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INVARIANT SUBSPACES OF COMPACT OPERATORS
ON TOPOLOGICAL VECTOR SPACES

ARTHUR D. GRAINGER

Let (H, 7) be a topological vector space and let T be a compact
linear operator mapping H into H (i.e., T[V] is contained in a
7-compact set for some 7-neighborhood V of the zero vector in
H). Saufficient conditions are given for (H, 7) so that T has a
non-trivial, closed invariant linear subspace. In particular, it is
shown that any complete, metrizable topological vector space
with a Schauder basis satisfies the conditions stated in this
paper. The proofs and conditions are stated within the
framework of nonstandard analysis.

Introduction. This paper considers the following problem:
given a compact operator T (Definition 2.11) on a topological vector
space (H, 1), does there exist a closed nontrivial linear subspace F of H
such that T[F] C F? Aronszajn and Smith gave an affirmative answer to
the above question when H is a Banach space (see [1]). Also it is
easily shown that the Aronszajn and Smith result can be extended to
locally convex spaces. However, it appears that other methods must
be used for nonlocally convex spaces.

Sufficient conditions are given for a topological vector space so that
a compact linear operator defined on the space has at least one
nontrivial closed invariant linear subspace (Definitions 2.1 and 4.1,
Theorems 3.2, 4.2 and 4.7). In particular, it is shown that a Fréchet
space with a Schauder basis satisfies the conditions given in this paper
(Theorem 5.6). The basic techniques are an outgrowth of Bernstein’s
and Robinson’s methods in [2], [3] and [4]; consequently, the proofs and
arguments of the main results are stated within the framework of
nonstandard analysis. It will be assumed that the reader is familiar
with Abraham Robinson’s book on Nonstandard Analysis [11] or W. A.
J. Luxemburg’s paper on Monad Theory [10].

1. Nonstandard topological vector spaces. Let us
briefly examine the basic concepts of nonstandard topological vector
space theory that are used in this paper. A more detailed discussion of
nonstandard topological vector spaces can be found in [6] and [7]. Let
C be the complex numbers, let H be a vector space over C and let B be
the full set theoretical structure of H UC. Throughout this paper
(H, ) will denote a complex topological vector space H with topology
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7. Also we will assume that the nonstandard structure *Brof H UC is
a higher order ultrapower enlargement of B (see [6], Chapter 1, §1).

The nonnegative integers, positive integers and the real numbers
are designated by N, N, and R respectively. Moreover, the map x > *x
of HUC into *H U *C is the identity on N,R,C and H. As usual, the
extensions to *C of the algebraic operations +,- and | | on C are
denoted by the same symbols. The same is true of the extension to *R
of the ordering < on R.

An element A € *C is called an infinitesimal if and only if |[A |=§
for each positive 8 in R and finite if and only if |A |=8 for some
positive 8 ER. If A €*C is not finite then A is called infinite. An
element A € *C is called near-standard if there is an element in C,
denoted by °A, such that A — °A is an infinitesimal. It can be shown that
°A exists and is unique if and only if A € *C is finite.

The extension to *H of vector addition, +, on H is again denoted
by the same symbol and the scalar multiplication operation on *C X *H
takes (A,z) to Az. For each x in H, u,(x) is defined by

(1.1) w.(x)= NFV|VEN(x)}

where W, (x) is the filter of 7-neighborhoods of x. Since N, (x)=
{V+x|VEWN,(0)} it follows that

(1.2) e (x) = p,(0) + x

for every x in H. It is easy to see that w.(0)+ u,(0)= u.(0) and
A, (0) C . (0) for finite A in *C ([6], Proposition 1.6).

An element z of *H is called r-near standard if and only if
Z € u,(x) for some x in H which is equivalent to z — x € u.(0) for some
x in H. The set of all 7-near-standard points of *H will be denoted by
ns,(*H). It is easily shown that ns.(*H) is closed under addition and
multiplication by finite elements of *C. If = is Hausdorff then for each
z € ns.(*H) there exists an unique point in H, denoted by °z, such that
z —°z € u,(0). Note that H Cns,.(*H).

For A C*H, the 7-standard part of A, st.(A), is defined by

(1.3) st,(A)={x EH|zEu.(x) for some z€A}
Consequently, st,(A)CH for A C*H and it can be shown that
(1.4) st.(*A)=A

for any A CH ([6], Proposition 1.2). Observe that st.({z}) = {°z} for
each z € ns,(*H) if v is Hausdorff.
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Another interesting concept, although not pertinent to the main
objective, is the notion of a finite point. The set of 7 finite points,
fin,(*H), is defined by

(1.5) fin,(*H) = N{ap.(0)|a E*R is positive and infinite}.

It can be shown that z € fin,(*H) if and only if for V € ¥.(0) there
exists an n &N, such that z&*nV) ([6], Corollary
1.15). Furthermore, ns.(*H) Cfin,(*H) and fin,(*H) is closed under
addition and multiplication by finite elements of *C (see [6], Proposition
1.16 or [7], Theorem 1.2).

Henson and Moore first explored the relationship between 7-
bounded subsets of H and fin.(*H) by establishing the fact that A CH
is -bounded if and only if *A Cfin,(*H) ([7], Theorem 2.1). This idea
can be generalized still further.

ProposiTioN 1.6. If A C*H is internal and A Cfin,(*H) then
st.(A) is T-bounded.

Proof. Let A C*H be internal (i.e., A €*%?(H)) and assume
A Cfin,(*H). Let V&N (0) be closed and balanced and let
»(P(H),R, V) designate the following sentence.

“If X € P(H) such that X C8V for some positive & € R then
either X C8V for all positive § € R or there exists a positive
8,€ R such that X C8V for 6,<8 and XZ 8V for 0<d <
80.”

Since V is balanced it follows that ¢(?(H),R, V) is true in B and
consequently ¢ (*P(H),*R,*V)is true in *Br. Since A Cfin,(*H), we
have A CA*V for positive, infinite A E*R. If A CA*V for each
positive A € *R then A C*V. If there exists a positive A, € *R such
that A CA*V for A,<A and AZA*V for 0<A <A, then A, is
finite. Indeed, if A, were infinite then 27'A, is infinite and 27'A, < A,
which would imply AZ2'A*V. But A Cfin,(*H)C2 'A*V. In
either case there exists a positive 8§ &ER such that A C
*(8V). Therefore, st.,(A) is 7-bounded since st,(A) Cst, (*(6V)) =8V
by (1.4).

Finally, we need to consider the relationship between internal
linear subspaces of *H and linear subspaces of H. Let #¥(H) denote
the collection of all finite dimensional linear subspaces of H. We will
refer to elements of *#¥(H) as *-finite dimensional subspaces of
*H. Also, let us symbolize °F = st.(F) for F € *%¥(H).
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ProrosiTioN 1.7. If (H, 1) is a metrizable topological vector space
and if F € *%%(H) then °F is a t-closed linear subspace of H.

By definition of #¥(H), there exists d: ¥¥(H)— N such that
d(F)EN is the dimension of F for F& %¥(H). Therefore
*d: *FF(H)— *N and *d(F) is called the *-finite dimension of F for
F e *#¥(H).

ProposiTiON 1.8. Let (H,7) be a Hausdorff topological vector
space and let F,F, € *%%(H) such that F CF,. If *d(F,)=*d(F)+1
then °F C°F, and any two points of °F, are linearly dependent modulo
°F.

The proofs of the above propositions may be found in [6], Chapter
I, §8.

2. Property 1. We now have the machinery needed to give
sufficient conditions for a compact operator on the complex topological
vector space (H,7) to have a nontrivial 7-closed invariant linear
subspace.

Let #(H) denote the vector space of all linear transformations of
H into H. We will refer to elements of *¥(H) as internal linear
transformation of *H into *H.

DEeFINITION 2.1. A topological vector space (H, 7) is said to satisfy
Property 1 if and only if there exist P € *¥(H) and H, € *¥%(H) such
that the following conditions hold.

(1) The internal linear transformation P maps *H into H,.

(2) For V € N,(0) there exists W € ¥, (0) such that P[*W]C*V,

(3) If x € H then P(x)—x € u.(0).

We shall show that compact operators (Definition 2.11) on complex
spaces which satisfy property 1 have nontrivial closed invariant linear
subspaces.

Before discussing the proof of the above statement, let us first
examine the influence of property 1 on a 7-continuous linear transfor-
mation T, i.e., a linear operator, defined on H. The idea is to define
T’ = P*TP, where P satisfies the condition of Property 1, and show that
if FCH, is a *-finite dimensional subspace such that T'[F]CF then
T[°F]C°F. Thus we will have a means of generating invariant sub-
spaces for T.

Assume (H, 7) satisfies Property 1 and let P€*¥(H) and H, €
*%S(H) be determined by Property 1. Also throughout this section, it
will be assumed that (H, 7) is Hausdorff. We see immediately
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2.2) H=st.(H,)=°H, and x =°P(x)]
for x € H. Also, Condition 2 of Definition 2.1 implies
(2.3) Pl (0)] Cp.(0).

ProposITION 2.4. Ifz €ns,(*H) then P(z) €Ens,(*H), °[P(z)] =°z
and z - P(z) € u..(0).

(See [6], Proposition I1.2.)

Let T be a linear operator on H, ie.,, TE€ ¥Y(H) and T is
continuous, and consider *T. It can be shown that

(2.5) *Tp.(0)] Cp.(0)
which implies
(2.6) [*T(2)] = T(°z)

for z €ns,(*H) (see [11], Theorem 4.2.7 or [6], Propositions 1.4 and
I1.3). By defining

2.7 T'=P*TP

We obtain an internal linear transformation that maps *H into
H,. Furthermore

(2.8) T'[1.(0)] Cp, (0)

by (2.3) and (2.5). If a momentary abuse of language is permitted then
we can say that the next proposition shows how well T’ approximates T
on near-standard points.

ProposITION 2.9. Let T € £(H) be r-continuous. Ifz €Ens,(*H)
then T'(z) €Ens,(*H) and °[T'(z)] = T(°z).

(See [6], Proposition I1.5.)

As promised, the following proposition gives a useful way of
generating invariant linear subspaces for r-continuous T € ¥(H).

ProposSITION 2.10. Let FE*FS(H) such that F CH, and let
T € £(H) be r-continuous. If T'[F]CF then T[°F]C°F.
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Proof. 1If x €°F then z — x € u,(0) for some z € F which implies
°z=x. We infer T(x)=T(°z) =°[T'(z)] by Proposition 2.9. There-
fore, T'[F]CF implies T'(z)EF which implies T(x)€&
°F. Consequently T[°F]C°F.

We are particularly concerned with the relationship between T and
T' when T is compact. So let us now formally define compact
operators.

DerFiNiTION 2.11. Let (H,7) be a topological vector space. A
map T € £(H) is called a compact operator if and only if there exists a
V € N.(0) such that T[V] is contained in a 7-compact set.

Compact operators are continuous, a fact easily derived from the
boundedness of compact sets. Equivalently T € #(H) is compact if
and only if the 7-closure of T[V] is compact for some V € W,(0) since
(H,7) is regular. Moreover, using Robinson’s characterization of
compact sets, we arrive at still another equivalent form of Definition
2.11, i.e., T € ¥(H) is compact if and only if *T[*V]Cns,(*H) for
some V € N.(0) (see [11], Theorem 4.1.13). The next proposition
shows that this idea is transferable to T".

ProposiTiON 2.12. If T € $(H) is compact then there exists a
W € N.(0) such that T'[*W]Cns,(*H).

Proof. 1If T[V] is compact for some V € ¥,(0) then

*T[*VICXTIV] Cns,(*H)

(see [11], Theorem 4.1.13 or [6], Proposition 1.1). By Condition 2 of
Definition 2.1, there exists W € N,(0) such that P[*W]C*V which
implies *TP[*W]Cns,(*H). Therefore,

T'[*W]=P[*TP[*W]]Cns.(*H)

by Proposition 2.4.

3. Invariant subspaces. As stated earlier, we want to use
Property 1 (Definition 2.1) to produce a nontrivial, closed invariant
linear subspace for compact operator T on H. In the previous section,
we established some interesting relationships between operators and
Property 1; however, to give some motivation for defining Property 1,
let’s examine the following outline of a nonstandard proof of the
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existence of a nontrivial, closed invariant linear subspace for a compact
operator T when we assume the underlying space (H, ) is a Hilbert
space (see [4]).

First a chain of closed invariant linear subspaces of T is generated
mainly by the use of an internal orthogonal projection P of *H onto H,,
where H, is an internal, w-dimensional subspace of *H, w € *N-N,
with the property that any standard point x € H is infinitesimally close
to some point of H,. Next, it is shown that some member of the chain
is nontrivial by using the compactness of T and the properties of *-finite
sequences of internal orthogonal projections on *H.

Although there is a heavy dependence on the existences of or-
thogonal projections on H, this dependence is not uniform in the two
main components of the above procedure. In the first part, i.e.,
generating the chain of closed invariant linear subspaces for T, the three
essential properties of projections that were needed are: (1) projections
are linear, (2) the norm of the projection of a point x in H is dominated
by the norm of x, and (3) the projection of a point x € H is the nearest
point, in the subspace, to x. To establish, in analogous manner, a chain
of closed invariant linear subspaces for a compact operator T when the
underlying space (H, 7) is a topological vector space, we need at least
one internal linear transformation P on *H that captures the effects of
the three properties stated above. Definition 2.1 gives the conditions
for such a transformation and, as we have seen earlier, this definition
does give us a means of generating invariant linear subspaces for T (see
Proposition 2.10).

In the second part, i.e., showing that some member of the chain is
nontrivial, only the compactness of T and the nearest point property of
projections are used. In other words, it is not necessary to have an
internal linear map of *H into F that captures the effects of a nearest
point for every internal linear subspace F of *H ; rather, we need only
an internal function that maps *H into F and maintains the essence of a
nearest point for each *-finite dimensional subspace F of *H. Indeed,
it is possible to show that such functions exist for a significant class of
spaces.

In the following theorem, %[H] denotes the collection of all
functions mapping H into H.

THeOREM 3.1. If (H,t) is a metrizable topological vector space
then there exists a function V: ¥ (H)— #[H] that satisfies the follow -
ing conditions.

(1) If FE%S(H) then V(F): H—F.
(2) For each V € X.(0) and any non zero x € H there exists a
positive A € R such that V(F)(Ax)€ V for all F € ¥¥(H).
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(3) If x € H such that x €°F for F € *¥%(H) then *V(F)(x)—
x € u,(0).

(See [6], Theorem I1.1.)

Now the stage is set for the proof of the main result for metrizable
topological vector spaces. The plan of attack is straightforward. First
a suitable chain of invariant internal linear subspaces for T' = P*TP is
found. Using Propositions 1.7 and 2.10 we can easily obtain a chain of
closed invariant subspaces for the compact operator 7. Next we must
insure that at least one member of the chain is non-trivial which
therefore precipitates the result.

THEOREM 3.2. Let (H,7) be a complex metrizable topological
vector space that satisfies Property 1. If T€ £(H) is a compact
operator then T has at least one nontrivial 7-closed invariant linear
subspace of H.

Proof. We will assume that H is infinite dimensional and the
compact operator T is not null on all of H. Also, PE*¥(H),
H, € *#%(H) are determined by Property 1 and V: ¥¥(H)— F[H] is
assumed to satisfy the conditions of Theorem 3.1.

Define T' = P*TP and let W € W.,(0) such that

T'[*W]Cns.(*H)

(see Proposition 2.12). If T(y)#0 for y € H then there exists a
positive A € R such that

*W(F)(Ay)E*W

for each F € *#¥(H) by Condition 2 of Theorem 3.1. Consequently,
if we set x,= Ay then

3.3) T'(xo) &-12.(0)
by Proposition 2.9 and
G4 T'(*V(F) (xo)) € ns,(*H)
for any Fe*F%(H).
Let T, denote the restriction of T_’ to H,. As in [2] and [4], we
observe that in a finite-dimensional complex vector space E of dimen-

sion m, say, any linear operator possesses a finite chain of invariant
subspaces
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{0}=F()CF|C"'CFM=E

where d(F;)=j for j =0,---,m (recall from §1 that d is the dimension
function defined on #¥(H)). Therefore there exists a *-finite chain of
*-finite dimensional subspaces

3.5) {0}=F,CF,Cc---CF, =H,

such that

(3.6) T,[F]CF, for +€{0, -, w}
k3.7) *d(F,)=*d(F_)+1 for (€{l, -, 0}

where o =*d(H,).
Let Q. =*V(F,) for . €{0, - -, w} and consider the expression

(3'8) rt =*P(T’(x0)_ T’QL(XO)’O), 2 =09 la” Yy, W

where p is a translation-invariant metric on H that generates 7. Note
that r,=*p(T'(x,),0) is not an infinitesimal by (3.3) since F,=
{0}. Therefore, 8 < r, for some positive 6 ER. Since x, € H =°H, =
°F, implies x,— Q. (x,) € u.(0) (see (2.2), (3,5) and Condition 3 of
Theorem 3.1) and T'[u.(0)] C u.(0) implies

T'(xo) — T'Q.(x0) = T'(xo — Q. (x0)) € . (0),

it follows that r, is an infinitesimal. Consequently, r, <18 < r, which
implies

(3.9) r,<id=r,,

for some v €{1,- -+, w} since {ry, -, r,} is *-finite.

Consider °F,_, and °F,, the r-standard parts of F,_, and F, (see
(1.3)). Propositions 1.7, 2.10 and expressions (3.5), (3.6) imply °F,_, and
°F, are r-closed invariant linear subspaces of T since T, =T' on
H,. Now °F,_, cannot coincide with H, in particular it cannot include
xo. For if it did, then r,_, would be an infinitesimal (see (3.8) and
Condition 3 of Theorem 3.1) contrary to (3.9).

On the other hand, °F, cannot reduce to {0}. Indeed, if °F, = {0}
then °[T'Q,(x,)] =0 by (3.4) and (3.6) which would imply T'Q,(x,) €
w.(0). We would then have
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ro—r, =*p(T'(x,),0) —*p(T'(x0) — T'Q,(x),0)
=*p(T'(xo) = [T'(x0) — T'Q.(x0)],0)
=*p(T'Q.(x,),0) <36.

Therefore, & < roand r,—r, <38 would imply 8 < r, contrary to (3.9).
Finally from expressions (3.5), (3.7) and Proposition 1.8, we infer
that either °F,_, or °F, is nontrivial.

4. Property 2. So far, we still have not shown that compact
operators on arbitrary complex topological vector spaces satisfying
Property 1 have nontrivial, closed invariant linear subspaces. We will
fulfill this obligation in this section. We will do it by the usual
mathematical ploy of defining other conditions, collectively called
Property 2, that are more convenient. We then establish the result
using these conditions and finally we show that spaces satisfying
Property 1 also satisfy the new conditions, Property 2.

In this section, (H,7) is an arbitrary complex topological vector
space.

Define #[7] as follows: p € #[] if and only if p is a translation-
invariant pseudo-metric on H such that for g,: H—R defined by
g (x)=p(x,0), x € H, we have g,(Ax)=g,(x) for |[A|=1 and g, is
continuous at 0 € H. Clearly, g, is subadditive and therefore continu-
ous on all of H. Furthermore, it can be shown that

{S(p; 8)|p EMI7), 0<5ER)
forms a filter basis for W, (0) where
S(p;8)={x EH|p(x,0)= 5}
(see [9], Theorem 6.7).

For p € M[7] let 7, denote the topology on H generated by
p- Obviously, p € M[7] implies 7, C 7 and (H, 7,) is a complex topolog-
ical vector space.

DEerINITION 4.1. A topological vector space (H, 7) is said to satisfy
Property 2 if and only if there exists &f C#[7] such that the following
conditions are fulfilled.

(1) The collection {S(p; 8)|p € o, 0< & € R} is a filter basis for
N (0).

(2) If p € o then (H,7,) satisfies Property 1.
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THEOREM 4.2. Let (H,7) be a complex topological vector space
that satisfies Property 2. If t is not the chaotic topology and if
T € $(H) is a compact operator then T has at least one nontrivial,
t-closed invariant linear subspace of H.

Proof. Let T € ¥£(H) such that T[V] is 7-compact for some
V EWN.(0). It can be assumed that V# H since 7#{H,¢}. Let
A CM[7] fulfill the conditions of Definition 4.1. Thus, S(p; d,)CV
for some p € & and some positive §, € R. Consequently, (H,7,) is a
complex topological vector space such that r, Ct, V € ¥, (0) and (H, 7,)
satisfies Property 1.

Let M={x EH |p(x,0)=0}. If xEM and A € C then

p(Ax,0) = p([An""Inx,0) = p(nx,0) =0

for n €N and |A |<n. Consequently, M is a proper 7,-closed linear
subspace of H.

If § €R is positive then by the 7,-continuity of T, there exists a
positive §, € R such that

T[MICTIS(p; 8)1CS(p; 8);

therefore, TIM]CM. So if M# {0} then M is a nontrivial, 7-closed
invariant linear subspace of T since 7, is weaker than 7.

If M = {0} then (H,1,) is a complex metrizable topological vector
space that satisfies Property 1. By Theorem 3.2 there exists a nontri-
vial 7,-closed, and thus 7-closed, linear subspace F CH such that
T[F]CF.

Next, we show that Property 1 implies Property 2. The basic idea
is to start with an arbitrary balanced neighborhood of zero and use
Condition 2 of Definition 2.1 to obtain a sequence of balanced neighbor-
hoods of zero that generates a pseudo-metric linear topology satisfying
Property 1.

THEOREM 4.3. If a topological vector space (H, t) satisfies Prop -
erty 1 then (H,7) satisfies Property 2.

Proof. Let PE*¥(H), H, € *%%(H) be determined by Property
1 and let V € ¥,(0) be balanced. By Condition 2 of Definition 2.1 there
exists W € ¥.(0) such that P[*W]C*V. Also, there exists a balanced
V, € N.(0) such that

V,+V,+V,Ccvnw
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which implies P[*V,] C*V. Therefore define

inductively as follows: V, =V, for n €N, let V,,, € ¥,(0) be a balanced
neighborhood such that

(45) Vn+l + Vn+1 + Vn+l C Vn
and
(4.6) P[*V,. ] C*V,.

Consequently, there exists an unique topology 7, on H such that (H, rv)
is a topological vector space and {V,};_, is a filter basis for &', (0) (see
[8]1, Theorem 2.3.1).

Conditions 1 and 2 of Definition 2.1 are satisfied by the definitions
of P, H, and {V,};.,. Also 7, is weaker than 7 by (4.4) which implies
p-(0)Cu . (0) ([6], Chapter I, §2). Thus, P(x)—x € u,(0) implies
P(x)—x € p.,v(O) for x € H. Therefore, (H, 7v) satisfies Property 1.

Using (4.4) and (4.5) it can be shown that some p € #[7] generates
7v (see [9], Theorem 6.7 or [8], Theorem 2.6.1). Therefore, if we define

A ={p € M[7]|p generates 7, for balanced V € ¥, (0)}

then &« fulfills the conditions of Definition 4.1; that is, (H, 7) satisfies
Property 2.

THEOREM 4.7. Let (H,7) be a complex topological vector space
that satisfies Property 1. If 7 is not the chaotic topology and if
T € £(H) is a compact operator then T has at least one nontrivial
t-closed invariant linear subspace of H.

Proof. Theorems 4.3 and 4.2.

5. Metrizable topological vector spaces with
Schauder basis. In this section we examine the conditions needed
for a metrizable topological vector space with a Schauder basis to
satisfy Property 1. In particular we will show that a Fréchet space (i.e.,
a complete, metrizable topological vector space) with a Schauder basis
satisfies Property 1.

In this section, (H,7) is assumed to be a metrizable complex
topological vector space.



INVARIANT SUBSPACES OF COMPACT OPERATORS 489

If {x;} is a sequence in H then %,[x,; H] will denote the filter, on H,
generated by {{x;};-, |n EN.}.

DEerINITION 5.1. Let (H,7) be a metrizable complex topological
vector spaces. A sequence {e;} CH of distinct nonzero elements is a
Schauder basis for (H, 7) if and only if for each x € H there exists an
unique sequence {&} CC such that %, [Z_, £&e; H] converges to x with
respect to .

Assume that a sequence {¢,}CH 1is a Schauder basis for
(H,7). Let

5.2) E=sp({e}) and E,=sp(e, --,¢)

for j EN,, i.e.,, E and E; are the smallest linear subspaces of H that
contain {¢} and {e,---, ¢} respectively. Clearly, E = U75_E, and
{E;|j EN.}CFF(H). Furthermore it is easily seen that H=F =
U 7., E, from which we conclude (H,7) is separable. We will call
{E;|j €N.} the sequence of coordinate spaces generated by {e,}.

If, foreach i € N, we define m;: H—>Cby m(x) =& forx € H and
{&}, the unique complex sequence determined for x by {e;}, then it can
be shown that 7; is a linear functional on H that maps ¢, to 1 and ¢; to 0
for jEN, and j# .

For each j EN, define P,: H > E, by

(5.3) P(x)=3 m(x)e,

1=1

for x € H. Consequently, P, € £(H), i.e., P, is a linear transformation
and P(y)=y for y € E. We will call {P,|j EN.} the sequence of
projections generated by {e;}.

PRrOPOSITION 5.4. Let {e;} be a Schauder basis for (H,7) and let
{P,|j EN.} be the sequence of projections generated by {e.}. If there
exists a filter basis B CN.(0) such that P[V]CV for VE€RB and
P, €{P;|j EN.} then (H,7) satisfies Property 1.

(See [6], Proposition II1.1.)

Let p be a translation-invariant metric on H that generates . We
will call {e,} a monotone Schauder basis (with respect to p) if and only if
the sequence {p(P;(x),0)|j EN.} is monotonely increasing for each
x € H thatis, if i,j EN, and i = then p(P,(x),0) = p(Pj(x),0) for each
x €H.
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ProrosiTiON 5.5. If (H,7) has a monotone Schauder basis then
(H, 1) satisfies Property 1.

Proof. Let p be a translation-invariant metric on H that generates
7 and let {¢,} be a monotone Schauder basis for (H, 7) with respect to
p. If x € H then p(P,(x),0) = p(x,0) for each j € N, by the continuity
of p. Therefore, if 6§ ER is positive then x € S(p; §) implies
p(Pi(x),00=p(x,00=6 for j€EN,.. Consequently P[S(p;¥d)]C
S(p; &) for each P €{P,|j EN,}. We conclude that (H, ) satisfies
Property 1 from Proposition 5.4.

In the following theorem, a Fréchet space is a complete metrizable
topological vector space.

THEOREM 5.6. Let (H,7) be a Fréchet space. If (H,7) has a
Schauder basis then (H, ) satisfies Property 1.

Proof. Let {e,} be a Schauder basis for (H, r) and let {P, |j € N,}
be the sequence of projections generated by {e;}. Also, let p be a
translation-invariant metric on H that generates . Define H —R as
follows:

po(x,y) =sup{p(P(x —y),0)|j EN,}

for x,y € H. Since (H,7) is complete, it can be shown that p, is a
translation-invariant metric on H that generates 7 (see [13], Theorem
11.4.1). Furthermore, {¢,} is a monotone Schauder basis with respect
to p,. Therefore, (H, ) satisfies Property 1 by Proposition 5.5.

CoroLLARY 5.7. If (H,7) is a complex Fréchet space with a
Schauder basis and if T € ¥(H) is a compact operator then T has at
least one nontrivial closed invariant linear subspace of H.

Proof. Theorems 5.6 and 3.2.

ExampLE 5.8. Let #q(C) be the collection of all complex sequ-
ences and let (&) symbolize an element of ¥q(C), ie., & €C for
J EN,. The set ¥q(C) is a complex vector space under the usual
pointwise definition of addition and scalar multiplication.

Let {p;} be a sequence of real numbers satisfying the inequalities
0<p; =1 for each j €N, and define

(p) =€) € F(O]3, 1§ P <)
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Since the identities |[A+BPP=|APP+|B]P and |AB|" =max
(1,|A])|B | are valid for all A, € C and 0 < p = 1, it follows that ¢(p;)
is a vector subspace of Fq(C). Also, we can define a translation-
invariant metric p(p;) on €(p;) as follows:

p(P) (X, ) =§1§,~ —gP

for x =(§), y =({) € €(p;). We will let 7(p;) denote the topology on
¢(p;) generated by p(p)).

S. Simons made an extensive study of (€(p;),7(p;)) in
[12]). Among the facts he established are the following.

(5.9 (¢(p;), 7(p;)) is a Fréchet space.

(5.10) (€(p;), 7(p;)) is locally convex if and only if
€p)="¢".

(5.11) (€(p;), 7(p;)) is locally bounded if and only if
liminf p; > 0.

(See [12], Lemma 1, Theorems 5 and 6.)

If, for j EN,, we define ¢, = (&) such that & =1 and & =0 for
k €N, and k#j then {¢} is a Schauder basis for (¢(p;),7(p;)) by
definition of p(p;). Therefore, (€(p,), 7(p;)) satisfies Property 1 by (5.9)
and Theorem 5.6. Furthermore, if p; — 0 as j — « then ¢(p;) # ¢' since
xo=( %) & €(p;), where g, =p;', and x,€ ¢'. Consequently, from
(5.10) and (5.11) we can infer that if {p;} converges to 0 then (€(p;), 7(p;))
is neither locally convex nor locally bounded. In particular, the space
(€(7"), 7(j ") is not locally convex and not locally bounded.

ExampLE 5.12. Let A =[a;] and B = [b;] be two infinite matrices
of real numbers such that 0 <a; and 0 <b; =1 for i,j EN,. Define
¢(A, B) in the following manner. If x = () is a sequence of complex
numbers then x € €(A, B) if and only if

o

2 a;| & | < oo

j=

for each i EN,. Using the same arguments of Example 5.8, it can be
shown that ¢(A, B) is a complex vector space.
If we define
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W, ={(£)E €(A,B)|D a,|&f=n"' for i=1,---,n}
=1

for each positive integer n, then there exists an unique topology 7(A, B)
on ¢(A, B) such that (¢(A, B), 7(A, B)) is a topological vector space and
{W,}:-, is a filter basis for the 7 (A, B)-neighborhoods of zero. Indeed,
it can be shown that (¢(A, B), 7(A, B)) is a Fréchet space having {¢;}
(see Example 5.8) as a Schauder basis ([6], Propositions IV.2 and
IV.3). Consequently, (¢(A,B), 7(A,B)) satisfies Property 1 by
Theorem $5.6.

Note that the spaces (€(p;), 7(p;)) of Example 5.8 form a subcollec-
tion of the spaces (¢(A, B), 7(A, B)), i.e., let a; = 1 for all i,j €N, and
let b; = p; for each i € N,. However, it is possible to define a subclass
of the spaces (¢(A, B), 7(A, B)) that is neither locally convex nor
locally bounded and different from the collection (¢(p,), 7(p;)).

We will say that [A: B: {q;}] satisfies p.3, where A =[a;] and
B = [b,] are infinite matrices of real numbers and {q;} is a sequence of
real numbers, if and only if

(5.13) a;=1 and 0<gq.,<q <1 for all ij€EN,,
(5.14) Qi <bj..=b; <qu-, for all i,jEN..

Now if [A: B: {q:}] satisfies p.3, then (¢(A, B), (A, B)) is not locally
convex, not locally bounded and is distinct from (€(p;), 7(p;)) for any
sequence {p;} C(0,1] ([6], Propositions IV.4, IV.S and IV.6).

In particular, if we let (¢[i”'], 7[i”']) symbolize the (¢(A, B),
7(A, B)) space where a, =1 and b; =i"' for i,j EN, then £(i™"), of
Example 5.8, is a proper subset of ¢[i"'] and 7[i"'] induces a weaker
topology on ¢(i”') than 7(i™").
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