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SEPARATION AXIOMS AND METRIC-LIKE FUNCTIONS

HowaARD ANTON and WiLLIAM J. PERVIN

Boltjanskii has constructed classes of semifield quasi-
pseudo-metrics which are adequate to metrize topological
spaces with various separation properties. In this paper we
show that his condition given as adegquate for 7-0 spaces
actually is satisfied by every semifield metric inducing the
topology. On the other hand, we show that the condition
he introduced for 7-1 and T-2 spaces is never satisfied by a
certain natural semifield quasi-pseudo-metric related to the
usual (or Pervin) quasiuniformity. In this paper we com-
pletely characterize the classes of semifield quasi-pseudo-
metrics which are not only adequate to metrize 7-1 and 7-2
spaces but actually contain all such metrics inducing such
topologies. Characterizations of R-0 and R-1 inducing metries
will also be obtained. Applications to quasi-uniform and
quasi-gauge spaces will be made.

1. Background. Topological semifields were first introduced
by Antonovskii, Boltjanskii, and Sarymsakov in [1, 2, 3]. The reader
is referred to these works and to [4] for details; however, for
completeness, we will summarize here some of the essential results.

Let 4 be an arbitrary nonempty set. The ring R? of all real-
valued functions on 4 is called a (Tikhonov) semifield if it is given
the Tikhonov topology and coordinatewise partial ordering. A semi-
field quasi-pseudo-metric on an arbitrary set X (over the semifield
R?) is a mapping

dXx X— R
which satisfies the axioms:

Ml. d(z, ) = 0 for any z ¢ X,
M2. d(z,y)=0 for any =z, yeX;
M3. d(z, ¥) + d(y, 2) = d(z, 2) for any =, y, zeX.

If xeX and U is an arbitrary neighborhood of zero in the semifield
R* then the family of all sets of the form

{ye X: d(x, y) e U}

is a basis for a topology induced on X. Since R? is given the
Tikhonov topology, a subbasic neighborhood U of zero is of the
form w7 ((—e, ¢)) where 7, is the gth projection for some ¢ e 4 and
¢ > 0 so that the family of all sets of the form
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(*) Qx, ¢, q) = {y € X: d(z, y)(q) < €}

is a subbasis for the topology on X.

For each semifield quasi-pseudo-metric d: X x X — R? there is
a semifield quasi-pseudo-metric d*: X x X — R?* where 4% is the
class of all nonempty finite subsets of 4 and d* is defined by

d*(z, ¥)(¢*) = max {d(x, ¥)¢): ¢ €¢"}

where gt e 4*. It is easy to see ([3]) that d*, called the directed
metric associated with d, induces the same topology and quasi-uni-
formity as d, and the family of all sets of the form

(**) Qax, ¢, ¢%) = {ye Xz d¥(z, y)(g¥) < ¢}

with ¢ > 0 and ¢* e 4% is a base for the topology.

Let X be any topological space and set 4 ={G:G is open}.
We define a semifield quasi-pseudo-metric d by setting d(z, ¥)(G) =1
if teG but y¢G, and d(x, y)(G) = 0 otherwise. We note that
{(z, ¥): d(z, ¥)(G) < e} = S; (in the terminology of [10]) when
0<e=1 and so this induces the Pervin quasiuniformity for the
topology. We will call this semifield quasi-pseudo-metric the Pervin
or usual metrie.

2. A limitation of Boltjanskii’s results; an example. The only
aspect of the metrization problem addressed by Boltjanskii in [5]
is finding ‘‘adequate’’ conditions with respect to various separation
properties. By this is meant finding a condition such that every
metric satisfying the condition induces a topology with the property
and, as a weak converse, at least one such metric exists. He speci-
fically does not treat the problem of finding conditions on a metric
so that, in addition, every metric inducing the topology satisfies the
condition.

As an example of this type of result, let us consider the sixth
condition of Boltjanskii. To allow for a more consistent treatment
with other cases, we shall relabel it B*.

B*, d(x, y) =d(x,y) N d(y,x) =0 only for z=1y.

(Since the partial ordering is done coordinatewise, the infimum indi-
cated is taken coordinatewise; i.e., we use the equality (a A b)(q) =
min {a(q), b(q)} for each g€ 4.)

This condition is used in his results concerning both 7-1 and
T-2 spaces. In particular, he proves that B* is an ‘‘adequate’’
condition for the T-1 separation property. That this condition is
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not useful as a complete characterization of semifield metrics induc-
ing T-1 spaces is clear from the following remarks.

Suppose we want a semifield quasi-pseudo-metric to satisfy
condition B*. This is equivalent to the requirement that if x ==y
then d(x, y) A d(y, x) # 0. The conclusion is equivalent to the exis-
tence of a qg€4 such that min {d(x, ¥)(q), d(v, x)(@)} =% 0 and so
d(x, ¥)(@) # 0 and d(y, z)(¢) #= 0. In terms of the above usual metric,
there must exist an open set G such that 2€G, y¢G and yegG,
2 ¢ G which is an obvious contradiction. Thus the usual metric for
any space can never satisfy B*.

Since every topological space is semifield quasi-pseudo-metrizable
by the usual metric, a new condition is required if we are to obtain
the more complete characterization desired.

3. Characterizations of semifield metries inducing 7-0 and
T-1 topologies. We will now consider the fifth condition of Bolt-
janskii; which, for consistency, we relabel BO.

BO. d(xz,y) V d(y, ) = 0 only for x = y.

Boltjanskii has shown that condition B0 is ‘‘adequate’ for the 7-0
separation property. However, the following stronger result holds:

THEOREM 0. Let a topology on X be induced by the semifield
quasi-pseudo-metric d, then X s T-0 ¢ff d satisfies BO.

Proof. Suppose z = y. The condition that X be T-0 is equi-
valent to the requirement that there exists some open set G such
that G contains & but not y, or G contains y but not x. This is
equivalent to the requirement that there exists a subbasic open set
with the same property. In terms of the subbasis (*), this is
equivalent to the existence of some ge4 and an ¢ > 0 such that
ye N, e,q) or x¢ 2y, ¢ q). By the definition of these subbasic
neighborhoods, we have, equivalently, d(x, ¥)(q@) = ¢ or d(y, x)(q) = ¢;
i.e., max {d(z, ¥)(), d(y, x)(q)} = ¢. This is equivalent to the require-
ment that d(x, ¥) V d(y, ) # 0 and so condition BO.

Let us consider the fourth condition of Boltjanskii which he
used in his discussion of complete regularity. For consistency, we
will relabel it Bl1.

Bl. d(z,y) = 0 only for x = v.
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Although Boltjanskii does not use this condition in his results con-
cerning 7T-1 spaces, we have the following:

THEOREM 1. Let a topology on X be induced by the semifield
quasi-pseudo-metric d, then X is T-1 ioff d satisfies Bl.

Proof. Similar to the above.

4. A new Hausdorff characterization. Let X be a topological
space whose topology is induced by the semifield quasi-pseudo-metric
d: X x X— R4 In terms of the directed metric d* associated with
d let us define a mapping d*: X x X — R*" by setting

d*(x, y) = inf {d*(x, 2) + d*(y, 2): 2 X} .

As was the case with the function d, used by Boltjanskii in his
condition B*, the function d* is not a metric. We can now for-
mulate our new condition:

B2. d*(x, y) = 0 only for z = y.

We may now prove the following:

THEOREM 2. Let a topology on X be induced by the semifield
quasi-pseudo-metric d, then X is T-2 iff d satisfies B2.

Proof. (B2 = T-2) Let d satisfy B2 and suppose x == y. By B2,
d*(x, ¥) = 0 and so there exists some g € 4+ such that d*(x, ¥)(q) + 0.
Hence, for that ¢, we must have inf {d*(z, 2)(q) + d*(¥, 2)(q):
2€ X} # 0. Thus, for that ¢ and some ¢ > 0, we have d*(x, 2)(g) +
d*(y, 2)(g) = 2¢ for every z€ X. Equivalently, there exists a ge 4*
and an ¢ >0 such that for every ze¢ X either d*(x,2)(gq)=¢ or
d*(y, 2) (@) = e. In terms of the base (**) for the topology, the
sets Q(x, &, q) and 2y, ¢, ¢) are open and contain x and ¥y respec-
tively. The condition we have found states that every z fails to
belong to one or the other of the sets. Thus they are disjoint, and
X is T-2.

(T-2 = B2) Let X be T-2 and again suppose x == y. There must
exist disjoint open sets Q(x, €l, q1) and 2(y, €2, ¢2) from the basis
(**) containing these points. Disjointness implies that for any ze€ X
either d*(x, 2)(q1) = ¢l or d*(y, 2)(q2) = ¢2. Choosing & = 2min {1, €2}
and ¢ =qlUq2¢€ 4%, we easily see that d*(x, 2)(q) + d*(y, 2)(¢) = ¢ for
every z€ X. Thus d*(z, y)(q) = inf {d*(x, 2)(q) + d*(y, 2)(q):2€ X} = 0,
and d*(x, ¥) = 0 as desired.

We note that the above proof shows that d*(x, y) = 0 iff the
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points = and ¥ have no disjoint neighborhoods.

5. Characterizations of R-0 and R-1 inducing metrics. Although
Boltjanskii did not consider the properties R-0 and R-1 introduced
by Davis in [6], we can obtain complete characterizations of these
separation axioms in terms of any inducing semifield quasi-pseudo-
metric. We recall that a topological space is R-0 iff x belonging
to an open set implies that Z is contained in the open set. The R-1
axiom requires that two points with distinct closures be contained
in disjoint open sets.

In order to express our results consistently with our previous
theorems, we shall introduce the following condition.

DO. d(x, y) = 0 only for d(y, x) = 0.

We may now state the following characterization.

THEOREM 3. Let a topology on X be induced by the semifield
quasi-pseudo-metric d, then X s R-0 iff d satisfies DO.

Proof. (R-0=D0) Let X be R-0 and suppose x and y are such
that d(y, ) # 0. Then there exists some ¢ €4 and some ¢ > 0 such
that d(y, x)(@) = ¢ >0 and we have z ¢ 2(¥, ¢, ¢). The complement
of the sphere 2(w, ¢, q) is closed and does not contain y. By R-0
there must exist an open set G such that G contains that comple-
ment but does not contain y. But then x € G and so x € 2(x, ¢, ¢") =G
for some ¢'e4* and ¢ >0. Since ye@G, ye2(z €,q); ie.,
d*(z, y)(@') = ¢ and so d(x, y) = 0. Thus d satisfies DO.

(D0 = R-0) Let a belong to an open set G. Then x € Q(x, ¢, ¢)=G
for some ge 4 and ¢ > 0. If ye Qx, ¢, q), d¥(x, y)(@) =¢>0. By
DO, d(y,x) =0 so d(y,z)q)=¢ or x¢2y,¢,q) for some ¢ €4
and ¢ > 0. Thus y is not in the closure of x. It follows that the
closure of x is contained in Q(z, ¢, ¢) S G as desired.

We see immediately that such implications as T-1 = T-0 + R-0
follow from this result. For our treatment of the R-1 property we
shall introduce the following condition.

D1. d*(x,y) =0 only for d(z, y) = 0.

Before proving the next characterization we note that the closure
of a point x is exactly {z: d(z, x) = 0}.

THEOREM 4. Let a topology on X be imduced by the semifield
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quasi-pseudo-metric d, then X 18 R-1 iff d satisfies D1.

Proof. (R-1=D1) Let d(z, y) # 0 for some z, y€ X. As noted
above, x¢%. Since x€Z, we have T+ 7%. By R-1, x and v have
disjoint neighborhoods which, by the remark following Theorem 2,
implies that d*(z, y) = 0.

(D1 = R-1) Suppose « and ¥ have no disjoint neighborhoods.
Again, this implies that d*(x, ¥) = 0. By D1, we have d(z, y) = 0.
From the symmetry of d* it follows that d(y, ) = 0. By the
above remark, both xc¢% and y €Z. It follows that Z = 7 as desired.

We see immediately that such implications as T-2 = T-1 + R-1
and R-1 implies R-0 follow immediately.

6. Application to quasi-uniform spaces. Since every quasi-
uniform space is semifield quasi-pseudometrizable (the usual or
Pervin semifield quasi-pseudo-metric induces the quasi-uniformity),
we can now apply our results from the previous sections to the
case of quasi-uniform spaces. For quasi-uniform T-0 spaces,
Murdeshwar and Naimpally [9, p. 35] have given two characteriza-
tions, one in terms of the quasiuniformity & and the other in
terms of an inducing (real) quasi-pseudo-metric d.

(i) (X, &) is T-0 iff N {U: Ue &} is anti-symmetric.

(ii) (X, d) is T-0 iff d(x, ¥) + d(y, ©) = 0 only for = = v.

It is clear that our Theorem 0 yields the second of these results
immediately. In the case of 7T-1 spaces, again there are two
characterizations [9, p. 36]:

(i) (X, &) is T-1iff N{U: Ue &} = J¢ (the diagonal).

(ii) (X, d) is T-1 iffd(x, y) = 0 only for =z = y.

Again it is clear that our Theorem 1 yields the second result in
this case. For T-2 spaces, however, Murdeshwar and Naimpally
[9, p. 36] give only the single condition:

(i) XK )isT2iffn{UU:Ue}=Jx.

Using our Theorem 2 we can now give a condition for T-2 in terms
of an inducing (real) quasi-pseudo-metric d. For a real quasi-pseudo-
metric, d* = d and so condition B2 reduces to

inf {d(x, 2) + d(y, 2):2€¢ X} =0 only for x =y,

and we obtain the result

(ii) (X, d) is T-2 iff inf {d(x, 2) + d(y, 2):2€ X} =0 only for
=1,
or, equivalently.

(iii) (X, d) is T-2 iff d*(z, y) = 0 only for z = v.
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In the case of R-0 spaces, again there are two characterizations [9,
p. 38]:

(i) (X, &) is R-0 iff N {U: Ue &} is symmetric.

(ii) (X, d) is R-0 iff d(x, ¥) = 0iff d(y, ) = 0.
It is clear that our Theorem 3 yields the second result in this case.
For R-1 spaces, however, Murdeshwar and Naimpally [9, p. 40] give
only the single condition:

(i) X,&)is R1Lifin{UU: U} ={(=,¥):T =¥}
Using our Theorem 4 we can now give a condition for R-1 in terms
of an inducing (real) quasi-pseudo-metric d as follows:

(ii) (X, d) is R-1 iff d*(x, y) = 0 only for d(x, y) = 0.
This extends the earlier results also given in [8].

7. Application to quasi-gauge spaces. In his thesis [11] (see
also [12, 13]), Reilly has generalized many results concerning gauge
spaces (see [7]). Reilly defines a quasi-gauge space to be a set with
a family & of (real) quasi-pseudo-metrics inducing a topology by
taking as a subbase the family of all spheres S(z, ¢, »)={y: v(x, y)<e},
where pe and ¢ > 0. Clearly, the notion of a semifield-valued
quasi-pseudo-metric is equivalent to this and may allow a more
convenient notation and terminology.

Reilly calls a quasi-gauge &° on a set X augmented if for any
two elements p' and p® of &7 there exists an element p° in &7 such
that

P, ¥) = max {p'(x, ¥), P*(=, ¥)}

for all #, ye X. Further, the augmented quasi-gauge .t deter-
mined by & is the family of all quasi-pseudo-metrics of the form
max {p', .-+, p"}, where {p', ---, p"} is a finite subset of .Z7. He
shows that the family of all spheres using .&°* determines a base
rather than just a subbase for the topology for X.

It is clear that the augmented quasi-gauges are just the di-
rected semifield metrics we have used above. Other results given
by Reilly are easy to state in terms of semifield metrics. The fact
that every topological space is a quasi-gauge space is equivalent
to the result that every topological space is semifield metrizable;
indeed, the usual metric introduced above is based on Reilly’s usual
quasi-gauge.

From the identification between quasi-gauges and semifield
metrics, it follows that the separation axioms 7-0, T-1, T-2, R-0,
and R-1 could be characterized in quasi-gauge spaces by the corres-
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ponding translated versions of properties B0, Bl, B2, D0, and D1.
We will not carry out the details of this translation.
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