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HOMOMORPHISMS OF RIESZ SPACES

C. T. TUCKER

If L is a Riesz space (lattice ordered vector space), a Riesz
homomorphism of L is an order preserving linear map which
preserves the finite operations ““V’’ and “A’’. It is shown
here that if L is one of a large class of spaces and ¢ is a
Riesz homomorphism from L onto an Archimedean Riesz space,
then ¢ preserves the order limits of sequences.

The symbol 4§ will be used to denote the zero element of any vector
space. Suppose L is a Riesz space (lattice ordered vector space). If
feLthen|f|=fV 60— (fA0. If Misalinear subspace of L then
M is said to be an ideal of L if, whenever |g| =< |f] and fe M, then
ge M. If each of L, and L, is a Riesz space, a Riesz homomorphism
@ from L, to L, is a linear map from L, to L, which preserves order
and the finite operations “VY” and “A”. A sequence f,, f, fy +++ of
points is said to order converge to the point f if there exists a sequence

Uy = Uy = Uy = +-+ and a sequence v, < v, < v, = --- of points such
that Vv, =/, Au, =f, and v, < f, < u,. Order convergence for
nets is defined analogously. A sequence fi, f3 /5 -+ of elements of

the Riesz space L is said to converge relatively wuntiformly to the
element 1 of L if there exists an element g of L (called the regulator)
such that if ¢ > 0, there exists a number N, such that if » is a
positive integer greater than N,, then |f — f,| <cg. A Riesz space
L is said to be Archimedean if, whenever f and ¢ are two points of
L such that ¢ < nf < g for all positive integers %, then f = 0. Also
L is said to be g-complete if each countable set of positive elements
has a greatest lower bound and complete if each set of positive ele-
ments has a greatest lower bound. If @ is a Riesz homomorphism
which preserves the order limits of sequences then @ is said to be a
Riesz o-homomorphism. If @ preserves the order limits of nets it is
said to be a normal Riesz homomorphism. A one-to-one onto map
which is a Riesz homomorphism is a Riesz isomorphism. If H is a
subset of L, H* will denote the set of all points f of H such that
f=0. If feL then f* denotes fV 6.

Suppose L is a Riesz space, M is an ideal of L, and the algebraic
quotient L/M is partially ordered as follows: If each of H and K
belongs to L/M and there is an element 2 of H and % of K such that
h =k, then H>= K. It follows that L/M is a Riesz space and the
normal map n: L — L/M is a Riesz homomorphism (Luxemburg and
Zaanen [3], p. 102). The coset of L/M containing f will be denoted
[f]. Further, if M is the kernel of a Riesz homomorphism @ defined
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on a Riesz space L then the image of @ is Riesz isomorphic to L/M.
(Luxemburg and Zaanen [3], p. 102).

If M is a subset of a Riesz space L with the property that when-
ever m,, m, M, --+ is a sequence of points of M which converges
relatively uniformly to a point b of L, b is in M, then M is said to
be uniformly closed.

In many instances properties of Riesz homomorphisms can be
related to properties of their kernels. The following four theorems
which are examples of this are listed for future reference.

THEOREM A. If L is a Riesz space and @ is a Riesz homomor-
phism defined on L then @(L) is Archimedean if and only if the
kernel of @ is uniformly closed. (See Veksler [8] or Luxemburg and
Zaanen [3], Theorem 60.2.)

An ideal M of L is called a o-ideal if, whenever {m, is a count-
able subset of M and b = V m,;, then be M.

THEOREM B. Suppose L is a Riesz space and @ is o Riesz homo-
morphism from L onto the Riesz space K. Then @ is a Riesz o-homo-
morphism if and only if the kernel of @ is a o-ideal. (See Luxem-
burg and Zaanen [3], Theorem 18.11.)

THEOREM C. Suppose L is a o-complete Riesz space and @ is @
Riesz o-homomorphism defined on L. Then @(L) is o-complete.
(See Veksler [7] or Luxemburg and Zaanen [3], Theorem 59.3.)

An ideal M of L is called a band if, whenever {m,}, aeX, is a
subset of M and b = Y m,, then be M.

THEOREM D. Suppose L 1is a Riesz space and ¢ 1is a Riesz
homomorphism from L onto the Riesz space K. Then @ is a normal
Riesz homomorphism if and only if the kernel of ® is a band. (See
Luxemburg and Zaanen [3], Theorem 18.13.)

A question of interest is when can properties of L imply properties
of a class of Riesz homomorphisms defined on L. By combining some
known results it can be noted that to place requirements on all the
Riesz homomorphisms on L is quite strong.

The sequence fi, fi, fs -+ is called a uniform Cauchy sequence
(with regulator g) if, for each ¢ > 0, there is a number N such that
if » and m are positive integers and n, m > N, then |f, — f.| = ég.
The Riesz space is uniformly complete whenever every uniform
Cauchy sequence (with regulator g) converges uniformly (with regulator
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g) to a point of L.

PropPoOSITION 1. Suppose L is a uniformly complete Archimedean
Riesz space. Each two of the following four statements are equivalent:

(1) For each Riesz homomorphism @ defined on L, (L) is
Archimedean,

(2) For each Riesz homomorphism @ from L onto a Riesz space
K, ¢ is a Riesz g-homomorphism,

(3) For each Riesz homomorphism @ from L onto a Riesz space
K, ¢ is a normal Riesz homomorphism, and

(4) There is a nonempty set X such that L is Riesz isomorphic
to the space of all real functions which are zero except on some finite
subset of X.

Proof. By a theorem of Luxemburg and Moore [2], (1) — (4).
By Theorems A, B, and D, (4) — (3) — (2) — (1).

On the other hand, if requirements are placed on only a sub-
collection of the collection of all Riesz homomorphisms on L, results
of wider applicability can be obtained. In particular, in the following
theorems, it is shown that for a large class of Riesz spaces every
Riesz homomorphism onto an Archimedean Riesz space is a Riesz o-
homomorphism.

If w is a subset of L, w? denotes the set of all elements g such
that |g| A | f| = 0 for each point f of w. If M is a band in L it is
said to be a projection band if L = M @ M2

A principal band is a band generated by a single element. The
Riesz space L is said to have the principal projection property if
every principal band is a projection band. The Riesz space L has the
principal projection property if and only if for each pair of points f
and g of L™, Vi, (nf A g) exists. (See Luxemburg and Zaanan [3],
Theorem 24.7.)

Order convergence in L is said to be stable if whenever f,, /o, fs * -
is a sequence order converging to ¢ there is an unbounded, non-
decreasing sequence of positive numbers ¢, ¢, ¢, --- such that ¢ f,,
C.fy, €5y +++ order converges to . Order convergence in the spaces
Ly 1< p<oo;ly 1< p < oo; and C, is stable.

If order convergence in L is stable then every uniformly closed
ideal in I is a o-ideal. Thus if @ is a Riesz homomorphism from L
onto an Archimedean Riesz space K, then ¢ is a Riesz o-homomor-
phism.

For certain sets X order convergence in R¥ is not stable. This
can be seen as follows: Let X be the set to which z belongs only if
2 is an unbounded, nondecreasing sequence of positive numbers. Let
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fx be the function defined on X such that if ¢, ¢, ¢, --+ is a point of
X then f.(c, ¢, ¢, +++) is 1/c,. Then f,, fi f5 -+ order converges to
¢, but if ¢, ¢, ¢, --+ is an unbounded, nondecreasing sequence of
positive numbers then ¢, fi, ¢.f, C:fs --- does not order converge to 6
since ¢, fu(Cy €y €5 +++) =1 for each positive integer n. If X is made
of larger cardinality then clearly order convergence in R* still fails
to be stable.

The author, in a paper concerned with the order properties of
convergence of Baire functions [6], defined a positive element = of a
Riesz space L to have property ¢ if for each sequence h, < h, <
hy < --- of elements of L such that + = VY &,, there exists an element
b of L such that for each positive integer n, b < >\%, h;.

ExAMPLE 2. The constant function 1 in R® has property c.

The constant function 1 in B[0, 1] (the space of all Baire functions
on the interval [0, 1]) has property c.

Let @ be the set of all functions defined on the interval [0, 1]
whose ranges are a subset of the rational numbers and let @ be the
vector space generated by w. Then @ is a Riesz space with the
principal projection property but is not uniformly complete. This can
be seen as follows: If fis in w, H is a subset of the interval [0, 1],
and f is the function obtained by setting f to zero on H and leaving
it unchanged off H, then f is in w. For Q to be a Riesz space it is
sufficient that f \/ 6 exists for each point f of Q. Thus, if fisin @
it is of the form >, ¢;,f; where the f,’s are in w. Let H be the set
of numbers x for which f(z) < 0. Then fV 0 = >, cifi and fV 0
is in Q. Clearly @ has the principal projection property. Each point
of @ has as range a countable number set, but a function which fails
to have this property, say g(x) = x on the interval [0, 1], is the uniform
limit of a sequence of points of Q. Further the constant function 1
in @ has property ec.

Let L be a Riesz space and « a positive element of L which hag
property ¢ and M be a sub Riesz space of L containing x with the
property that if f belongs to L then there is a point g to M such
that g = f. Then x has property ¢ in M.

THEOREM 3. Suppose L is an Archimedean Riesz space contain-
ing a point x which has property c. Then each Riesz homomor-
phism @ of L into an Archimedean Riesz space K is a Riesz
o-homomorphism.

Proof. If it can be shownthat f,<f, =fi< - <fandV f, =0
implies Y ®(f») = 6, then the theorem is proved.
Now
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HNV(=2)+fu N(—x)=Ffr—

P(fo V (=) + 2(fo N (—2)) = P(f2) — P(2)

P(fo A (—2)) + 2(2) = P(f2) — P(fo V (—2))
=2(fo N (—2) + 2) = P((f> + x) N\ 0)

Se((fs +2) A 0) = S e(f) = #(fs V (—)
P2+ ) A 8) = S0(f) = 2y V (—2) -

As x has property ¢ there exists an element b such that b =<
w1 (f» + @) A 6 for each positive integer n. Thus,

Pb) = 23 (o + ) A 0) = S0(F) — 2f V (—))
Suppose that uw < ¢ is an upper bound for {®(f:)}. Then
PO = 3= 2(f, V (—a)) £ 3w — p(—a)) = nlw — #(—2) -

Thus, u — (—2x) = 6 as K is Archimedean and u = @(—x).

But if « has property ¢, (1/n)xr has property ¢ for each positive
integer n. Therefore, u = (1/n)P(—x) and u = 0 as K is Archimedean.
So V o(f») = 6 and @ is a Riesz g-homomorphism.

Frequently inclusion maps do not preserve the order limits of
sequences. For instance the inclusion map of the space of continuous
functions on the interval [0, 1] into the space of all functions on the
interval [0, 1] fails to preserve the order limits of sequences. For this
reason most theorems which guarantee that a Riesz homomorphism
is a Riesz o-homomorphism require that the mappings be onto. Theorem
B would not be true if @ was not specified to be an onto map because
of the example just noted. However in view of Theorem 3, no such
problem can arise in a space that contains an element with property
¢. Any embedding of such a space into an Archimedean space must
preserve the order limits of sequences.

If in Theorem 3, x is assumed to be a strong unit (a point with
the property that if fe L there is a number » such that »z = |f])
rather than have property ¢, then the statement is no longer true.
For instance, let L consist of the set of all bounded sequences and M
be the set of all sequences s, s,, s, --- with the property that if
¢ > 0 there is only a finite number of positive integers n such that
|s,| >e. Then M is a uniformly closed ideal but not a o-ideal.

The Riesz space L is o-complete if and only if it is uniformly
complete and has the principal projection property (Luxemburg and
Zaanan [3], Theorem 42.5). If L is uniformly complete and @ is a
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Riesz homomorphism defined on L then ¢(L) is uniformly complete
(Luxemburg and Moore [2]).

Thus the question of when the operation of taking a quotient
preserves the property of o-completeness can be included in the question
of when this operation preserves the principal projection property.

The Riesz space L has the quasi principal projection property
if for each point f of L, L = {f}* {f}*%. Then L has the principal
projection property if and only if it has the quasi principal projection
property and is Archimedean. If L has the quasi principal projection
property then for each point f of L and g of L there is a unique
element g, of {f}¢ and a unique element g, of {f}* such that g =
9. + 9.. Denote g, by P(g).

THEOREM 4. Suppose L is a Riesz space with the quast principal
projection property, M is an ideal of L, and 7 is the natural map
of L onto L/M. Then the following two conditions are equivalent:

(1) If m is a point of M, P,L is a subset of M and

(2) (@) L/M has the quasi principal projection property and

(b) wP;= P, for each point f of L.

Proof. Suppose Condition 1 is true and each of H and K belongs
to (L/M)". We wish to show that there exist points H, and H,
belonging to K¢ and K% respectively such that H = H, + H,. There
exist points & and k in L* such that H = [h] and K = [k]. As L has
the quasi principal projection property there exist points %, and A, of
{k}¢ and {k}% respectively such that & = h, + h,. Now H = [h)] + [h,]
and [h] A [h)] = 6. Since h, is in {k}¢, b, Ak =06, so [k] A [k] =
[k, A\ k] = 0 and [h,] belongs to {K}¢. Suppose J =0 is in {K}¢, i.e.,
JA K =06. There is a point j of L* such that [j] =J. There isa
point m of M such that 7 A &k = m. By hypothesis there exists a
point m, of M such that P,(j) = m,. Thus there is a point j, = 6@
and a point m, = # such that j, + m, = 7, 4, is in {j A k}?, and m, is

in {j A E}*. Since j,+m, =35 and m, =0, 5, <7 and j, A\ J = j.
Therefore, 0 = j, A(GAR) =G ANDANE=4 Nkor(j—m)ANEk=
6. So j— m, isin {k}? and hence (§ — m,) A h, = 6. It follows that
[71 A [h.] = 6 and [h,] is in {K}%.

Also nwP(h) = 7(h,) = [h,] = Px(H) = P.m(h).

Suppose Condition 2 is true. If m is a point of M and % is a

point of L
0 = Pyc(h) = P,,w(h) = wP,(h) .
Thus P,(h) belongs to M.

COROLLARY 5. Suppose L is a Riesz space with the quasi
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principal projection property, M is an ideal of L, and @ is the
natural map of L onto L/M. Then the following two conditions are
equivalent:
(1) (@) If m is a point of M, P,L is a subset of M and
(b) M is relatively uniformly closed, and
(2) (a) L/M has the principal projection property and
(b) nP; = P,z for each point f of L.

Proof. For L/M to have the principal projection property it is
equivalent that L/M have the quasi principal projection property and
be Archimedean. By Theorem A it is necessary and sufficient for L/M
to be Archimedean that M be uniformly closed.

THEOREM 6. Suppose L is a Riesz space with the quasi principal
projection property and M is an ideal of L. Consider the following
two properties:

(1) @) If m s a point of M, P,L is a subset of M and

(b) M is relatively uniformly closed, and

(2) M s a o-ideal.

Then properties 1 and 2 are independent. If L is assumed to have
the principal projection property then property 2 implies property
1 but property 1 does not necessarily imply property 2. If L 1is
assumed to be uniformly complete then property 1 implies property
2, but property 2 does mot necessarily imply property 1.

Proof. Suppose L is assumed to have the principal projection
property and property 2. For each positive integer % and point m
of M, nm A h belongs to M as M is an ideal. Now P,k =V (nm A h),
P,k belongs to M since M is a o-ideal, and property 1(a) holds.
Property 1 (b) is clearly true.

An example of a space with the principal projection property in
which property 1 does not imply property 2 is the following: Let L
be the subspace of the space of all sequences generated by the collec-
tion of all constant sequences and all sequences which are zero except
for a finite number of terms. Let M be the ideal consisting of the
collection of all sequences which are zero except for a finite number
of terms. Then M satisfies property 1 but not property 2.

Assume L is uniformly complete and property 1 is true. Suppose
{m,, m,, ms, ---} is a subset of M*and h = Vi, m,. Letr, = VL m,.
Then 0=r<r, =7, =< --- and V.7, =h. Let j be a positive
integer, f1 = P,.J._Hh, fz =h _fu g9, = Prjh’ 9. =h— g, and di =f1 — 0.
Note that d; is in M. Since f,+fo =9, + 9. d; = g, — f,. As each
of g, and f,isin {r;}¢, d;isin {r;}?and d; A g, = 6. Thusd,; V g, = f.

Therefore, there exists a countable pairwise disjoint subset {d,, d,,
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ds, +++} of M such that h = V,d;,. Now the sequence d,, d, + (1/2)d,,
d, + 1/2)d, + (1/3)d,, d, + (1/2)d, + (1/3)ds + (1/4)d,, - - - converges rela-
tively uniformly to a point m of M. Then & belongs to the band
generated by m, P,h = h, and it follows that & is in M.

An example of a uniformly complete space with the quasi principal
projection property in which property 2 does not imply property 1 is
the lexiographically ordered plane. The vertical axis is a o-ideal but
does not have property 1 (a).

Suppose L is a Riesz space and ¢ = @ is a point of L. Then e
will be called a weak unit if e A |f| = 6 only in case f = 0.

When necessary, it will be assumed that L is a subspace of the
set of all almost finite extended real valued continuous functions on
an extremally disconnected compact Hausdorff space S. Further if
L has a weak unit e, this subspace may be chosen so that e is the
function identically to 1.

Suppose ¢ is a weak unit of the Riesz space L. The pair (L, e)
will be said to be a Vulikh algebra if a multiplication can be defined
on L which makes it an associative, commutative algebra with multi-
plicative unit ¢ which is positive in the sense that if f=6 and g = ¢
then fg = 6. For some properties of Vulikh algebras see Rice [4],
Tucker [5], or Vulikh [9], [10].

Suppose that it is assumed that L is a subspace of the set of all
almost finite extended real valued continuous functions on an extrem-
ally disconnected compact Hausdorff space S and that ¢ is the function
identically equal to 1. If each of f and g belong to L their pointwise
product will be defined as follows: Both fand g are finite on a dense
subset @ of S. Their pointwise product on @ is a continuous function
on @ and can be extended uniquely to a continuous function on S,
since S is extremally disconnected.

There is at most one multiplication which makes (L, ¢) a Vulikh
algebra (Kantorovitch, Vulikh, and Pinsker [1]). If (L, e) is a Vulikh
algebra and it is represented as a Riesz space as a subspace of the
set of all almost finite extended real valued continuous functions on
an extremally disconnected compact Hausdorff space with ¢ the constant
function 1, then the Vulikh algebra multiplication will be the same
as the pointwise multiplication described above.

THEOREM 7. Suppose L 1is a Riesz space with the principal
projection property, M is a uniformly closed ideal of L, m is the
natural map of L onto L/M and for each m in M*, if K is the
principal band generated by m, (K, m) is a Vulikh algebra. Then
L/M has the principal projection property and wP; = P, for each
point f of L.
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Proof. By Theorem 4 it is sufficient to show that for each point
m of M* and fof L* that YV (nm A f) belongs to M. Let K be the
principal band generated by m.

By the representation theorem for Riesz spaces K can be assumed
to consist of almost finite continuous extended real valued functions
on a compact Hausdorff space S, where m is the constant function
with value 1 everywhere.

Let h = VY (nm A f). The point % belongs to K. By hypothesis
(K, m) is a Vulikh algebra. Thus A* belongs to K.

Suppose « is a point of S. If A(x) = n, then

(h — (em A F)(@) < hz) < %hz(oc) .
If h(x) < n, then
(h — (wm A (@) = 0 = %h“’(x) .

Thus m A f, 2m A f, 3m A f, --- converges relatively uniformly to
h with regulator h’. As M is uniformly closed, & is in M.

If o is a subset of L™ with the property that for each two points
fand g of a, f A g =0, then « is said to be orthogonal.

THEOREM 8. Suppose L s a Riesz space with the principal
projection property, M is a uniformly closed ideal of L with the
property that +f {fy, fo f5 <} s a bounded countable orthogonal
subset of M* there is an unbounded nondecreasing positive number
sequence ¢, C, Cs, +-+ such that {c.fi, ¢.fs Csfs, -} is bounded, and w
1s the natural map of L onto L/M. Then L/M has the principal
projection property and wP; = P for each point f of L.

Proof. By Theorem 4 it is sufficient to show that for each point
m of M* and f of L™ that V (nm A f) belongs to M.

Let K be the principal band generated by m. By hypothesis K
is a projection band, let » = Y (nm A f). The point & belongs to K.
Also YV (nm A f) =V (nm A k).

If kis in K*, let x(k) = YV (nk A m). This supremum exists as
K has the principal projection property. Let

d, = x((mwm A b — (n — 1m)*) — x((n + )m N\ b — nm)).

By the representation theorem for Riesz spaces K can be assumed
to consist of almost finite continuous extended real valued functions
on a compact Hausdorff space S, where m is the constant function
with value 1 everywhere.

Suppose x is a point of S. If A(x) >mn, then d,(x) =0, if
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n = h(x) >n — 1, then d,(x) = 1, and if A(z) < n — 1, then d,(x) = 0.
Let h, = (mm AN b — (n—1)m)* — x((h — nm)*) + (n—1)d,. If h(x)>n,
then h,(x) =0, if n = h(x) > n — 1, then &, (x) = k(z), and if A(z) <
# — 1, then h,(x) = 0.

Therefore {h,, h,, hs, ---} is an orthogonal subset of M* bounded
above by h. By hypothesis there is an unbounded nondecreasing
positive number sequence ¢, ¢, ¢, --- such that {c,h, ¢k, Chy «--} is
bounded above by a point b of L. Then if ¢ is a positive integer,
h — (hy+ hy+ -+ + b)) < (1/c;,,)b, and the sequence A, h, + hs, b, +
hy + Ry - -+ converges relatively uniformly to k. As M is uniformly
closed, A is in M.

COROLLARY 9. Suppose L is a Riesz space which is o-complete
and with the property that if {f, fu fo ++*} s a bounded countable
orthogonal subset of L* there is an unbounded nondecreasing positive
number sequence ¢, ¢, ¢, -+ such that {¢,f, ¢.fs, C:fs -} s bounded
then every Riesz homomorphism @ from L onto an Archimedean
Riesz space is a Riesz o-homomorphism.

ExAmMPLE 10. Suppose L is one of the space L,, 1 < p < oo; Iy,
1< p < o; or C, in which order convergence is stable or L is one of
the spaces R* or B[0, 1] which has a point with property ¢ as described
in Example 2. Then L satisfies the conditions of Corollary 9. On
the other hand, let L be the space of all functions defined on the z-
axis with compact support. In this case L satisfies the hypothesis of
Corollary 9, while L neither contains a point with property ¢ nor is
order convergence stable in L.

By what has just been shown, if L is a o-complete Riesz space
with the property that if {f,, f,, f5 ---} is a bounded countable orthog-
onal subset of L* then there is an unbounded nondecreasing positive
number sequence ¢, ¢, ¢, --- such that {c.f,, ¢.fs ¢fs -} is bounded
is sufficient to imply that every uniformly closed ideal is a o-ideal,
but this condition is not necessary, as the following example shows.

ExamMPLE 11. Let S be the set of all ordered pairs of positive
integers. Let L be the collection to which f belongs only in case f
is a real valued function on S with the property that there is a set
® which includes all but at most a finite number of positive integers
such that if & is a positive integer in , f(1, k), f(2, k), f3, k), -+
is a bounded number sequence.

The space L is a complete Riesz space.

Suppose M is an ideal which is uniformly closed. Let f be the
l.u.b. of a countable subset o of M. Let 8 be the collection to which
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g belongs only in case there is a positive integer ¥ and a member %
of a such that g(k, p) = h(k, p) for each positive integer p and if <
is a positive integer not % then g(¢, p) = 0 for each positive integer p.
Then f is the l.u.b. of 8. For each positive integer k, let f, be the
function such that f,(k, p) = f(k, p) for each positive integer p» and
if 7 is a positive integer not k then f,(4, »p) =0 for each positive
integer p.

The function which is equal to f(z, ) at (4, j) and zero elsewhere
is in M. Then since the function which is pf.(¢, p) at (¢, p) is in L,
fio is in M. Since the function which is ¢f(¢, 7) at (s, 7) is in L, fis
in M.

Thus each uniformly closed ideal of M is a o-ideal. For each
positive integer 7 let g, be the function such that g,(p, q) =1if p = ¢
and g,(p, ¢) =0 if 7= p. Then {g, 9., 95, -} is an orthogonal subset
of L which is bounded above by the constant function 1 but there is
no nondecreasing unbounded positive number sequence ¢,, ¢, ¢, --- such
that {c,g9,, ¢.9,, €95 ---} is bounded above.

The Riesz space L has the projection property if every band in
L is a projection band. Suppose L has the projection property, @ is
a subset of L, H is the band generated by w, and f is a point of L.
There is a unique point f, of H? and a unique point f, of H such that
f=1/fi+ f.. Denote f, by P.(f).

The analogous question of when can the projection property be
preserved in a natural manner can be answered easily.

THEOREM 12. Suppose L is a Riesz space with the projection
property, M is an ideal of L, and © is the natural map of L onto
L/M. Then the following two properties are equivalent:

(1) w is a normal Riesz homomorphism, and

(2) (@) L/M has the projection property, and

(b) 7P, = P.,t for each subset w of L.

Proof. If (1) is true then the kernel of 7, M, is a projection band
and 2 (a) and (b) clearly hold. If (2) is true and ® is a subset of M
with the point f as least upper bound, then #P,f = zf, but P.,xf =
P@ﬂ'f =4.

Also, several answers to the question of when is every Riesz o-
homomorphism from an Archimedean Riesz space L onto a Riesz space
K a normal Riesz homomorphism are given in Theorem 29.3 of
Luxemburg and Zaanen [3].
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