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ON THE REGULARITY OF THE P~ INTEGRAL
AND ITS APPLICATION TO SUMMABLE
TRIGONOMETRIC SERIES

S. N. MUKHOPADHYAY

The symmetric P?"-integral (and P>™*!-integral) as defined
by R. D. James in ‘“Generalized nth primitives’’, Trans. Amer.
Math. Soc., 76 (1954), is useful to solve problems relating to
trigonometric series (see R. D. James: Summable trigonometric
series, Pacific J. Math., 6 (1956)). But the definition of the
integral is not valid, since Lemma 5.1 of the former paper
of James, which is the basis of the whole theory, is incom-
plete due to the fact that the difference of two functions
having property B,,.-, may not have this property. Therefore,
all the subsequent results of James also remain incomplete
and a complete systematic definition of the integral is needed.

In the present paper a definition of the P?™-integral (and
P2?m*lintegral) is given and it is shown that all the results
of the later paper of James remain valid with this integral.

1. Definitions and Notations. Most of the definitions and
notations of [8] will be used with essential modifications. The gener-
alized symmetric derivative [8] (also called symmetric de La Vallée
Poussin derivative [18]) of even and odd orders and the generalized
unsymmetric derivative [8] (also called Peano derivative [13] or
unsymmetric de La Vallée Poussin derivative [11]) of a function f at
x, will be denoted by D"f(x,) and f.(x,) respectively, where r denotes
the order of the respective derivatives. If D¥*f(x,) exists, 0 <k <
m — 1, define 8,,(f; x,, h) by

k- D2
el o T

The upper generalized symmetric derivate of f at x, of order 2m is
defined as

Oen( S5 @0, B) = —{f(xo + ) + f(@, — h} —

m—1
k

D*™f(x,) = lim sup O,.(f; @, h) .
h—0

Replacing ‘lim sup’ by ‘liminf’ one gets the definition of D*"f(x,).
The function f is said to satisfy the property .54, at w, written
as e Fux,), if

lim sup 420,,(f; 2, h) = 0,
h—0

and fe . (x,) if —fe .. (x,). The function f is said to be smooth
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at x, of order 2m if

lim b (f; @, 1) = 0 .
—0

Clearly smoothness of order 2m implies smoothness of order 2m — 2
and if f is smooth at x, of order 2m then fe .&Z.(x) N . Za(x,). For
symmetric derivatives of odd order, 0,,..(f; @, h), D*""'f(x,), D*"*'f(,),
Fomsi®0), i) are defined analogously.

If fi(x) exists, 0 <r <n — 1, 7,(f; x, h) is defined as

I i ) = F + 1)~ 52 g
n. =0 P°J

The upper generalized unsymmetric derivate of f at x, of order = is
defined as

Fom(@) = lim sup 7,(f; @, )

with a similar definition for f,,(x,). By restricting % suitably one can
define one-sided derivates which are denoted by fi(x,), etc. For
convenience, the first order derivates f,,(x,), £ (@,), ete., will be denoted
simply by f(x,), f*(x,), etc. The ordinary nth derivative of f at z,
will be denoted by f™(x,).

A function f is said to satisfy the property <2 in an interval I,
written fe .2 in I, if for every perfect set Pc I, there is a portion
of P in which f restricted to P is continuous (see [17]). A function
fis said to satisfy the property .7~ in (a, b), written f€ .7 in (a,b),
if there exists a function F' continuous in [a, b] such that F,, = fin
(a, b) for some n. The class of all Darboux functions will be denoted
by <. From the properties of Darboux functions it follows that if
D*fe oy and if g is continuous then D*f + ge <. This fact will
be used in the sequel. For the definition of n-convex functions we
refer to [8, 1].

We now come to the definition of major and minor functions. Let
f be defined in (a, d) and leta =a, < a, < --+ < @y, = b. A function
Q is said to be a P*™-major function or simply a major function of f
over (a;1 =1 < 2m) if

(i) @ is continuous in [a, b],

(ii) D*™*Q exists and D*e . # N7 in (a,b), 0=k=m — 1,

(i) Q@) =0,1=1=2m,

(iv) DQ = f a.e. in (a, b),

(v) D*™Q > —c, except on an enumerable set E C (a, b),

(vi) @ is smooth of order 2m on E.

The function ¢ is a minor function of f if —gq is a major function of
—f. The P*™.major functions and P?"*-minor functions are defined
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similarly.

This definition of major and minor functions differs from that of
James [8] in allowing certain exceptional sets in (iv) and (v). But
this is standard and is also noted by James in his modified definition
of the P*"-integral [9]. Another difference is in condition (ii) where
we are assuming D*Qe.2Z N .7 instead of James’ [8] requirement
that @ has properties A4,, and B,, ,. (The property .&Z is weaker
than A,, by Lemma 3.2 of [8] and the property .7 is stronger than
B,,_. by Lemma 8.1 of [8] or by Theorem 2 of [13].) But this is
necessary since the difference of two functions in .&# N7 is in
# (.7 which is not true with the property B,,_,. We shall prove
in the sequel that this is a proper definition of major and minor func-
tions and the P*"-integral defined by these major and minor functions
is capable of handling trigonometric series.

2. Preliminary lemmas.

LemMA 2.1. If f is smooth of order 2m + 1, as well as of order
2m + 2, at x, then fo.(x,) exists. If f..,(x,) exists then f is smooth
of order m + 1. More generally, if fic. (&), fiin(@), Firin @)y Firsn(@o)
are all finite, then

lim sup 16,/ 2, 1) = 22 (Fl@) = F (@)

lim inf b0, 2 ) = P2 {fin@) = Fan@)) -

Procf. The first part is clear. For the last part, since f.,,(x,)
exists, D"f(x,) exists, 0 < » < u, and

2.1) émﬂ(f: 2oy B) + Vs i 2 — R} = Oro( i T D)

h

1 . . —
(2-2) §{7n+l(f’ Loy h) - 7n+1(f’ Lo, Mh)} - n +‘2

OS5 @, 1) -

From (2.1)
lim k0,..(f; 2, h) =0,
h—0

and from (2.2)

B (@) — Friu(e)) = liminf 1, (5 7 1) -

The other relation follows similarly.
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LEMMA 2.2. If Gu_n(®,) and D"G(x,) exist and if Ge . (x,)
then the function w,..(G; x, k) defined by

hn+1 . . _ n—1 hr _ _ZI’_:L__ N
(2.3) ’(_n_+—1)!'wn+l(G! %o, h) = G(x, + h) %WG(ﬂ(xO) ! D G(x,)

satisfies the relation

lim sup @,,..(G; %, h) = lim inf w, . ,(G; %, &) .
h—0+ h—0—

Proof. Since

wn+1(G; Lo, h) - wn+1(G; Lo, —h) = 0n+2(G; T, h) ,
n + 2
and since G e .7, 4(x,), the proof is immediate.

LEMMA 2.3. If fi.., exists in (a, b) and x,€(a, b) then
(2.4) (fim) (o) éf(;+l)(x0)r ]-‘JLH)(%) = (fw) (@), ete.

(2.5) (fiu)(@) = D™ f (), D () < zf<_n>)(x0) .

Proof. If m = 0 this is immediate. Suppose n = 1. Then f is
continuous in (a, b). Let =z,¢[a, Bl (a, b). Then each fy is C,-
continuous in [a, B8], 0 <k < n, by Lemma 11.1 of [8]. From the
definition of Cesaro derivative (see [4]) we have C,D*f,,(x) = fiin(@o),
where C,D*f,(x,) is the right hand upper nth Cesaro derivate of f,
at x,. Since C,D*f. (%) is the first order derivate (fu)"(x.), (2.4)
follows from Theorem 2.1 of [4]. Lastly, from (2.1), D""'f(z,) =
finsn(@,) and hence (2.5) follows from (2.4).

LEMMA 2.4. Let g be continuous in [a, b] and D¢ = 0 in (a, b),
except on an enumerable set E C (a, b) and let g € FH(x) for xc E. Then
g ts convex in [a, b].

This is proved in [19, I, p. 328], which sharpens a result of de La
Vallée Poussin (see [16, Lemma 3]).

3. 2m-convex functions. In this section and in § 4, the results
are stated in a more general form than is necessary for P*™-major
and P*"*'-major functions. Since every member in .7~ possesses
Darboux property [13], we have .97 N 2 C &7 N <2 and hence these
results are applicable in §§ 5 and 6.-

THEOREM 3.1, 2m. Suppose that
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(i) f is continuous in [a, b],
(ii) D**f exists and D¥*fe o N.# in (a,b), 0 <k<=m—1,
(ili) D*™f =0 in (a, d), except on an enumerable set EC (a, b),
(iv) fe FH.(x) for xcE.
Then D*™*f is convex in (a, b) and it is the continuous derivative
™2 4n (a, b).

The above theorem is true for m =1 by Lemma 2.4. So, we
assume that the theorem is true for m = m, i.e., Theorem 3.1, 2m,
is true and we prove that Theorem 3.1, 2 (m, + 1) is also true and
so the theorem will be proved to be true for all m by induction on
m. We require the following auxiliary lemmas:

LEmMA 3.1, 2m,. Suppose that
(i) G is continuous in [a, b],
(ii) D*™G exists in (a, b) and is & -integrable in [a, b],
(iliy D*GeznN.Z in (a,b), 0 <k =m,— 1.
Then ¥ — G is a polynomial of degree at most 2m, — 1 in [a, b], where

— 1 e - 2mop—2
) _mga(x £y () dt

9(x) = S D*™G(t)dt
and G®™™Y exists and s continuous in (@, b).

Proof. As in [10, Theorem 18], one can construect a sequence of
continuous functions {4;} which converges uniformly to ¢ in [a, b] as
i— o and for all ¢

(4)@) > D*™G(x) , xe(a,d).

For each 7, define

1 i 2mg—2
V@) = =51 S @ — A,  wela, b] .

Then {U;} converges uniformly to ¥ in [a, b] as ¢ — . Since 4, is
continuous, taking (2m, — 1)th derivative

Ufrmi(x) = Ax) , ze(a,b).
So, by (2.5) we have
@.1 (4)@) = (UL ) (@) < D™U(x), wze(a,b).
Since by construction (4.)(x) > D*™G(x) for z < (a, d),
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(3.2) D™[U, - Gl) > D™ Uyx) — (A)@@), we(aDd).
Hence from (3.1) and (3.2)
D*[U, — Gl(x) > 0, ze(a,b).

Since D*Ge &7 N < and D*U, is continuous in (a,d) for 0 = £k <
m, — 1, D*[U, — Gle 2 N &2 in (a, b) for 0 < k < m, — 1. Hence by
Theorem 3.1, 2m,, D*™[U; — G] is convex in (a, b) and so U, — G is
2my-convex in (@, b) and by the continuity, U, — G is 2m,-convex in
[a, b]. Since U, — G converges uniformly to ¥ — G in [a, b], ¥ — G
is 2m,-convex in [a, b]. It can be similarly shown that ¥ — G is 2m,-
concave in [a, b]. Hence ¥ — G is a polynomial of degree at most
2m, — 1. Since ¥®™V exists and is continuous, G*™ also exists and
is continuous in (a, b).

LEMMA 3.2, 2m,. Let G be continuous in [a,b] and let D*™G
exist in (a, b) and be < -integrable in [a, b]. Let G*™™" exist and
be continuous in (a, b). If D*™G attains a maximum ot x,<€ (a, d)
then

1im Sup @op,1(G; %, k) < 0 < lim inf @, ,,(G; 0, h) ,
h—0+ h—0—

where @ 1s the function defined in (2.3) with n = 2m,.
Proof. Let
J(z) = rDmOG(t)dt, zela, b].

Then by Lemma 3.1, 2m, J — G*®*™™ is constant. Since G®™™" is
continuous in (a, b), by mean value property, for any h, 0 < k& < b — x,,
there is 7, 0 < 7 < 1, such that

Dung11(G @, h) = (7;&)2 (G (@, + D) — GemD(z) — ThD™G(x,))

2 zot+nh 2 .
= SIO (D*™G(t) — D*™G(x)}dt .

Therefore, since D*™@G is maximum at x,,

lim SUp @y 11(G5 %, ) = 0 .
h—0+

The other part follows similarly.

LEMMA 3.3, 2m,. Suppose that
(1) F ts continuous in [a, b],
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(ii) D*™*F exists and D*Fe 2 N.# in(a,b),0<k=m, — 1,
(iliy D*™F =0 in (a, b), except on an enumerable set E C (a, b),
(iv) Fe. %, () for xcE.

Then

Oy 52, h) =20, for all 2, h, a<x—h<z+h<b.

LEMMA 3.4, 2m,. Suppose that
(i) G is continuous in [a, b],
(ii) D*™G exists and D*Ge 7 N.# in (a,b), 0 =k < my,
(iii) D¥™G attains a maximum at x, < (@, b).
Then

D G(xy) < 0 .

The proof of Lemma 3.3, 2m, is similar to that of Lemma 4.1, 2m,
of [8]. Lemma 3.4, 2m, can be proved by using Lemma 3.3, 2m, in
the same manner as in Lemma 4.2, 2m, of [8].

LEMMA 3.5, 2m,. Suppose that

(i) f is continuous in |a, b],

(ii) D*™f exists and D¥*fe o N A in (a,b), 0 <k < m,,

(ili) D*™*2*f > 0 in (a, b), except on an enumerable set E C (a, b),

(iV)  f€ Fnya(®) for xe K,

(v) D*f is upper semicontinuous in (a, b) and F-integrable
wn la, b].
Then D*™f 4s convex in (a, b).

Proof. We first consider the special case when the inequality in
(iii) is strict inequality. Suppose that D*™f is not convex in (a, b).
Then there is a subinterval [a, 8] C (a, b) such that

p(x) = D*™f(x) — b—ig{(ﬁ — o)D*™f(a) + (x — a)D*™f(B)}
= D™f(x) — px — ¢

takes positive values somewhere in (a, 8). Since o is upper semi-
continuous in [«, B] and p(a) = p(B) = 0, p attains maximum in (@, B).
So, if g is sufficiently near to p then the function D*™G, where

x2m0+1 xzmo

b

also attains its maximum in («, B8), say, at z.. Hence by Lemma
3.4, 2m,
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D2m0+2G(x#) — Dzmo-&zf(x#) <0.

Hence z.c€ E. Now G satisfies the hypotheses of Lemma 3.1, 2m, and
hence G®*™™" exists and is continuous in (a, b). Also since fe 52m0+2(x)
for ze E, Ge %%, (r.,). Hence by Lemma 2.2

lim sup @, ..(G; «,, h) = lim inf @,,, ,,(G; T4, h)
h—0+ h—0—

where @ is the function as defined in (2.3) with » = 2m,, %, = z,. But

by Lemma 3.2, 2m,, since D*™G is maximum at z,,

lim SUp @y 41(G; Ty, k) = 0 < lim inf @,,,,.(G; 4, h)
h—0+ h—0—

and hence

lim inf @,,s(G5 @ ) = 0
—0—

ie.,

liI{l oinf Oy i[5 Ty 1) = 2.
Thus for each p sufficiently near to p there exists z,€ £ and for
different g the points x, are also different. This contradicts the fact
that E is enumerable.
To complete the proof, consider, for arbitrary ¢ > 0, the function
g. Where

x2m0+2

9.x) = f(@) + 5‘m .

Then by the above special case, D*™g, is convex in (a, b) and since ¢
is arbitrary, D*™f is convex in (a, b), completing the proof.

Proof of Theorem 3.1, 2 (m,+1). To prove the theorem we remark
that under the hypotheses, if D*™f is continuous in an interval (@, B) C
(a, b), then by Lemma 3.1, 2m,, f*™" exists and is continuous in («, B)
and so by Lemma 7 of [18], D*f is the continuous ordinary deriva-
tive f@™ in («, B). Hence applying the mean value property it can
be shown that D¥(f©®m) > D*™**f and that f®m ¢ .Z(x) if f€ . Fpa(®)
for points in («, B) and so by Lemma 2.4, f®™ is convex in (a, B).

Let U be the set of all points 2 in (@, b) such that there is a
neighborhood of z in which D?of is continuous. Then U is open.
Let (a, B) be any component interval of U. Then D*™f is continuous
in (a, B) and so by the above remark D*™f is convex in («, 8). Hence
lim,_., D*™f(x) and lim,,,_ D*™f(x) exist and by the property <,
D*™f is continuous in [, B8] N (e, b). Let P = (a, b)) — U. Then P is
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closed in (a, b). Since D*™f is continuous in the closure (relative to
(a, b)) of each component interval of U, P is perfect in (a,b). If
possible, suppose that P = 0. Then there is [¢, d] C (a, b) such that
[e, d] N Pis a nonvoid perfect set. Since D*fe .2 in (a, b), there is
a portion of [e¢, d] N P, say, H = [a,, b] N P on which D*f/H is con-
tinuous for each %, 0 <k < m,. It can be shown, as in Theorem
4.1, 2(m, + 1) of [8] that D*™f is upper semicontinuous in [a,, b,].
Hence there is M such that D*m™of(x) < M for ze€]a, b]. Since the
theorem is true for m = m,, the function F(x) = Mz*/2— D*™*f(x)
is convex in (a,, b,). Choose a,, b;,, such that e, < a, <b, <b, and
PN (a, b)+*0. Then by Lemma 3.16 of [19, I, p. 328], D*F exists
almost everywhere in (a,, b,) and is ~-integrable in [a,, b,]. Since F'
is continuous, D*F = M — D*™f holds whenever D®F exists and hence
D*™f is Z-integrable in [a, b,]. So, by Lemma 3.5, 2m, D*™f is
convex in (a, b,)). Hence D*™f is continuous in (a,, b,). This contra-
dicts the fact that (a, )N P+ 0. Hence P=0 and so D*™f is
continuous in (a, b). Hence by our earlier remark D*™f is convex in
(@, b). The rest follows from Lemma 3.1, 2m, and Lemma 7 of [18].
This completes the proof of the theorem for m = m, + 1.

Thus the theorem is true for all m and so henceforth we shall
omit 2m in refering to this theorem. The usual extension of the
above theorem is the following

THEOREM 3.2. Suppose that

(i) f is continuous in [a, b],

(ii) D*"7%f ewists and D¥fe o N.F# in (a,b), 0=k <=m—1,

(iiiy D™f =0 a.e. in (a, b),

(iv) D*™f > —co, except on an enumerable set E C (a, b),

(v) fe S (x), for xe E.
Then D*™72f 4s convex in (a, b) and D*™*f is the continuous deriva-
tive e in (a, b).

This can be proved from Theorem 3.1 by using standard argument
used to prove Theorem 1.1 of [5] or Theorem 16 of [1] and so we
omit it.

ReMARK 8.1. The property D¥fe <y for 0 =k < m — 1, in the
above theorem plays an important role. For, consider the function f
where '

2, a=0

fl@) = —x% x<0.

Then D*f exists everywhere but D*f ¢ &r. Also f satisfies all the other
conditions of the above theorem and D‘f = 0 everywhere; but D*f is
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neither convex nor concave in any interval including 0.

REMARK 3.2. The above example shows that if D®™f replaces
D*™f in the hypotheses (iii) and (iv) of the above theorem and if in
(v) smoothness of f of order 2m is assumed everywhere, then even
under this stronger conditions the theorem is false without the property
D*fe .

4. (2m + 1)-convex functions. Now it is natural to ask whether
the analogous results hold for odd order derivatives. In [8], it is
indicated that the proof of Theorem 4.1, 3 of [8] was similar to that
of a theorem of Saks [14]. But Saks used the lower derivate D*f and
not D*f and so the induction on m in [8] ensures the validity of
Theorem 4.1, 2m + 1 of [8], provided D*"*'f is replaced by D®*"*'f in
its hypotheses. But if in the hypotheses of Theorem 4.1, 2m + 1 of
[8], D**if is replaced by D*"*'f then this new theorem is only a
consequence of Theorem 4.1, 2(m + 1) of [8] for the integrated func-
tion. The proof of Theorem 4.1, 2m + 1 of [8] is thus incomplete.
We complete the proof in the following more general theorem.

THEOREM 4.1. Suppose that
(i) f s continuous in [a, b],
(i) D™ 'f ewists and D*"'fe 2 N .# i (a,d), 0=k =m—1,
(il D™+ f >0 in (a, b), except on an enumerable set E C (a, b),
(iv) fe . Fpu(x) for xe K.
Then D*™'f is convex in (a, b) and it is the continuous derivative
fem 4n (a, b).

The proof is similar to that of Theorem 3.1. It is necessary to
prove this theorem for m = 1 and to do this, Lemmas 4.1, 1, 4.2, 1,
4.4, 1, 4.5,1, which are analogous to Lemmas 3.1, 2m,, 3.2, 2m,, 3.4, 2m,,
3.5, 2m,, will be needed. The proofs of Lemmas 4.2, 1 and 4.5, 1 are
similar to those of Lemmas 3.2 2m, and 3.5, 2m, respectively. In
proving Lemma 4.1, 1 one is to appeal to a result of [12] instead of
assuming Theorem 3.1, 2m, as it was done in Lemma 3.1, 2m, and in
proving Lemma 4.4, 1 one is to notice that since D'Ge .=, by the
same result of [12], D'G has mean value property and hence for any
h there is &, x, — h < & < x, + h, such that

B204(G; 2, h) = 3! {D'G(E) — D'G(xo)} < 0

giving D°G(x,) =< 0. The proof of Theorem 4.1 for m = 1 will now
follow the same line of argument as in Theorem 3.1, 2(m, + 1). The
Z-integrability of D'f will follow from the fact that F(x) = Mx —
f(x) is nondecreasing in [a,, b,], [12] and M — D'fis the derivative of
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F where it exists. Proving the above theorem for m = 1 and sup-
posing it to be true for m = m,, all the lemmas beginning 4.1, 2m, + 1
through 4.5, 2m, + 1 can be proved and the proof of the theorem
for m = m, + 1 can be completed. We remark that an analogue of
Theorem 3.2 is also true in this case.

5. The P>.integral. We now come to the definition of the
integral. We must show that the definition of major and minor func-
tions, as introduced earlier, actually helps to obtain a proper definition
of the integral. For, because of the presence of the exceptional set
E in condition (v) and (vi) of the definition of major function we
cannot apply directly Theorem 3.2 to prove that @ — ¢ is a 2m-convex
funetion for arbitrary major and minor functions @ and ¢ respectively.
(As the definition of the P*"-integral in [9] and that of the P*integral
in [7] are also affected by the exceptional sets S and E, respectively,
(see [9] and [7]) they would also need this clarification; but the
definition of the P*-integral in [6] is not affected since the smoothness
of major and minor functions is assumed everywhere). We shall
follow the method adopted in [15].

LEMMA 5.1. Given ¢, > 0 and x,¢(a, b) there is a major func-
tion Q for the function t(x) = 0 such that

(i) Q"™ 4s comtinuous in [a, b],

(ii) DQ*™» =0 in (a, b),

(iii) l’}nr; hO,(QP™ ;5 x,, B) > 0, 1}}1‘(1) hO(Q*™ 2 x, h) = 0, for x # x,

(iv) 1Q™ ™| =& in (a,b),

(v) |ROLQF™ 52, h)| < &, for x # %, and x, x = he(a, d).

Proof. Let g be the function such that

o) =0, @) = min- [ s — @) 2|,

o) = 3 min- |50 — a), 2 |,

and ¢ is linear and continuous in each of the interval [a, 2,] and [x,, b]
and let G be the (2m — 2)th indefinite integral of ¢ in [a, b]. Then
the function @ defined by

Q@) = G) — 3 Ma; a)G(a.)
satisfies the requirements, where

2m

(.1) Me; a;) = H;tﬂ’ @ =0, <A< <y =b.
j=1 S — A
g# " !
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LEMMA 5.2. If Q is a major function of f and € > 0, then there
s a major function Q. such that

|D*2Q, — D Q| ¢, D™Q.> —c, in(ab).

Proof. Letuz, x, +--,x, - be an enumeration of the exceptional
set £ C(a, b), where D*"Q = — holds. For each positive integer %,
let F, be the major function obtained from Lemma 5.1 with & and
2, replaced by ¢/2* and x, respectively. Set

V@) = SF@),  F@) = SF0).

The first series being uniformly and absolutely convergent, ¥ is
continuous and ¥ = F'®" 2, By the mean value property there is 7,
0 <7 <1, such that

(5 2, b) = O(W; , nh) = ki 0(FEm2; z, 7h)

and since by (i), (ii) of Lemma 5.1 and by Theorem 3.1, each F{"™®
is convex in (e, d), D*™F =0 in (a,b). Also, for x,€ E, the series
S hO(FE™ 25 2, b) is uniformly and absolutely convergent with
respect to & and hence

lim k8,,(F; x;, h) = lim h0,(¥; x;, h)
h—0 h—0

= lim 3% hO(F™2; w, h)
= 1’1}13 hl?z(F;‘“"‘z’; x;, )
>0.
Now set
R.(x) = Qx) + Fl(x) .
Then if x, € E,

lim 20,,(Q.; x;, k) = lim A0,,(F; z;, h) > 0
h—0 h—0

and hence D*"Q.(x;) = . Clearly Q. is a major function of fand by
construction | D*%Q, — D*™2Q| < e.

LEMMA 5.3. If Q and q are any major and minor functions
then Q — q s 2m-convex.

Proof. By Lemma 5.2, for each positive integer % there is a
major function @, and a minor function ¢, such that



ON THE REGULARITY OF THE P»INTEGRAL 245
(6.2) |D"™Q,— D™Q| <L D™Q,> —oco, in (a,b)
7

and a similar relation for ¢, holds. Hence D*"[Q, — ¢,] =0 a.e. in
(@, b) and D*"[Q, — q,] > — oo in (@, b). Since D*Q,c .7, and D*q, e
.7, we have D*[Q, — q,] € 2~ and hence D*[Q, — q,] € &, for each
ky0<k<m—1,[13]. So, by Theorem 3.2 D*?Q, — q,] is convex
in (@, b)) and hence by (5.2) and a relation for ¢,, D™ *[Q — q] is
convex in (@, b) and so the result follows.

Lemma 5.3 gives the analogue of Lemma 5.1 of [8]. Once this
lemma is proved all the subsequent results of [8] can be deduced with
this definition of major and minor functions. The definition of P*"-
integral thus obtained remains valid and all the results of [8] except
Theorem 5.4 of [8] are true. We state Theorem 5.4 of [8] in our
setting whose proof is similar to that in [8].

THEOREM b.1. If G is such that

(i) G s continuous in [a, b],

(ii) D*™*G exists and D*Ge # NI in(a,b),0=k=m—1,

(iii) D*"G exists a.e. in (a, b),

(iv) —o < D™G < DG < o, except on an enumerable set E C
(a, b),

(v) G is smooth of order 2m on E,
then D*™G ts P*™-integrable over (a; x), where a = a, < @, < +++ <
U = b, and if a, Zx < a,,,, then

0| Ot = G@) = 31 0)G(@)
where N is the function defined in (5.1).

6. The P*™*.integral. The definition of P?*"*-integral can be
obtained from the P?*"*-major and minor functions in the same manner
as in the case of P?"-integral. The P-integral i.e., P*""-integral for
m = 0 is not defined in [8]. Theorem 3 of [12] shows that the defini-
tion of P-integral is also valid and so the definition of symmetric
Pr-integral is valid for all » = 1.

7. The unsymmetric P"-integral. The unsymmetric P*-integral
as defined in [8] is not affected by Lemma 5.1 of [8]. We state here
the conditions to be satisfied by an unsymmetric P"-major function @
of the function f in our improved setting:

(i) @ is continuous in [a, 8],

(ii) Q.. exists in (a, b),

(iii) Q@) =0, 1=<17=<mn,

(iv) Qu = f a.e. in (a, D),
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(V) Qu > —oo, except on an enumerable set EC (a, b).
It is easy to verify that for any major and minor function, @ and q,
the difference @ — ¢ is n-convex. The definition of the unsymmetric
Pr-integral now follows that of the symmetric P*integral. For differ-
ent approach we refer to [2, 3].

8. Application to trigonometric series. Now we shall show that
the results of [9] remain true with this definition of the P*"-integral.
For the notations Al(x), B%(x) and the upper and the lower (C, k) sums
S*(z) and s*(x), which we shall use here, we refer to [9] (see also [19,
I, pp. 74-77)).

THEOREM 8.1. (Cf. Theorem 6.2 of [9].) Suppose that the series

8.1) -%ao + i (a,cos nx + b, sin nx)
is summable (C, k) almost everywhere to a finite function f on [0, 27]

and let

(8.2) —oo < sM@) = SH) < =,
except on an enumerable set in [0, 2x]. If for xe |0, 2r]
(8.3) Al Y(x) = o(n®) , Bt () = o(n¥) ,

as n— =, then f(x), f(x)cosrx, f(x)sinre, are P**integrable over
(a; x) and the coefficients of (8.1) are given by

(8.4) a, = 2’“37];:"“ S(ai) f(x) cos ra d, 2
5, [ .
(8.5) b= ot gw f@) sinrz d,, 0
where
Bkz—(w—— if k is even ,
(552
2
(k + 2)! if % is odd .

T ESSYIEEN
( 2 >< 2 >
Proof. Since (8.1) is summable (C, k), the series obtained by

integrating (8.1) term by term %k + 2 times converges uniformly to a
continuous function F' and

a, = o(n¥) , b, = o(n*),
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as n— <, (see [18]) and hence F is smooth of order k + 2 (see [9,
Theorem 3.1]). Since the once-integrated series of (8.1) is also sum-
mable (C, & — 1) a.e. in [0, 27] (see [11]), F' is smooth of order £ + 1;
hence by Lemma 2.1, F, exists and by Lemma 6 of [18], F,, e &#
in (0, 27) for 0 < i < k. By [18, Theorem B] we get from (8.2)

—co < Qlc+2F(x) < E"*"’F(x) < oo

except on an enumerable set and D*"F(x) = f(x) a.e. in (0, 27). So,
by Theorem 5.1, f is P***integrable over («,;x). The proofs that
f(x) cos vz and f(x) sin rx are also P***integrable and that the coeffi-
cients of (8.1) are given by (8.4) and (8.5) are similar to those given
in [9, Theorem 4.2 and its corollary].
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