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A CHARACTERIZATION OF
TOPOLOGICAL LEFT THICK SUBSETS IN

LOCALLY COMPACT LEFT AMENABLE SEMIGROUPS

JAMES C. S. W O N G

In this paper, we define the concept of topological left thick
subsets in a locally compact semigroup which is a generalisation
and extension of the concept of left thick subsets in (discrete)
semigroups introduced by T. Mitchell and prove that if T is a
Borel measurable subset of a locally compact left amenable
semigroup S, then T is topological left thick if and only if there is
a topological left invariant mean M on S such that M(χτ) = 1
where χτ is the characteristic functional of T in 5, thus
generalising, and extending a result of Mitchell for (discrete)
semigroup.

1. Introduct ion. Let S be a semigroup and T C S. T is
called left thick in S if for every finite subset F C S , there is some s E S
such that Fs C T. In [8], Mitchell proves that if S is left amenable (i.e.
the bounded functions m (S) on S has a left invariant mean) then a subset
T C S is left thick if and only if there is a left invariant mean μ on m(S)
such that μ(ξτ) = 1 where ξτ is the characteristic function of T in S. In
this paper, we extend this concept of left thick subsets to topological left
thick subsets in locally compact semigroups and obtain a topological
analogue (as well as an extension) of Mitchell's result. It is also an
analogue of a result of Day in [4] for locally compact groups which as
stated in [4] contains an error. A corrected version is given below in §5
(Remark 2).

2. N o t a t i o n s and termino log ies . For definitions of to-
pological left invariant means on locally compact semigroups, we follow
Wong [12]. Let S be a locally compact semigroup, M(S) its measure
algebra with total variation norm and convolution as multiplication and
M0(S) its probability measures. A Borel subset T C 5 is called topolog-
ical left thick if the following condition is satisfied: For each 0 < e ^ 1 and
each compact subset F C S , there is some measure μ E M0(S) such that
v * μ(T)> \- e for any v E M(,(5) with v(F') = 0. It will be proved
below that this definition agrees with that in Mitchell [8] when S is
discrete. (Our definition is necessarily more complicated because of the
"continuity nature" involved.)

A net μa E M{)(S) is said to converge strongly to topological left
invariance uniformly on compacta if for every compact set F C S ,
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II μ *μ« - μ α | | - > 0 uniformly for all μ GM0(5) with μ(F') = 0. Since
measures in M(S) with compact supports are norm dense in M(S), this
implies that μa converges strongly to topological left invariance. That is
|| μ * μa - μa ||—»0 for any μ E MQ(S). (This latter condition is equival-
ent to M(S)* having a topological left invariant mean by [12, Theorem
3.1]). The converse of the above implication need not be true except
when 5 is discrete (for then compact sets are finite) or when 5 is a group
(which is proved in §5 below).

3. A L e m m a . Let M be a topological left invariant mean on
M(S)*, then there is a net μa E M0(S) which converges w* to M in
M(5)**. It is easy to show that the net μa converges weakly to
topological left invariance. That is μ * μa - μa —> 0 weakly in M(5) for
each μ E M0(S). In general, the convergence need not be uniform on
compacta nor in the norm topology of M(S). The following lemma
states that if there is some net in MQ(S) converging strongly to topological
left invariance uniformly on compacta, then there is a net τβ E M0(S)
with the same property and such that τβ-^M weak* in M(S)**.

LEMMA 3.1. Let μa be a net in M0(5) which converges strongly to
topological left inυariance uniformly on compacta and let M be a topologi-
cal left invariant mean on M(S)*. Then there is a net τy in M0(S) such
that τy-^M weak * in M(S)** and τγ converges strongly to topological left
invariance uniformly on compacta.

Proof Let μα, a £Ξ D be the net given and let vβ, β E E be a net in
M0(5) such that vβ->M weak* in M(5)**. We shall construct the
required net by a result on iterated limits (Kelley [7, Theorem 4, Chapter
2, p. 69]) consider the product directed sets D xU{E: a E D} and
D x E. Define maps

R: D xΠ{£: a GD}^D xE and

V: D x E -> M(S)** Where

M(5)** is considered as a topological space with the weak* topology, by

and

V(a,β)=μa*vβ.

w

Since M is topological left invariant, the iterated limit
* limα w * limβ μa * μβ exists and is equal to M. In fact for F E M(S)*,
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(μa * vβ)(F) = F(μa * vβ) = (μaQF)(vβ) = vβ{μa Θ F)-*> M(μaQ F)
= M(F).

By [6, Theorem 4, Chapter 2, p. 69], the net V°R converges to this
iterated limit M in weak* topology of M(S)**. It remains to show that
V° R (α, /) converges strongly to topological left invariance uniformly on
compacta. But for any μ E Mo(5),

\\μ*VoR(a,f)-VoR(a,f)\\

= ||μ *μ,α *vf{a)- μa * vf{a)\\

= \\μ * μa — μa || and the result follows immediately.

NOTE. Uniform strong left amenability was first introduced by H.
Reiter [9] for locally compact groups (in a slightly different form) and is
equivalent to left amenability (see §5 below). We need this concept for
semigroups in order to extend Mitchell's result. In fact, Lemma 3.1 is
the crux of the idea. It is not known if it is equivalent to the existence of
a topological left invariant mean on M(S)* for a general semigroup S.

4. Main results. Notations and definitions not explained here
can be found in Wong [12].

THEOREM 4.1. Let S be a locally compact semigroup for which there
is a net in M0(S) converging strongly to topological left invariance
uniformly on compacta and T a Borel subset of S. Then the following
statements are equivalent:

(1) T is topological left thick in S.
(2) There is a topo ogical left invariant mean M on M(S)* such that

M(χτ) = l.
Here χτ is the characteristic functional of T in S defined by Xτ(μ) =

ldμ=μ(T), μEM(S).

Proof (1) implies (2)
By assumption, M(S)* has a topological left invariant mean M (see

§2). Suppose T is topological left thick. Consider the pairs a = (e, F)
where 0 < e ^ 1 and F C S compact. Define a ^ aλ to mean e ^ ex and
F D Fλ. For each α, there is a measure μa E M0(S) such that
v * μa{T) > 1 - β for all v G M0(S) with v{F') = 0. We first prove that
XτOμa{v)^> 1 for any v E Mo(5). Let v E M0(S) have compact sup-
port Fo. Given 0 < e 0 ^ l , put αo = (6o, Fo). If a ^ α0, then e î e0,
F D Fo and v{F') = 0. Hence

| l-(*τΘμ«)( i0 l = l - v * μ β ( T ) < e ^ 6 o .
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That is, limα (χτ O μa)(v)= 1 for such v. Since the measures in M0(S)
with compact supports are norm dense in M0(S), it follows that
Xτθμa->1 weak* in M(5)* (Note that M0(S) spans M(S)). Here the
functional 1 is defined by l(μ) = μ(S), μ E M(S) (i.e. 1 = ̂ s) Let now
N be a mean on M(S)* such that μa^>N weak* in M(S)** (using a
subnet if necessary) and consider the Arens' product MQN (in the
second conjugate Banach algebra M(S)**, see Arens [1] and Day [2, §6]
for definition). It is straightforward to verify that M Θ N is a topological
left invariant mean (since M is) on M(S)** such that (M0JV)(^T) = 1.

(2) implies (1)

Assume that there is a topological left invariant mean M on M(S)*
such that M(χτ) = 1. By Lemma 3.1, there is a net μa E M0(5) such that
μa -» M iv * in M(S)** and such that μα converges strongly to topological
left invariance uniformly on compacta. Consider the net χτ Θ μa. Let
F C 5 be compact, μ E M0(S) with μ(F') = 0. Then

\1-Xτ(μ*μa)\

^ \1-Xτ(μa)\ + \Xτ(μ*μa)-χτ(μa)\

Since \imaχτ(μa) = limaμa(χτ) = M(χτ)= 1 and ||μ *μα - μα ||->0
uniformly for all μ E M 0 ( 5 ) with μ(F') = 0, it follows that
(Xτθμ β)(/i)->l uniformly for all μ EM0(S) with μ(F') = 0.

Now if Γ is not topological left thick, then there exists a pair (e0, Fo),
0 < €0 = 1, Fo C S compact such that for any μ E M0(S), there is some
vGM0(S) with v(FΌ) = 0 but (v * μ ) ( Γ ) g 1 - 60. Let i/βeM0(S),

= 0 and

(^ * μ « ) ( T ) ^ l - 6 0 for any α.

Then

( ^ τ O μ α ) ( ^ ) ^ 1 - 60< 1 for any a

which contradicts the fact that the net #τ Oμα(^)-> 1, uniformly for all
^ E Mo(S) with ẑ (Fό) = 0. This completes the proof.

NOTES, (a) For implication (1) implies (2), we need only the
existence of a net μa E Mo(5) such that μ * μα - μα -»0 weakly in M(5)
for each μEM 0 (S), instead of a net converging to topological left
invariance uniformly on compacta. Any w*-cluster point of μα in
M(5)** will give a topological left invariant mean M on M(5)*.

(b) The preceeding theorem is a topological analogue of Mitchell's
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result in [8, Theorem 7, p. 257]. It is also an analogue of a result in Day
[4, Theorem 7.8] for locally compact groups which involves the Haar
measure. However, our result is valid for all locally compact semi-
groups and is formulated in terms of measures in M(S). This result of
Day does not make sense in our case because of the absence of a Haar
measure.

The next theorem shows that the concept of topological left thick-
ness agrees with that of left thickness in Mitchell [8], when S is a discrete
semigroup.

THEOREM 4.2. // S is a discrete semigroup and T any subset of 5,
then T is left thick iff T is topological left thick.

Proof. Since S is discrete M(S)= /i(5), the absolutely summable
functions on S and M(S)* = m(S) the bounded functions on
S. Assume that T is topological left thick but not left thick. As in
Mitchell [8, Theorem 7], there is some finite subset F in S such that for
any t E S

Σ &(st)^N-l where ξτ is the
sEF

characteristic function of T in S and N is the number of elements in
F. Define θ E h(S) by 0(S) = O if s£F and 0(S)=1/ΛΓ if s G F, then
0^0, 11011, = 1 and

φ) = ΣΣ ξτ(st)θ(s)φ(t)

= N-l
N

for any φ E l,(S), φ g 0 and || φ ||, = 1.
But by topological left thickness, for the pair (1/JV, F), there is some

φ e ί,(S) φ ̂  0, || φ ||, = 1 such that

N - l
Xτ(θ*φ)>l-€ =—^-

for any θ G /,(5), θ ̂  0, β(s) = 0, s£ F and || β ||, = 1. This is a contradic-
tion.
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Conversely, if S is left thick, then for any 0 < e ^ 1 and F C S
compact (i.e. finite), there is some sxE S such that Fs{ C T. Put φ(s) = 1
if s = 5, and φ(s) = 0\ί s/ su then <p E ^(5), φ SO, | | φ | | ι = 1. Moreover,
for any β ε / , ( S ) with 0 ^ 0 , | | 0 | | , = 1, 0(5) = 0 if s£F, we have

Σ
sEF

Hence T is topological left thick.

REMARKS. Let 5 be discrete.
(a) Since compact sets are finite, it is easy to see that for any net

φa E /i(5), φa ^0 and \\φa | |1 #= 1, the following statements are equivalent
(i) || lsψa - ψa ||, -> 0 for each s E S, (ii) for any compact F C S.
|| 4<p«"~ <Pα || i —* 0 uniformly for s E F and (iii) for each compact F C 5,
||0*<P« - <p« || i-*0 uniformly for any β ε / , ( S ) with 0 ^ 0 , | |0| |i = 1 and
0(s) = 0 if sgi F. Each of these statements is equivalent to left amena-
bility of S.

(b) Under the canonical isometric isomorphism φ of m(S) onto
M(S)*, ξτ becomes χτ (i.e. φ(ξτ)==Xτ) ^ n d each mean M on M(S)*
induces a mean m = φ * M on M(S) such that m(^Γ) = M(χτ) (and vice
versa).

(c) In view of remarks (a) and (b) and Theorem 4.2, it follows that
Mitchell's result [8, Theorem 7] is a special case of Theorem 4.1.

5. Locally compact groups. If 5 is a locally compact
group, then left amenability is equivalent to "uniform strong left
amenability". This is implicitly contained in Day [3] who attributes it to
Reiter [10]. We give the proof here for completeness. For notations in
abstract harmonic analysis on groups, we follow Hewitt and Ross [6].

LEMMA 5.1 (Reiter, Day). Let S be a locally compact group. Then
the following statements are equivalent:

(1) There is a net μa E M0(S) such that \\μ * μa - μa | |->0 for each
μ SM0(S\ i.e. S is left amenable.

(2) There is a net μa E M0(S) such that for each compact net F C S,
\\μ * μa - μ« | |-»0 uniformly for all μ E Mo(5) with μ(Ff) = 0.
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Proof. (2) implies (1)
This is because the measures in M0(S) with compact supports are

norm dense in M0(S).
(1) implies (2)
Let μa E M0(5) be a net such that | |μ * μa - μa \\—>0 for each

μ^M0(S). We can assume that μa G Ma(S) = L^S) otherwise con-
sider the net v * μa for some fixed v E Ma(S) (which is an ideal of M(S))
with v^O and ||i/|| = l. By the canonical isometric isomorphism of
Ma (S) = L{(S), this implies that there is a net φa G P(S) = {<pE L^S):
φ i=0, || φ || i = l} such that | |μ * <pα - φa || —̂  0 for each μ G M0(S). We
can assume that φa is left equicontinuous (that is, given e > 0, there is
some neighborhood [/ of the identity in S such that || lsφa - φa ||i < € for
any α and any 5 G ί7) otherwise replace φa by φ * φα where φ is a fixed
element in P(S) (see Day [3] for details). It follows from [3, Theorem 1]
that for each compact set F in S, \\lt-*(pa ~ ψa || i —> 0 uniformly for
t G F. Now let μ G M()(5) with μ (Fr) = 0 and e > 0, choose α0 such that
II /*-•<?<* ~~ φa II l < 6 f° r any α g α0 and ί G F. Then

\\μ *φa -φ*h ^ J J | W « ( s ) - M

= J ||/f >φα -<pα | | ,rfμ(0<e, for any

α ^ α() and μ G M{](S) with μ(F ') = 0. This completes the proof.1

THEOREM 5.2. Let S be a left amenable locally compact group and T
a Borel subset of 5. Then the following statements are equivalent:

(1) T is topological left thick.
(2) There is a topological left invariant mean M on M{S)* such that

M(χτ)=l.
(3) There is a topological left invariant mean m on L x(5) such that

m(ξτ)=l.

Proof. (1) and (2) are equivalent by Theorems 4.1 and 5.1. Now if
(2) holds with M a topological left invariant mean on M(S)* and
M(χτ) = 1, then using the "iterated limit" construction as in Lemma 3.1,
a net μa in M(,(S) can be found such that (i) for each μ G M0(S),
limα | |μ * μa - μa || = 0 and (ii) w* — limit of μa in M(S)** is M. Let
μ() EMa(S)Π M()(S) be fixed and put va = μ() * μa G Ma (S) (which is an
ideal in M(5)), then ẑ α also satisfies (i) and (ii) (M is topological left

1 lsφ is the left translate of the function φ by the element 5 in S. In Hewitt and Ross [6], the

notation s.φ is used.
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invariant). Let φa E P(S) = {φ E Lλ(S): φ ^ 0, ||<p Id = 1} correspond to
va under the isometric isomorphism Ma(S) = L^S). By w*-
compactness of the means on Loo(S), some subnet φα, also denoted by φa,
can be found satisfying (iii) for each φ E P(S), limα || φ * <pα - φa || = 0 and
(iv) n> *-limit of <pα in LX(S)* is m. Then m is a topological left invariant
mean on LX(S) and

m(£τ) = lim φa(ξτ) = lim £Γ<Mλ = lim ξτdva = lim va{χτ) = M{χτ)
a a J a J a

= 1

(λ a fixed left Haar measure). Hence (2) implies (3). Conversely, if (3)
holds with m a topological left invariant mean on LX(S) and m(ξτ)= 1,
then again, a net φa E P(S) can be found satisfying (iii) and (iv). Let
μa E Ma(S) correspond to φa. By w*-compactness of the means in
M(S)**, some subnet of μα, again denoted by μα, can be found satisfying
(i) and (ii). Thus M is a topological left invariant mean on M(S)* and
M{χτ)- m(ξτ)= 1. So (3) implies (2). This completes the proof.

REMARKS. 1. Each φ in P(S) is a mean on LX(S) if we define

ψ(f) = I / ' ψdλ. This cannot be done for μ in M0(S) since I fdμ is not

well defined on LX(S) whose elements are equivalence classes of
functions. This is why in the proof above, we have to consider measures
μa in Ma(S) = Lί(S)y instead of M0(S).

2. It follows from Theorem 5.2 that for a locally compact group S,
topological left thickness of a measurable subset T of S is equivalent to
Day's condition (in [4, Theorem 7.8]) that for each compact set F in 5
and each e > 0, there is some s GS such that A (F Π Ts) g (1 - e) λ (F)
where λ is the left Haar measure. Note that Day's original condition in
[4, Theorem 7.8] is similar but with the set theoretical difference F ~ Ts
in place of the intersection F Π Ts above. His result as stated in Day [4,
Theorem 7.8] is false as is easily seen by taking both S and T to be the
real numbers. The correct version using set theoretical difference
should be λ (F ~ Ts) g e λ (F).

6. An example. Let S be the real numbers with addition. It
is easy to see that M(S) has a topological left invariant mean (since it is
commutative). In fact, there is a net in M0(S) converging strongly to
topological left invariance uniformly on compacta (Theorem 5.1). Let T
be a measurable subset of 5, then T is topological left thick if T contains
intervals of arbitrarily large Lebesgue measure (i.e. length) no matter
how thinly these intervals are scattered (cf. Day [4, Remarks after
Corollary 7.5, p. 24]). For in this case, given any 0 < e ^ 1 and any finite
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interval J, we can choose some a E S such that T — a D I. Now if ea is
the Dirac measure at α, then v * ea(T) = v{T — a)^ v{I) = 1 > 1 - e for
any v in M0(5) with v(ΐ) = 1. Since each compact set in S is bounded,
the result follows immediately. This result yields many mutually singu-
lar topological left invariant means on the real numbers, analogous to the
situation of the integers. (See also Mitchell [8, Corollary 5, p.
258]). Of course, the same can also be done for the positive real
numbers under addition, which is a locally compact semigroup.

Addendum. After the submission of this paper, the author learned
that M. Day has obtained yet another similar characterisation of those
Borel subsets on which some topological left invariant mean concen-
trates, namely, the topological left lumpy subsets which also extend
Mitchell's concept of left thick subsets. His result are valid assuming
only (topological) left amenability but not necessarily uniform strong left
amenability.
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