .

If Aioe(0) = A0u(0) = (1), then (A, — A,)o4(0) =0. Hence
(A, — A,)s%(o(0)) = 0. By (9.2), As*(0,(0)) = A, and hence A, = A,.
(2) From (9.6), we have

L=inf{l;lo=p <[ A*A] =[[A]*.
From (9.7), we have
lAlF=sleir=st

for any ! satisfying lp = #. Hence we have (9.3).
To prove (9.4), we first show that

(9.8) s(AA*) = s(p) .

For ec R, ¢ =0, t(e) = 0 is equivalent to edo,(0) = 0, which is equiva-
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lent to e4 =0 due to s(4*4) < s(p). Hence (9.8) holds. We now
consider restriction of R and H by s(0)jr{s(0)}. Let M = s(0)Rs(0)| K,
K = s(0)je{s(0)}H. &, is cyclic and separating and

s(0)ie{s(0 A, = s(0)AE, = A&,

where s(0) = s(¢t) due to o= g, which implies s(0)A = 4, and
Jr{s(O)é, = &. Thus A&, e V., = s(0)juls(0)} V.

By Theorem 38 (9), we have (9.4).

(3) follows from the uniqueness.

(4) s(u) satisfies (9.1) and (9.2) with p = 2.

(5) follows from Theorem 7 (6).

REMARK. If R is commutative, A(z/0)is the same as the positive
square root of the Radon-Nikodym derivative in measure theoretical
sense. The following theorem gives a condition that A(z/p) coincides
with Sakai’s noncommutative Radon-Nikodym derivative. Because of
the chain rule, it also coincides with the condition A,(¢/0) = A(%/p)
when l,pt > 0 and 1,0 = ¢, where A, (¢/v), k = 1, 2, are defined in [3].

THEOREM 13. If lpo = p, the following conditions are equivalent.

(a) A(y/o) = A¢/p),

(b) A(z/o) z 0,

(c) 7. (t)A(n/p) = A(p/0) where T,(t) is the modular automorphism
Sfor the state o of the reduced algebra s(0)Rs(0).

(d) p commutes with p.

Proof. If (c) holds, then A(x/0)5, = §,€ V., implies

0 = T, (i/H)A(l0) = A(z/o) .

Hence (c) implies (b). (b) trivially implies (a).
Assume (a). For any Qe R and A = A(¢/p), we have

(Em QAEP) = (5,0, QprAEP) = (Ep; Qjep(A)Ep)
= (jep(A)"Sp, Q&) = (JepASp, QE,)
= (4§, Q%) = (&, AQE,) .

Such A is known to be invariant under z,(¢). ([9])
The equivalence of (¢) and (d) is known. ([9])

10. ¥Z-bounded operators. We shall call Qe R ¥-bounded if
Wor =< lwy .

for some [ = 0. We shall call Qe R ¥-symmetric if
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J wa = QT .
We shall call @ e R ¥-positive if
Qe Vy.

THEOREM 14.
(1) Q 1is T-bounded if and only if there exists a Q'€ R such
that

(10.1) 49T = Q¥ .

(2) Any T-bounded Q can be decomposed as @ = Q, + iQ; where
Q., Q;€ R and both are ¥-symmetric.

(38) Any T-symmetric Qe R is ¥-bounded and QF = Q. It has
a decomposition

(10.2) Q=0 —Q,

where Q, Q,€ R, both Q, and Q, are ¥-positive, || Q.|| < |Ql], || Q|| < || Q||
and

(10.3) s(Q.QF) L s(Q:Q7) .

(4) Any Qe R has a unique decomposition
(10.4) Q=ul|Ql
where w 18 a partial isometry in R such that
(10.5) wu = s(|Qly |Q¥)

and | Qly is ¥-positive.
(5) Qe R is U-positive if and only if Q is ¥T-symmelric and
7,(2/4)Q is positive.

Proof (1). If Wer < lwy, then there exists Q"¢ K’, 0 =@ < " such
that ®wor = wgr. Then there exists a partial isometry u'e R’ such
that Q¥ = w'Q¥. Let Q¥ = j,(w'Q’). We have

QY = JwQT = JQU = 47*Q*V .

Conversely, if (10.1) holds, then

QU = Jp47°Q*Y = J,Q'Y = j(Q°) .

Hence wgr = || 7:(Q°) [fwy.

(2) Define @, = (Q + Q")/2, Q; = (Q — Q")/(27). Then both are
¥-symmetric and Q = @, + 1Q;.

(8) Let QU =0, — @, 0, Vy, O, Vy, s¥(D,) L s¥(D,), s¥(D,) L
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S®(®,) be the decomposition given by Theorem 4 (6). Denote s’ = s¥'(9)).
We have @, = s'Q¥. Hence w, = W,qr = Wor. Since Q¥ = J,Q¥ =
@), wor < ||7r(Q) |’wr = ||Q|fwy. Hence by Theorem 3 (8), there
exists a ¥-positive @, € R such that @, = Q¥ and ||Q,|| = || Q][] Simi-
larly there exists Z-positive @, € R such that @, = Q.% and ||Q.|| =< || Q]l.
Since ¥ is separating, (10.2) holds.

Since ¥ is separating for R, we have s*(Q.%) = s(Q.Q}), k=1, 2.
Since s%(®,) 1 s*(®,), we have (10.3).

(4) Let 0= w;q. Then o =|7(Q)| 0, =] Q| 'ws. Hence
there exists a ¥-positive Q,€ R such that o,0 = Q,¥. Since 0, =
Wq,r, there exists a partial isometry u'e R’ such that J,Q¥ = w'Q¥
and w*u' = s¥(Q.Y) = 7.{s*(Q.¥)} = 7-{s(Q.QF)} where we have used
the property J,Q.% = Q7.

We now have Q¥ = J,uw'Q.¥ = j,(u)JQ.¥ = uQ,¥ where u = j,(u).
Since ¥ is separating for R, @ = u@Q,. We have u*u = j,(u'*u’) =
s(Q.QF). Hence @, = |Q[r and u satisfy (10.4) and (10.5).

Conversely, assume that Q = u,Q,, Q. is ¥-positive, u, is partially
isometric, u,, Qi€ R, uiu, = s(QQ%), k=1, 2. Then w,,¢r = ®o,r Where
we have used J,Q.¥ = Q. ¥. Since Q¥ e Vy, such Q¥ is unique by
Theorem 7 (1) and we have @, = Q,.

Since #,Q, = %.Q, = u,Q,, we have (u, — u,)s(Q.QF) = 0. Since
wiu, = s(QQF) = s(QQF) = uiu,, we have u,;s(QQF) = u,, k =1, 2, and
hence u, = u,.

(5) Q is ¥-symmetric if Q is ¥-positive by (5.2). By Theorem 3
(7) with a = 1/4, 7(4/4)Q = 0 if Q¥ V,. If Q is ¥-symmetric, then
JQU = Q¥. Hence 4y°Q*¥ = Q¥, which implies 47°Q¥ = Q*¥. Hence
Ty @ € R can be defined by Lemma, 6 for Im z € [0, 1/2]. Hence (47*Q43*)~
is in R. If it is positive, then Q¥ € V, by Theorem 3 (7).

THEOREM 15. If p < lwy, there exists Qe R, 0 < Q < I'* such that
or0 = Qi(Q)Y .

Proof. Let p,(A) = (0s0, 4*A¥) for Ac R. Then p, € Ri. Since
0 < lwy, there exists Q, e R such that Q¥ = 0,0, ||Q,|*< 1. Then
QLW = .7%’(Q1)gr and

45/ Q)T = Ju(T(1/4)Q)Y
where
0= 7(1/4)Q. = Q, = || Q.|| = I'

by Theorem 3 (7).
Set Q) = 7,(Q,). We have

(Ol(A) = (Q;IF, Allf) = (Qéllzw, AQ;I/Zw‘) .
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Hence p, < ||Q;|| wy < I'*w,. By Theorem 7 (1), there exists a Z-posi-
tive @, € R such that o,0, = Q7, || Q|| < I"*. Let Q = 7,(i/4)Q.. By
Theorem 3 (7), ||Q|| = ||@;]| £ 1" and @ = 0. We have Q.¥ = J,Q¥ =

7(Q:)¥ and hence

(000, 4/*AY) = (QF, AQY) = (R, Ajx(Q)V)
= (Qur(@7, AT) = ({zs(i/D)QTe({Te(¢/H)Q:} )Y, 45 AY) .

Since 4/*A¥, Ae R, is dense, we have

o0 = Qir(Q)Y .

11. Additional remarks. In this paper, we have assumed that
R has a faithful normal state. This assumption is not essential in
defining d'(0,, 0.) and (¢,0,, 040,). They can be defined relative to sRs
where s = s(0,) V s(0,). With such definition, Theorem 9 holds.

The cone W, has been introduced as the weakly closed convex
hull of QJj,(Q), Qe R. It is a weakly closed selfadjoint convex cone
which form a semigroup under multiplication. It is total in
W=(RURY".

If pe W, is of the form 0 = 3; w,,,; with x;, y;€ Vi, then p(w) =0
for all we W,. If pe W,, p = @, and p(w) = 0 for all we Wy, then
0 = w, for ye V; by Theorem 3. It is of interest to determine the
dual of Wy in W,. If R is a type I factor, the dual of W, consists
of 0=23%0,,, %;, Y€ Ve
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Appendix. The result that V, is selfdual can be proved directly
as follows:

We define V, first as the closed convex hull of {Qj,(Q)7; Q< R}.
Then (5.1)~(5.4) are immediate. In particular (5.4) shows V,cC V,.
Let @c¢ V3.

By noncommutative Radon-Nikodym theorem, there exists a
positive selfadjoint A, affiliated with R and a partial isometry «' ¢ R’

such that @ = wAF. If A, — SxdE,_, we set A — AE, and
O = B (B0 = jo(Ey)u AXT .

Then lim @* = @ and @€ V;. Since w,L < w, Ly, there exists te R,
0 <t <1 and a partial isometry we R’ such that

DL = WA, w*d" = AL, s¥(DF) = ww* .
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Set @' = AV, A, = ju(w*)tA’ec R. Then @ = w*j(w*)0*c V,.
Since @ ¢ V4, we have (z, J,0%) = (9%, Jyx) = (®%, ) = (x, %) = 0 for
ze Vy. Since V, is total, we have J,0° = @ and hence jy(w)wd' =
Jr(ww*)@* = @*. Hence it is enough to show @’¢ V,. Let 0, = AT,
A, = Ay(f§) defined by (3.7) and (3.11). Then @; € Vyand lim,.,,®} = @',

Let A, = 7(i/4)A,. Since A% ¢ Vy, we have

(40T, A,4/QV) = (QF, A4yQY) = (QF, AG(Q")P)
= (7 QQYT, AT) 2 0.

Since 4y*R¥ is dense, we have A, =0. Let B = A!? B, = B(f9).
Then lim B2 = A4; and

| 474(B} — A |* = (B} — AJ¥, 4B} — A}¥)
= ({B; — AJ¥, Ju{B} — AJ¥)—0

as ¥ — +0. Therefore,
lim 44*B¥ = 4 AY = {7 — /DAY = AT = 0} .
We also have
A¢*B¥ = Cj(C)¥

for C = t4(—14/4)B, due to J,C¥ = C¥. Hence 4}*B¥ ¢ V,. This com-
pletes the proof.
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