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CHAIN BASED LATTICES

G. EPSTEIN AND A. HORN

In recent years several weakenings of Post algebras
have been studied. Among these have been P0"lattices by
T. Traezyk, Stone lattice of order n by T. Katrinak and
A. Mitschke, and P-algebras by the present authors. Each
of these system is an abstraction from certain aspects of
Post algebras, and no two of them are comparable. In the
present paper, the theory of P0-lattices will be developed
further and two new systems, called Pi-lattices and P2-lattices
are introduced. These systems are referred to as chain
based lattices. P2-lattices form the intersection of all three
weakenings mentioned above. While P-algebras and weaker
systems such as L-algebras, Heyting algebras, and P-algebras,
do not require any distinguished chain of elements other
than 0, 1, chain based lattices require such a chain.

Definitions are given in § 1. A P0-lattice is a bounded distributive
lattice A which is generated by its center and a finite subchain con-
taining 0 and 1. Such a subchain is called a chain base for A. The
order of a P0-lattice A is the smallest number of elements in a chain
base of A. In § 2, properties of P0-lattices are given which are used
in later sections. If a P0-lattice A is a Heyting algebra, then it is
shown in § 3, that there exists a unique chain base 0 = e0 < ex < <
en_x — 1 such that ei+ί —* et = et for all i > 0. A P0-lattice with such
a chain base is called a Pi-lattice. Every Pi-lattice of order n is a
Stone lattice of order n. If a Pi-lattice is pseudo-supplemented then
it is called a P2-lattice. It turns out that P2-lattices of order n are
direct products of finitely many Post algebras whose maximum order
is n. In § 4, properties of P2-lattices are studied. In § 5, equational
axioms are given for P2-lattices. P2-lattices share many of the proper-
ties of Post algebras and have application to computer science. Among
examples of P2-lattices are direct products of finitely many p-rings.
These further remarks on P2-lattices are in § 6. In § 7, prime ideals
in P0-lattices are studied. It is shown that the order of a P0-lattice
is one more than the number of elements in a chain of prime ideals
of maximum length. A characterization of P rlattices by properties
of their prime ideals is given. Such a characterization of P2-lattices is
also indicated.

l DEFINITIONS. We use φ for the empty set. Let A be a
distributive lattice which is bounded, that is, has a largest element
1 and a smallest element 0. The dual of A is denoted by Ad. The
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complement of x is denoted by x or — x. The center of A is the set
B of all complemented elements of A. We use x\/y for the join,
and x A y or xy for the meet of two elements x, y in A. x—>y denotes
the largest ze A (iΐ it exists) such that xz ^ y. A is called a Hey ting
algebra if x—>y exists for all x, y e A. — χ = x—>0 is called the
pseudo-complement of x (when it exists). An element x is called
dense if —\x = 0. A is called pseudo-complemented if —1# exists
for all α?e A. x=>^/ denotes the largest 2 el? such that xz^y. A
is called a B-algebra if x=>y exists for all x,yeA. Ix = 1 => a? is
called the pseudo-supplement of α?. A is called pseudo-supplemented
if !cc exists for all xeA.

A Stone lattice is a pseudo-complemented lattice satisfying the
identity —?05 V —>—i a? = 1. An L-algebra is a Hey ting algebra satis-
fying (#—>#) V(y—>x) = 1. A P-algebra is a i?-algebra satisfying
(& => 2/) V 0/ => a?) = 1. We denote the interval {z: x ^ z ^ y} by [x, y].
A is an L-algebra if and only if every interval in A is a Stone lattice
[1, 3.11]. The identity x-+(y V z) — (x —* y) V (x —• z) is satisfied in
an L-algebra. The identity x => (y V z) = (x => y) V (x =* «) is satisfied
in a P-algebra.

2* P0-lattices. Let A be a bounded distributive lattice and let
ΰ be a Boolean subalgebra of the center of A. A chain base of A
is a finite sequence 0 = eQ ^ eL <: ^ ew_! = 1 such that A is gener-
ated by B U {e0, , en_J. If A has a chain base then A is called a
Po-lattice [13], in which case every element xeA can be written in
the form

( l ) « = V M i ,
* = 1

where 6t G 5 . If bt ^ δ<+1 for all i, then (1) is called a monotone
representation (abbreviated mon. rep.) of x. If btb3 — 0 for i Φ j ,
then (1) is called a disjoint representation (disj. rep.) of a?. Every
element in a P0-lattice has both a mon. rep. and a disj. rep.

LEMMA 2.1. / / (1) is a mon. rep. of x and y — ViC^ is a

mon. rep., then xV y = ViΦiV c^βi and xy — Vib^i are mon.
reps.

Proof. This follows from the distributivity of A.

The following theorem shows that B must coincide with the
center of the P0-lattice A, and gives a method for constructing
P0-lattices.

THEOREM 2.2. Let A be a bounded distributive lattice. Let
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B be a subalgebra of the center of A and let 0 = e0 ^ ^ en^ = 1.
If Ao is the sublattice generated by B U {eOy , βΛ_J, cmd i?0 is £/te
center of AQ, then BQ — B.

Proof. Let x = Vy My be a disj. rep. of an element xeBQ. For
each i, #&* = 6 ^ is in J30. Let V* ci ei = 0 be a mon. rep. of the
complement of 6 ^ . Then δ ^ V i ^ i —0 implies ft^c^ = 0, hence
δϊβi ^ 6*^. Also 1 = btet V V3 c3e3 implies 1 ^ etV ci9 hence 6^^ ^ b^.
Thus 6^^ = 6^^ 6 B for all i, and so x e B.

DEFINITION 2.3. A P0-lattice A is said to be of order n if n is
the smallest integer such that A has a chain base with n terms.

LEMMA 2.4. If (A; e0, •••, ew_i> is & P0-lattice, then (Ad; en_19

•••, eo> ^ s α P0-lattίce. Ad has the same order as A.

Proof. This is obvious by inspection.

THEOREM 2.5. 1/ <A; e0, ••-, e»_i> is α P0-lattice with center
B and A' = [βέ, ê  ], where i <Z j , then (A'; ei9 , βy> is α P04attice
with center B' = {et V 6βy: 6 e B}. If et = /0 ^ ^ / r_x = e, is α
ϋλαw 6αsβ of A', ί/̂ βw β0, , e^lf /0, , fr^u ej+1, , en_i. is a chain
base of A. If A has order n, then A' has order j — i + 1.

Proof. Let x= \fn

kz\bkek be a mon. rep. of an element xeA'.
Then

3 3

x = (e. v ajjβy = e, V V &Λ = V 0* V δ A ' K

5 ' is clearly a subalgebra of the center of A'. Therefore by 2.2, Br

is the center of the P0-lattice (A';ei9 •••, eΛ >. The remaining parts
of the theorem hold because if i ^ k ^ jf then ek is in the sublattice
generated by J3' U {/<,, , Λ_i}.

LEMMA 2.6. Lβέ A be a bounded distributive lattice with center
B, and x, y, ze A.

( i ) If x—* z and y —* z exist, then (x V y) —* z = (x ~+z)(y —»z).
(ii) If z—*x and z—+y exist, then z—+xy = (z—+x)(z~*y).
(iii) If x~+y exists, beB and ceB, then bx —+ (cVy) =
cV(x-|/).
(iv) If x=> z and y => z exist, then (x\/ y) => z = (x=> z)(y => 2).
( v ) If z=>x and z=>y exist, then z=>xy = (z=> x)(z ==> y).
(vi) If x=>y exists, beB and ceB, then bx=>(c\/y) =
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Proof. The proof is straightforward.

LEMMA 2.7. If a2 ̂  <̂  am and bι ^ ^ bm^ are elements
of a distributive lattice, then yτ=ίaί+1b3 = ambι λf=f (a3- Vbj).

Proof. This is easily proved by induction.

THEOREM 2.8. Let (A; e0, •••, e%_L) be a PQ-lattice with center B.
Then the following are equivalent:

( i ) et => 0 exists for all i.
(ii) —iet exists for all i.
(iii) A is pseudo-complemented.
(iv) A is a Stone lattice.
( v ) Each xeA has a mon. rep. x — V<Mi suc^ that

bx ^ c1 for every mon. rep. x = V i c i e i

Proof, (i) implies (ii): Let xet = 0 and suppose x — \/ό b5e5 is a
mon. rep. of x. Then δ ^ = 0 for j ^ i, while if j > i, then b5et = 0,
so 6 ^ β^^O. Hence a; ̂  ei:=> 0. Therefore, -π^ exists and equals

(ii) implies (iii): If x — \f t bxei is a mon. rep., then by 2.6(i)
and 2.6(iii), —ιx exists and equals AiΦi V -πβί). If follows from 2.7
that

( 2 ) -πίc = V & i ^ e ^ .

(iii) implies (iv): If α?, # e A, then by 2.1 and (2), -π(cπ/) =
-ixV—y. This implies that A is a Stone lattice [8]

(iv) implies (v): If x = ViC^ is any mon. rep., then cxx = 0,
so c1 <; —!«, hence a; ̂  —ι-i aj ̂  clβ Therefore x= Vi (ci ~1~π ^) ei K
we set bi — ct -π—ι », we get a mon. rep. in which 6X = —i—ι α?.

(v) implies (i): Let et = VJ M* be a mon. rep. of et having the
property stated in (v). Then bιeτ = O. lίbeB and bet — 0, then
0i ^ δ> so e< — Vi 56^-. By hypothesis, 66X ^ 6^ Therefore b ̂  bly

and so e£ ==> 0 = &Ί.

LEMMA 2.9. If A is a bounded distributive lattice, then Ad is a
Stone lattice if and only if A is pseudo-supplemented and l(x V y) —
Ix V \y for all x,yeA.

Proof. It is easily verified that the pseudo-complement of x in
Ad is ϊx in this case.

THEOREM 2.10. Let (A; e0, , e ^ ) be a P04attice. Then the
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following are equivalent:
( i ) lei exists for all i.
(ii) A is pseudosupplemented and \{x V y) = lx V \y for all

x,yeA.
(iii) Each xeA has a mon. rep. \fib^ such that b%_γ^c%-γ for

every mon. rep. x — V i c ^

Proof. This is derived from 2.8 by using 2.4 and 2.9.

THEOREM 2.11. Let (A; e0, , en_λ) be a pseudo-complemented
PQ4attίce. Then A has a chain base 0 = f0 ^ f <Ξ ^ fn-χ — 1
such that f is the smallest dense element of A. If 0 — g0 ^ tί
gr_1 — 1 is any chain base of A such that gx is dense, then gx — fx

and for any mon. rep. x — y^Zlb^j, we have —x — bt.

Proof. Let f0 = 0, f = V S {^e^eif and /, - e, V/i for i ^ 2.
By (2), -πΛ = V* -^"^ βi-i -i β, = 0 Also A = etV Vi>.^ -. ^ - L
Therefore /< -i —i et = ec, since -π —iβ, —ι ̂ _i ^ —ι —i βέ —\ e4 = 0 for i > i.
If a = V ί δ ^ is any element of A, then α? = V ί ί ^ " 1 " 1 ei)/i T h u s

/o, # ,/»-i is a chain base of A. Let #0, •••, flrr_i be a chain base
of A. such that g1 is dense. If x= V y δ ^ is a mon. rep., then
—iίc = bx by (2). So if x is dense, then a? ̂  ^ . Thus SΊ = f is the
smallest dense element of A.

3* P^lattices.

THEOREM 3.1. Let (A; e0, , e ^ ) δβ α P0-lattice with center B.
Then the following are equivalent:

( i ) e< —• βy exists / o r αW i, i .

(ii) A is a Heyting algebra.
(iii) A is an L algebra.

Proof, (i) implies (ii): If x — VA ei and 7/ = V M are mon.
reps., then by 2.7, ?/ = ASCί (̂ i V e^). Therefore by 2.6, x —> j/ exists
and equals A*,i (δ< V c, V (e< —> e3)).

(ii) implies (iii): Let x = V i M o ί/ = ViCtet be mon. reps. Then
%~-*y = Ai Φiβi —• 2/) ̂  AtibiV Cj). Therefore, (a? —> y) V ^ -•») ^
Λ ^ & i V ^ V Λi(δiVc < )= Λ u ( δ < V δ J Vc<Vc /) = l since δ < v δ i = l
for i ;> j , and ^ V c3- = 1 for i < i .

(iii) implies (i): This is obvious.

DEFINITION 3.2. A P r lattice (A;eOf •--,en_1) is a P0-lattice to-



70 G. EPSTEIN AND A. HORN

gether with a chain base such that ei+ι —• ei = et. It follows that
βt —• βy = βj for i > i and e, —+ e3- = 1 for i ^ j , so that (i) of 3.1
holds.

THEOREM 3.3. If (A; eQ, •• ,en_1> is a P04attice and A is a
Heyting algebra, then there exists a chain base 0 = f0 ^ ^ /Λ_i = 1
ŝ c/z, ί&αί <A;/0, •••,/„_!> is α Pt4attice.

Proof. This is obvious for n = 1, 2. Suppose w > 2 and the
statement holds for n — l. By 2.11, we may assume eγ is dense.
Let A! = K 1]. By 2.5, <A'; eίf , e ^ ) is a P0-lattice. If x, y e A',
then x-+yeA'. Therefore by the induction hypothesis, there exists
a sequence e1 = /L <̂  ••• ̂ / % _ 1 = 1 such that (A';fu •••,/»_!> is a
Pi-lattice. If we set /0 = 0, then by 2.5, (A;fOf •••,/*_!> is a Pi-
lattice.

T H E O R E M 3.4. Let (A; e0, -•-,en_ί} be a Prlattice. Then for

some m ^ 1, 0 = e0 < ex < < βw_i = em = = 1. A fcαs order
m. jPor eαcA i, ei+ι is the smallest dense element of [eif 1]. Thus
e0, •••, em_! is the unique strictly increasing chain such that
(A; e0, , em_j> is a Prlattice. If x — V S b^ is a mon. rep., then
β \ / J\ §/γ , s o I "* P f\ ""-C 0 <s^ ιyj "1 7"/* Ύ* \ i n 1 Π 0 0 Q (Ί ill Q 0 /K*ί?/Γi

αmZ 2/ = V?=ί^βi ^ s α mo%. rep., then x—+y = yV y"=ibiCi9 where
b0 = hU K oQ = 1.

Proof. If m is the first integer such that em = em_lf then em_L =
em—>ew_i = 1. Since ei+ι is dense in [eif 1] it follows from 2.5 and
2.11 that ei+1 is the smallest dense element of [eif 1]. Using 3.3, it
follows that A has order m.

If # = V?=i M* is a mon. rep., then xV et = \/t=\+ι(βiV bk)ek.
Applying 2.11 to [eif 1], we find (x V et) —> e, = e, V 6<+i. Since (x V et) —•
^ =r a; —• βi? it follows by 2.6 that (x —> e j —* et = ê  V 6ί+i.

To prove the last statement, we observe that

5=1 5=0

i-l n-l

= V cJej V V β/ = V V c< for 1 ^ i ^ % — 1 .

5 = 1 5 = *

Therefore,

%—1 n—l __ n—l __

x—>y=z/{ Q).e% -^ y) — λ(btV tyVy) = yV h(bt\/ ct)
i—ί ί=i ί—l

7 1 — 1

= yV V bfr ,
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where the last equality is easily proved by induction.

DEFINITION 3.5. A Stone lattice (A; eQ, •• ,e%_1> of order n is
an L-algebra A in which there exists a chain 0 = e0 < ex < <
en_i = 1 such that ei+1 is the smallest dense element of [eif 1]. If
Bi is the center of [eu 1], let ht: Bt-^Bi+ι be the Boolean homomor-
phism defined by ht(x) = x V et+1, with Bo = B. These definitions are
in [11].

THEOREM 3.6. (A; e0, , en^) is a P^lattice of order n, if and
only if {A) e0, , en_^ is a Stone lattice of order n such that hi is
onto Bi+ί for each i ^ 0.

Proof. If (A; e0, •••, en^) is a Pi-lattice of order n, then it is
a Stone lattice of order n by 3.4, and ht is onto by 2.5. Conversely,
suppose (A; eQ, , en_ϊ) is a Stone lattice of order n and ht is onto
Bi+1 for each i. Then J5̂  = {b V β/. 6 e B} by 2.5. It was proved in
[11, 3.4], that if xeA, then x — h$=*χi> where x^B^ Therefore
(A; e0, , ew_!> is a P r latt ice.

THEOREM 3.7. If A is a Hey ting algebra with center B, 0 = eQ ^
• •• ^ β»_i = 1, ei+1 is the smallest dense element of [eif 1], and if
whenever i < j , the center of [et, e, ] is {et V bed: b e B], then {A) e0, ,
eTO_i) is a P^lattice.

Proof. The point of this theorem is that the condition that A
is an L-algebra is replaced by the condition that A is a Hey ting
algebra such that the center of [eif eQ\ is {et Vbef. be B), for all
i < j - We omit details of proof since this theorem is not used in
what follows.

4* P24attices.

DEFINITION 4.1. & = V?=iMi is called the highest monotone
representation (hi. mono, rep.) of x if for every mon. rep. V?=ί ciei
of x, the relation bt >̂ c, holds for all i. The lowest monotonic repre-
sentation (lo. mon. rep.) is defined in a similar manner.

THEOREM 4.2. Let (A;e0, •• ,e%_1> be a P0-lattice. Then the
following are equivalent:

( i ) ei=>ej exists for all i, j .
(ii) βi-^βj and let exist for all i, j .
(iii) every xeA has a hi. mon. rep.
(iv) every xeA has a lo. mon. rep.
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(v) A is a B-algebra.
(vi) A is a P-algebra.

The hi. mon. rep. of x is \f i{ei=> x)eί9 and the lo. mon. rep. of x

is Vί (# => βi-iK .

Proof. The equivalence of (i), (v), and (vi) is proved exactly as
in the proof of 3.1. By [7], A is a P-algebra if and only if A is a
pseudo-supplemented L-algebra in which l(xV y) = lx V ly for all
x, y. Therefore, by 3.1 and 2.10, (ii) is equivalent to (vi).

To prove (iii) implies (i), let V/M/ be the hi. mon. rep. of et.
Then bi+1ei+1 <> et. Let b e B, bei+1 ^ et. Thus ex V V et V beί+ι is
a mon. rep. of et. Therefore bi+1 ^ 6, which proves bi+1 = ei+ί =» e<e

Hence if i > j , et => e5 = Afci (e* ̂  βfc+i)> and for i ^ y, βt ==> e5 = 1.
To prove (vi) implies (iii), let & = Vi &A be any mon. rep. Then

βi ==> x ^ β< => 6^^ ^ 6̂ . Also e^β, => x) ̂  α?. Therefore,

x^\f i et(et =^x)^ Vi Mi = x -

Thus Vΐ^fe1^^) is the hi. mon. rep. of x.
The equivalence of (iv) and (vi) is a consequence of the equi-

valence of (iii) and (vi), since the dual of a P-algebra is a P-algebra.
The formula for the lo. mon. rep. is obtained by duality, for if
x — V'<M< is a mon. rep., then x — Λ* (&* Vβ*_i).

DEFINITION 4.3. A P2-lattice is a P rlattice (A; e0, •••, β^) such
that !e4 exists for all i.

Using 2.2, it is easy to construct a PΓlattice which is not a
P2-lattice.

THEOREM 4.4. // <A; e0, , en^) is a P0-lattice of order n and
A is a B-algebra, then there exists a unique chain fQ, •••,/»_!
that (A;f0, •••,/„_!> is α P2-lattice.

Proof. This follows from 3.3, 3.4, and 4.2.

THEOREM 4.5. Let (A;e0, •••, en_x> δe α P2-lattice. Then
( i ) Every xeA has a unique mon. rep. V iAί^K swc/&

D ^ ! ^ ) = !ίc. T%is representation is also the hi. mon. rep. of x.
(ii) Every xeA has a unique disj. rep. ViCϊ(^)βi such that

(iii) Di(x) — et => x, C^x) = D^x) — D<+I(α;) αwώ /or i < n — 1,
Ct(x) = (x => e%){e, => x) - ! ( ^ ) .

(iv) A ( * V ») = A(^) V Dt(y), Dt(xy) = Dt(x)Dt(y)
( v ) x=>y = VUCi(x)Di(y), where D0(y) = 1 and C0(a?) = 1 -
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Proof. ( i ) Let x = V i M i be a mon. rep. such that 6w_t = \x.
If i > i , then e, =>e,- = !(e<—• e,-) = !βy. Therefore,

βi => a? = V (β< => δiβ. ) = V (β< => &i)(«< => βi)

since Vi=l M^i = la <̂  bt. We set A(#) = et => x for 0 <£ ΐ g w — 1.
By 4.2, the hi. mon. rep. of x is V* A0Φ*> and i?u_i(α;) = 1=*# = !a?.

(ii) Follows from (i), with Ct(x) = A(») - A+i(»)
(iii) For 0 <; i < w - 1,

eτ) - A (A(«) V

= A (A(^) V !e,) = A+i(») V let .
i

Therefore (x => et)(et => x) = Ct(x) V D^xy.e,. Since A W ^ Ϊ ^ βt(βt
ίc) ^ x, we have D^α;)!^ ^ Ix = Dn^{x). Hence Dt(x)let = !^!βέ

Also C^lx = C^C^x) = 0. Therefore,

C,(α;) = (a? => e j f o => a?) - ! ( ^ ^ ) .

(iv) follows immediately from Dt(x) = ei=>x.
(v) By 3.4, x-+y = yV VΓo1 Ct(x)Dt(y)- Therefore,

Vx=*y = \yV V CH&DHy) - V C^D

since VΓo] CtWDA) ^ D

THEOREM 4.6. The following are equivalent:
( i ) {A; eQf , βft_x> is α >P2-lattice of order n.
(ii) <A; e0, •••, βw_i) is α Stone lattice of order n, the homo-

morphisms hi of 3.5 are onto, and the kernel of hi is a principal
ideal for each i.

(iii) (A] eQ9 •••, ew_i> is α Stone lattice of order n and Ad is a
Stone lattice.

Proof. The equivalence of (i) and (ii) follows from 3.6 and 2.9,
using the fact that the kernel of ht is a principal ideal if and only
if lei+ί exists. The equivalence of (ii) and (iii) was proved in [11].

The following is the dual of the definition given in [5].

DEFINITION 4.7. A Post algebra is a P2-algebra (A; eQt •••, eΛ_i>
such that len-2 = 0; that is, β%_2 is dense in Ad. Note that A has
order n> unless A = {0}.
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THEOREM 4.8. If (A;e0, , en_,) is a F'.-lattice then the follow-
ing are equivalent:

( i ) A is a Post algebra.
(ii) every element xeA has a unique mon. rep.
(iii) et => ̂ _x = 0 for all i > 0.

Proof. This was proved in [13].

LEMMA 4.9. If (A3 ; ej0, , e, (nj._i>> is a Pr-lattice for j e J, where
r = 0, 1, or 2, A = Πyej Ay, w = max {%: j 1 e J} < °o, emeZ e^ is defined
to be e3'lnj-D for k > njf then (A; eQ, •• ,β Λ _i> i s α Pr-lattice9 where
βi = <eu:jeJ).

Proof. This is obvious.

LEMMA 4.10. 7/ (A;eQ, •••, ew_t) ΐs α P0-lattice, B is a distribu-
tive lattice and f: A—>B is a lattice homomorphism onto, then
(B;f(e0), , /(ew_!)> is α P0-lattice. If (A; eQ, , en^) is a Prlattice
and f:A—+B is a Heyting homomorphism onto, then (B;f(eQ), •••,
/(β»-i)> is a Pi-lattice.

Proof. This is easy to verify.

THEOREM 4.11. Let A be a finite distributive lattice then the
following are equivalent:

( i ) A is a P^-lattice.
(ii) A is a P-algebra.
(iii) A is a direct product of chains.
(iv) A has a chain base e0, , en_x such that (A; e0, , βw_i> is

a P2-lattice.

Proof, (i) implies (ii): Since A is finite, A is a pseudo-supple-
mented Heyting algebra. By 4.2, A is a P-algebra.

(ii) implies (iii) was proved in [7].
(iii) implies (iv): If A is a finite chain 0 = α0 < < α»_i = 1,

then <A; a0, , αw_i> is a P2-lattice. Therefore (iv) follows by 4.9.
(iv) implies (i) is obvious.
A finite chain with n elements has exactly one chain base with

n terms. If <A; eQ, •• ,βw_1> and (B;f0, •••,/«-!> are P0-lattices of
orders n and m respectively, where n < m, then A x B has more
than one chain base. In addition to the chain base described in 4.9,
there is also the chain base (e0, / 0), , (e0, /«_»), (el9 fm-n+ι)f (e2, fm-n+2),
•••, (β*-i, /m-0 These remarks lead to the next theorem.
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THEOREM 4.12. A distributive lattice A is a Post algebra of
order n if and only if A has a unique n-term chain base.

Proof. Let A be a Post algebra of order n, and let e0, •••, en_1

be an n-term. chain base. A is a subdirect power of an n element
chain C. If fd = A —• C is the jth projection, then by 4.10, f3(e0),
'"ffo(^n-i) is a chain base of C. This determines //(e<) uniquely for
all ί, j . Therefore e0, , en^ is unique.

Conversely, suppose A has a unique w-term chain base e0, , ew-i
We prove A is a Post algebra of order n by induction. This is
obvious for n = 1,2. Suppose n > 2 and the statement holds for
n — 1. By 2.5, [ex, 1] has a unique chain base with n — 1 terms.
Therefore, [β^ 1] is a Post algebra of order n — 1. This implies e i+1=>
e» = 0 in [elf 1] for i ^ 1. This implies e<+1 => βt = 0 in A since the
center of [elf 1] is {b V ex: 6 e B], where 5 is the center of A. By 4.8,
we need only show e1 => 0 = 0. If not, there exists b e B with be, = 0,
6 ^ 0 . Let ^ = {0, 6, 6, 1}, and let A, be the sublattice of A gener-
ated by 2?! U {eQf •• , e Λ . J . By 2.2, Ax has center J5i and so every
chain base of A1 is a chain base of A. Thus Ax is a finite lattice
with a unique w-term chain base. By 4.11, Ax is a direct product of
finite chains. If all the chains have the same cardinal, then Aγ is a
Post algebra with unique w-term chain base e0, •••, eΛ_lf and by 4.8,
we have ey ==> 0 = 0, which contradicts 6^ = 0, b Φ 0. If two of the
chains have different cardinal, then Aι has more than one %-term chain
base. This contradiction proves e1 => 0 = 0.

THEOREM 4.13. // (A; eQ9 •• , en^) is a Prlattice with center B,
then there exists a P24attice (A'; e0, , en_^) with center Br such that
B is a Boolean subalgebra of Bf and A is the sublattice of A! generated
by δ U f e , •••, ^_J.

Proof. By 3.1, A is an I/-algebra. By [9], we may assume A
is a Heyting subalgebra of a direct product of chains Cjf j eJ and
the projections /,-: A—>Cs are onto. Then by 4.10, <Q; fj(e0), , fj(en-i))
is a P r latt ice. Therefore, C3- has at most n elements and (C3 ;f3 (e0),
• , Λ(β»-i)> is a P2-lattice. Let A' = JlJeJ Cs. By 4.9, <A; e0, , ew-!>
is a P2-lattice. Since A is a sublattice of A' containing 0, 1, the center
of A is a subalgebra of the center of A!.

THEOREM 4.14. Let (A;e0, •• ,^_ 1> be a Pz-lattice of order n
with center B. Then A is order isomorphic with a direct product
of Post algebras of maximum order n.

Proof. Let uk = lek — lek-u 1 ^ k ^ n — 1. Then u3 uk - 0 for
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j Φ k, and ut V V un_x = 1. Let Pk = [0, M J . Clearly the center
of Pk is B Π P*. Let eA< = βΛ, 0 ^ i <£ ά. If & = VJi? 6 ^ is a mon.
rep. of any xe Pk, then

n—1 &—1 Λ — 1 &

α; — £Wfc = V hewn = V M t ^ * V V & A = V (biUk)eH .
i = l ί = l » = fc i = l

Therefore <Pfc; efc0, , ekk) is a P0-lattice. If bePkΠ Bf beki <Ξ ek{i_1)9

0 < i ^ k, then δê  ^ β^i Therefore b <£ β, =» ̂ _i = Iβ^x. This
implies 6 = 0, since b ^ uk. Thus by 4.8, P& is a Post algebra of
order k + 1, or else Pfc = {0}. Define /: A — ΠKί P^ by /(») = (»%»
• , xun-^). / i s onto since if ^ e P i , then/fo V Vs»-i) = fe, , «»-i).
If x ^y then /(a;) ^ /(^/), and f{x) ^ /(?/) implies

n— 1 it—1

Therefore / is an order isomorphism. Finally, P n - 1 has order w since
w-i ^ 0.

Theorem 4.14 may be used to apply known results on Post
algebras to P2-lattices. For example, since every Post algebra is
isomorphic with the set of all continuous functions on a Boolean space
to a finite discrete chain, it follows that every P2-lattice is iso-
morphic with the set of all such functions which are <̂  some fixed
continuous function. In other words, a P2-lattice is a principal ideal in
a Post algebra. It also follows from 4.14 that a P2-lattice is complete
if and only if its center is complete, and that the normal completion
of a P2-lattice A is a P2-lattice whose center is the normal completion
of the center of A. Also every P2-algebra is isomorphic with its
dual. This isomorphism is given explicitly in the following theorem.

THEOREM 4.15. Let (A; e0, •• ,βn_1> be a P2-lattice. Let fi =

VEi"* ek\ek+i-l9 0 <J i < n — 1 and /Λ_x = 0. Then A is isomorphic

with Ad under the normal involution

β(χ) = V Wdfi-i = A(Wd v/,)

Proof. We have /„ ̂  V»=l (Iet - !gt-J = 1. For 0 < i < » - 1,
I ft = 0, so that by 4.5(i), Dk(f{) = lek+i^ for 1 ^ k £n - 1 - i, and
Dk(ft) = 0 for k ^ TO - i.

If 1 ^ ΐ ^ » - 2,

n—\

= V Λ J ^ M V V

i=i i=i fc=i
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But Vjz* (lej+i^ - lej+k_2) = 0 if k > i, and by 2.7, if k £ i,

n-i

V (!βi+<-i - !β i+fc_2) = I β ^ ! A (!^ +ι-2 V !
ii i

Therefore,
Now x ^ y implies β(x) ̂  β(y) and

Λ—1 ί i—1

α)) = V fi-x V AWACΛ) = V iδ(/*)I>«(«) = V

This implies that β: A —> Ad is an isomorphism. The proof that β is
a normal involution—that is, that xβ(x) ̂  y V /?(?/) for all a?, 2/ e A—
is omitted since this fact will not be used here [10].

5* Axioms and P2-functions* P2-algebras (A; e0, •••, en_i> of
order <£ n may be regarded as algebras (A; V, Λ, Co, •••, CΛ_i, e09

'",en^} with two binary operations, n binary operations, and n
distinguished constants. This class of algebras can be characterized
by the following set of equational axioms, in which x <Ξ y is used as
an abbreviation for x A y = x.

HI. Identities characterizing (A; V, Λ> as a distributive lattice
[8, pp.5, 35].

H2. ( a ) eQ ̂  x
(b) e< ̂  e, f or 0 <i ΐ <; j ^ w - 1
(c ) α ̂  en_!

H3. ( a ) d(x) A C3{x) = e0 for i Φ j
(b) C0(x) V Q(x) V V C^a?) - β ^

H4. ( a ) Ct{x AV) = (C%(x) A VtZl Ck(y)) V (Ct(y) A VJz} C,(x))
(b) Cn^(x Vy) = Cn^(x) V CU(y)

H5. ( a ) 0,(6 )̂ = β0 for i ^ ΐ and ί < n — 1
(b) α . ^ - β o

H6. x - (Cί(α) Λ βi) V V (C^^a;) Λ β^J.
Note that in every P2-lattice H4 holds by 4.5(iv) and H5 holds

by 4.5(ii). Conversely, if A satisfies the axioms then one proves
CU(1) = 1, C0(0) = 0, CQ(x) - -x and C^,^) - Ix. Then using H4
and H5, it can be proved that xet = e^ implies x — e^. This shows
that <A; β0, •••, e^} is a P2-lattice.

The class of Post algebras of order n (together with the trivial
lattice {0}) can be characterized by adding the axiom Cn^x{en^ = 0
(see also [6]).

We may also characterize P2-lattices equationally as the class of
all algebras (A; V, Λ, =>, e0, •••, βw_i> with 3 binary operations and
n constants which satisfy the following axioms.
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Kl. Identities characterizing (A; V, Λ, =», e0, β»-i> as a P-algebra
(see [7]).

K2. e, ^ e, for i ^ i
K 3 . 6^+1(^4 = * βj ) ^ e^ f o r j <C i <C n — 1

K4. x = V£}(e<Λ(e<=>αO).
Indeed, if we set A(#) = βt =>x for 0 <Ξ i <: n — 1 and let (̂ (a?) =

AC*0 — A+i(») for ί<n, then Hl-3, H5(b), and H6 are obvious. By
properties of P-algebras, Dt(x V y) = A0*0 V AO/) a n d Di{%Ay) =
Dt(x) A AG/) This proves H4. H5(a) is equivalent to ^=>βy = e<+i=>e,-
for j Φ i9 i < n — 1. This is obvious for ί < j , and follows from
K3 for i > i .

P2-lattices may also be characterized equationally as algebras
(A; V, Λ, —•, !, e0, •• , en^), since »=>2/ = !(»—•?/), x-*y = y V(x=^y)
and Ix = l=>x.

A P2-function of order n in m variables is a function built from
the identity functions Ij(xu , xm) = ^ , 1 ^ i ^ m, and the oper-
ations in any of the fundamental sets of operations described above.
A normal form for such functions is given in the next theorem.

THEOREM 5.1. If h is a P2-function of order n in m variables,
then

Kxl9 , x m ) = Q<y<n_Heh, , eim)Ch(xJ Cim(xm) .

Proof. The nm terms Ch{x^ Cim(xm) are pairwise disjoint and
have join 1, by axiom H3. By Hβ, the statement holds when h is
one of the identity functions. If the statement holds for hx and h29

then it holds for ht V h2 and h, A h2. If it holds for h, then it holds
for D%{h) by 4.5(iv). From this it follows that the statement holds
for Cj(h).

The normal form in 5.1 was proved for Post algebras in [5], and
gives a truth table approach to Post functions. However, in a
P2-lattice, h(eilf *"9eim) is not necessarily in {e0, •••, eΛ_J, as is the
case for Post algebras.

6. Applications* P2-lattices are of interest in computer science.
They can be applied to the theory of machines with mΓstable devices,
2 ^ mt ^ n, and to the analysis of machines with 2-stable devices
Qi (flip-flops) whose outputs are discretized as signals in transition
0 = e0 < ex < < e n - 1 = 1. The case n — 3 is of special interest
and is studied in [2] and [3]. P2-lattices provide the complete
multiple-valued logics for these applications.

P2-lattices which admit operations of ring addition and multipli-
cation are of interest in information processing. It is known that
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if R is a ring with unit element which satisfies the identities xp = x
and px — 0, where p is a prime (so-called p-rings [12]), then lattice
operations can be defined as polynomials in such a way that R becomes
a Post algebra of order p. Conversely in any Post algebra of order
p, ring operations can be defined in terms of the Post operations so
that we obtain a p-ring. Therefore, direct products of finitely many
p-rings are P2-lattices. Such direct products can be characterized
equationally. Indeed one can show that a ring R with unit element
is a direct product of rings Rl9 •••, Rt, where Rt is a paring and
Pi Φ Pi f ° r ί Φ 3 9 if and only if R satisfies the following set of
identities:

( 1 ) χm = x, where m = 1 + l.c.m. {pι — 1, , pt — 1).
(2 ) px ptx = 0.
( 3 ) (Π&i

7+ Prime ideals*

DEFINITION 7.1. Let &*(A) be the set of prime ideals of A. Let
(A;e0, •••, ew_!> be a P0-lattice with center B. If Qe^(B) and
1 ^ ά ̂  % — 1, let Pk(Q) = {xe A: x has a mon. rep. V* &A such that
6*eQ}. It was proved in [13, Th. 1.5] that either Pk(Q)e^(A) or
Pk(Q) = A (the latter possibility was not mentioned). If Pk(Q) Φ A,
then Pk(Q) f]B = Q since if beQ then 6 = V* be, e P,(ζ>) and prime
ideals in B are maximal ideals. If Pe^(A), then P is said to be
of type k if k is the smallest integer such that ek £ P. Since β ^ =
βi V V β,_x e Pfc(Q), Pk(Q) is of type ^ k.

LEMMA 7.2. If P is a prime ideal of type k in A and Q — P Π B,
then

P = Pfc(Q) = {x: for every mon. rep. V* 6<β< o/ x, && e Q} .

Proof. If xeA has a mon. rep. V«^ e« wi th bkeQ then # :g

βΛ_! V bke P. lί xe P and Vi^*ei ^ s a n Y πion. rep . of x, then δ ^ e P

and ek $ P, so t h a t bk e Q.

THEOREM 7.3. T%β prime ideals of a PQ-lattice (A; eQ, •••, e%_!>

Ziβ m disjoint maximal chains with at most n — 1 members.

Proof. By 7.1, each prime ideal of A is of the form Pk(Q). If
P*(Qi) S PM), then Qx - P f c ( α ) Π ΰ S PAQ2) f)B = Q2f so that Q, = Q2.
It is obvious that PΛ(Q) S Pyfc+i(Q). This proves the theorem.

LEMMA 7.4. If (A; eQ, •• ,eΛ_1> is α P0-lattice with center B,
and Qe<^(B), then Pk(Q) = {x: for some b e Q, x <Ξ ek^ Vb}. Also
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PuΛQ) = Pk(Q) if and only if ek e Pk(Q).

Proof. If xePk(Q), there exists a mon. rep. VίM* of x such
that bk e Q. Also x ^ ek^ V bk. If α? <: e ^ V 6 and 6 6 Q then a? 6 Pk{Q)
since e ^ V b = V;=ί ^ V V*«ί δ ^ Suppose e* e Pk(Q). If α e Pfc+1(Q),
then a? g efc v 6 for some b e Q, hence x e Pk(Q). Thus Pfc+1(<3) = Pk(Q).
Conversely if Ph+ι(Q) = Pk(Q), then ekePk(Q) since ekePk+1(Q)-

T H E O R E M 7.5. Leέ <A; e0, •••, e%_!> 6e α P0-lattice with center

B9 and let Ik be the ideal {b e B: bek ^ ek^} in B, 1 ^ k S n — 1.
ΓΛβ^ £/ιe following are equivalent'.

( i ) Every chain in &(A) has fewer than n — 1 elements.
( i i ) F o r e v e r 2/ ζ > e ^ ( J 5 ) , ί A e r e e x i s t s b e Q a n d a n i n t e g e r k ^ l

such that ek S βk-i V b.
(iii) /x V V /._! = B.
(iv) A has a chain base with fewer than n elements.

Proof, (i) implies (ii): If Q e ,^(B), then either Pn^{Q) = A o r
Pk(Q) = -PjM-i(Q) for some & < % - 1. Hence by 7.4, e fceP,(Q) for
some k, 1 <: k ^ n — 1, and therefore there exists δ e Q such that
ek ^ eΛ_! V δ

(ii) implies (iii): If I, V V In-i Φ B, there exists Q e ^(B)
such that Q 2 Ii V V JΛ-i. There exists 6 e Q and k such that
ê  ^ eΛ_i V.&. But then 6Gl f c £ Q, which is impossible.

(iii) implies (iv): There exist elements bk e Ik such that 1 = ^V
• V bn_x. By replacing the bk by smaller elements, we may assume

the bk are pair wise disjoint. Let f0 — 0 and

V v0

Then /„ ̂  / n + 1 and /M_2 = 1, since 6X V V δM_2 = 6.-1 and δM_x ̂  eB_2.

Now Λ_x VΛ V"=*+ι δy = β*-i V V/« δ/ Therefore,

e» = / f c - ι V Λ V δ , ,

and so /0, •• ,/Λ_2 is a chain base of A.
(iv) implies (i) by 7.3.

THEOREM 7.6. Let A be a P04attice. Then A is of order n if
and only if the maximum number of elements in a chain in έ^{A)
in n — 1.

Proof. This follows from 7.3 and the equivalence of 7.5(i) and
7.5(iv).
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DEFINITION 7.7. Let ^{A) = Φ, and let ^k+ί(A) be the set of
minimal elements of

THEOREM 7.8. Let (A; e0, , en^) be a Prlattice with center B.
Then for 0 <^ i <: n - 2,

Proof. By 7.4, P^Q) Φ A for all Qe^(B). Hence
{Pi(Q):Qeέ?(B)}. If 1 ̂  ί ^ w - 2, then ^eP^Q) if a_nd only if
ei ^ e ĵ. V b for some b eQ. This in turn is equivalent to b ̂  ^—^i-i
which is equivalent to 6 <; e<_i, or 1 ^ e^ V δ. By 7.4, this is equiva-
lent to Pi(Q) = A. Also, PάQ) = Pί+1(Q) if and only if e^P^Q).
Therefore ^(A) - {P,(Q): Pέ(Q) ^ A}, and e^PM for all P,(Q)e

Since β, e Pί+i(Q) for all Q e ̂ (B), the proof is complete.

LEMMA 7.9. Let A be a bounded distributive lattice. Suppose
is a union of disjoint maximal chains and there exists an

element eeft (&(Ά) - &[(A)) - \J &{(A). Let A, = [e, 1]. Then
= {PΠ A,: P e &i+ί(A)} for each i ^ 1.

Proof. If Pe^(A) - ^(A), let <p(P) = Pf] Ax. Then φ(P)e
If Qe &>{Aύf let ψ(Q) = {x e A: x ̂  an element of Q}. Then

Ψ(Q) 6 &{A) - &{(A) and fφ{P) = P. Thus ^: ̂ ( A ) - &(£)-»&(A^
is an order isomorphism.

LEMMA 7.10. Under the hypotheses of 7.9, let B and Bx be the
centers of A and Aί respectively. Then Bt = {6 V e:be B}. If xe A,
then there exists b e B such that x = b(eV x).

Proof. Let {Z :̂ ieS} be the set of maximal chains in
The intersection and union of any nonempty subset of Dt is in Dt.
Let Pi and Qi be respectively the smallest and largest member of
Dt. Let V = {i: Pi Φ QJ. For i e V, let i2, = fl {Pe A: β e P}. i?,
is the immediate successor of Pi in D,. We divide the proof of the
lemma into several parts.

(a) If xePi, there exists y such that xy = 0 and yiQt.
Indeed for each j such that x$Pί9 choose y^ePj — Qt. Then

every prime ideal in A contains a member of {x} U {yf x $ Pj}. There-
fore, the filter generated by this set is not proper and so there exists
a finite meet y of the yά such that xy — 0. Clearly yίQi.

(b) If x£ Qu there exists y e Pt such that x\/y — 1.
For each j such that x e Q3 choose ys e Pi — Q3. The ideal

generated by {x} V {y3-: x e Qo) is not proper. Therefore, a finite join
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y of the yό satisfies the requirements.
( c ) If x 0 Qi there exists y <^ x such that y$Qt and y e Pά

whenever xeQj.
By (b) there exists z G P* such that x V z = 1. By (a) there exists

y g Qi such that yz — 0. If & e Qy, then z £ Qy, hence 2 g P y and so
y e Pj. If P is any prime ideal containing a? then PeD^ for some j ,
and so x e Q3. This implies y e Pά £ P. Thus y ^ x.

( d ) If a? g P o there exists ?/ g Q* such that e?/ <; a?.
For each i such that x e Pίf choose y5 e P y — Qt. If P is a prime

ideal containing x but not e, then P = P, for some j and so #/ 6 P.
This implies that a? belongs to the filter generated by {e} V {y,: x e Py}.
The desired ?/ will be the meet of a finite number of y$*

( e ) If xe Rif there exists 2/ g Q* such that xy <, e.
For each y such that a? g J2, choose 2/* e P5 - Qt. If P is a prime

ideal containing e but not x, then P a Bό for some i and since x g i?y,
l/y G P y £ P. This implies that e belongs to the filter generated by
{x} V {ys\ x£R3). The desired y is the meet of a finite number of ys.

( f ) If x e ^ ! then for all i, either x e Rt or a; g (?*.
Let 2/ be the complement of x in Alβ If x G QZ then 3/ g Qt since

a; V 2/ = 1. Therefore y $ Rif hence »< e i2f since xy — eeRi.
( g ) If for all ί,xePi or x^Qif then O G P .
By (a), for each i such that a? e P«, there exists 3/< g Q< such that

a?2/€ = 0. No prime ideal contains x and {yi:xePι}. There exists a
finite join 7/ of the yt such that a? V 2/ = 1 and clearly &i/ — 0.

( h ) If O G A, there exists yeB such that a? = y(eVx).
Let T = y : x e Py}. If Γ = S then a? - 0 and 2/ = 0. If T = φ

then x ^ e and 2/ = 1 will do. Suppose T Φ S, T Φ φ. By (d), for
each ie S — T, there exists yt g Q€ such that eyt ^ a;. By (a), for
each j e T there exists zό £ Qό such that xzό = 0. No prime ideal
contains {yt: ie S — Γ} U {«y: i G Γ}. Therefore, there exist y, z such
that yVz = l9 ey <; a?, and #z = 0. This implies x = xy = xyV ey ~
x(y Ve). If i G T, then ey <: a?G Py, βg P y so that yeP3 . If ieS- T.
then « G Pi since a? g P, and #2 = 0. Thus yz e Pi for all ieS, and so
2/s = 0. Hence yeB.

( i ) If x e B19 there exists yeB such that # = y V e.
Let IF - {i G F: x e Rs). If TF = V, then a; = e" and » = 0. If

W = φ then by (f), x = 1 and 1/ = 1. Suppose W Φ V, W Φ φ. By
(c), for each i G S — W there exists yt^x such that #» g Qi and 2/i e P5

for all i e W. By (e), for each je W, there exists «ygQy such that
xz5 ^ β. No prime ideal contains {yt: ieS — ΫF} V {«y: je W). There-
fore, there exist y, z such that 1 = y V z, xz <^ e, y ^ x and y e P3 for
all j e W. If i e V — W then a? g i?* and e e Rif hence z e R{ and so
y £ Ri. If ίeS- V, then y e Pt or 2/ g Q, since Pt = Qt. Therefore
by (g), yeB. Finally yVe^x = xyVxz^yVef and so a; = |/Ve.
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(h) and (i) yield the lemma since it is obvious that {b V e: b e B} £ B,.

THEOREM 7.11. Let A be a bounded distributive lattice. Suppose
is a union of disjoint maximal chains with maximum number

of elements equal to n — 1, and for each i, 0 ̂  i ^ n — 2, there exists
an element et e Γϊ ̂ +i(A) — U i ^ U ̂ (^-) If w e set en-ι = 1> then
(A; e0, •••, βΛ_i) is α P^lattice.

Proof. Clearly 0 = e0 < eι < < βu_2 < 1. If n = 2, then A is
-a Boolean algebra by Nachbin's theorem [8, p. 76], and the theorem
holds. Assume n > 2 and the theorem holds for w — 1. Let A1 =
[eu 1]. By 7.9, Aγ satisfies the hypothesis for n — 1. Therefore
(A,; el9 , #„_!> is a P^lattice. Let x be any member of A. By 7.10,
xcVeL = V?=2l(ei VδiK, where b% e B. Again by 7.10, there exists
b e B such that x = b(x V βi). Therefore a; = be, V VS 1 &δiβ< Clearly
•ei+1 —+eί = ei in A, for i ^ 1. It remains to show βi—> 0 = 0. Suppose
ye, = 0 and ?/ ̂  0. There exists a maximal filter F containing y.
But A - F e ^ ( A ) , and so β^ F. Thus Oei*7, a contradiction.

THEOREM 7.12. Lβί 4 δe α bounded distributive lattice. Then
t h e r e e x i s t s a sequence e0, •• , β Λ _ 1 s^cA, ί / ^ α ί < A ; e0, •• , β w _ 1 > i s α
Pi-lattice of order n if and only if

( i ) ^(A) is a union of disjoint maximal chains with maximum
number of elements equal to n — 1, and

(ii) Π ̂  n(A) - U

Proo/. This follows from 7.6, 7.8, and 7.11.

THEOREM 7.13. Let A be a bounded distributive lattice. Then
there exists a sequence eQ, •• ,^_ 1 such that (A; e0, •• ,β%_1) is a
P24attice of order n if and only if conditions (i) and (ii) of Theorem
7.12 hold as well as

(iii) There exists an element ceA such that for all Peέ^(A),
ceP if and only if P is a maximal ideal.

Proof. By the equivalence of (i) and (iii) in Theorem 4.6, this is
a consequence of [11, 4.9].

A characterization of Post algebras A by properties of ^(A) is
known [4]. However, we know no such characterization of P0-lattices.
We give an example of a P-algebra A such that ^(A) consists of
disjoint maximal chains with at most 2 elements but A is not a
P0-lattice. Let C = {0, β, 1} be a 3 element chain and let A be the
set of all functions / on an infinite set I to C such that {C: f(i) = e)
is finite. Since A is a P-subalgebra of a Post algebra of order 3,
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each chain of prime ideals of A has length at most 2, [7, Th. 7.1]. If
O = / o < Λ < ••• <Λ-! = 1 and Sk = {i:fk(i) = e}, and if / = VKδ,/,,
where 6, are in the center of A, then {i:/(i) = e} E & (J U Sn-i.
Therefore, A does not have a chain base.
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