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FACTORIZATION-PRIME IDEALS IN INTEGRAL
DOMAINS

HeLeEN E. AbpAMS

In this paper we characterize a new set of prime ideals of an
integral domain D, called the set of F-primes of D, that we show
to have the following properties: (1) D is the intersection of all
D, where P is an F-prime of D; (2) all principal prime ideals
and all essential prime ideals (those prime ideals for which D5 is
a valuation domain) are F-primes; (3) if D is a GCD-domain,
then the F-primes of D are precisely the essential primes of D;
(4) D is a UFD if and only if the set of F-primes is precisely the
set of principal prime ideals of D.

Introduction. In this paper we show that in many considera-
tions involving both divisibility and prime ideals of an integral domain D,
one can restrict attention to those prime ideals which contain no
“relatively prime” elements of D — that is, nonzero elements a, b of D
whose only common divisors are units and whose only common multiples
are multiples of ab. Kaplansky’s “maximal primes of principal ideals”
[2, p- 34] have a closely related property, since each such prime ideal P
contains no elements which are relatively prime to a fixed element of
P.  And Sheldon [3] has shown that, if D is a GCD-domain, then the
essential prime ideals are precisely those prime ideals which contain no
relatively prime elements.

Section 1 contains the definition of this class of primes, which we call
“factorization” primes, or ‘‘F-primes’’ for short, as well as a characteriza-
tion of the essential prime ideals of D (that is, those prime ideals P of D
for which D, is a valuation domain) in a way that shows they are
F-primes. The section ends with an alternate characterization of F-
primes which shows that in a GCD-domain, the F-primes are just the
essential primes.

Section 2 looks at the structure of a domain D in terms of the set of
F-primes of D. We define an “F-ideal”’ of D (in such a way that the
prime F-ideals are precisely the F-primes defined earlier) and show that
every principal prime ideal of D is an F-prime (although principal primes
are not necessarily essential). The central result of this section shows
that one of the basic properties of the set of all prime ideals of D is
satisfied by the set of F-primes of D specifically the complement of a
saturated multiplicatively closed subset of D is a union of F-primes of
D. This has the immediate consequences that every nonunit of D is
contained in an F-prime of D; that every minimal prime ideal of D is an
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F-prime; and that D is a UFD if and only if every F-prime of D is
principal. Finally we show that M5 D, = D for the set ¥ of F-primes
of D. Thus the F-primes of D are just the essential primes only if D is
integrally closed.

While we have noted that every principal prime ideal of a Priifer or
GCD-domain is essential, in the concluding section we construct an
example of a domain possessing a principal (and thus F-) prime ideal
which is not essential. This domain is also interesting in that it contains
two principal ideals whose intersection is not finitely generated.

1. Definitions and basic results. In this section and the
next, D is an integral domain. Let a,b € D. Define a and b to be
relatively prime in D, and write (a,b) =1, to mean (a) N (b)=(ab)—
that is, a and b have only trivial common multiples in D. Note that if
(a,b) =1, then the only common divisors of a and b are units, but the
converse is not true. For example, if D is the ring of integers of
Q(V =5)and a =2, b =1+ V -5, then the only common divisors of a
and b are units. But 6 is a nontrivial common multiple of 2 and
1+V =5, and so a and b are not relatively prime according to our
definition. If D is a GCD-domain however, then (a, b) = 1 if and only if
GCD{a, b} =1 (see Gilmer [1, p. 76]).

An F-prime of D is a prime ideal of D which contains no relatively
prime elements of D. Thus the prime ideal P of D is an F-prime if and
only if P satisfies the following condition: given any a, b € P — {0}, there
exists ¢ € D — (b) such that ac € (b).

The following result shows that essential prime ideals of D are
always F-primes of D.

PrROPOSITION 1.1. Let P be a prime ideal of D. Then P is essential if
and only if P satisfies the following condition:

(1.1.1) given any a, b € P, there exists c € D — P such that ac € (b)
or bc € (a).

Proof. Let P be an essential prime ideal of D. Let a,b € P. If
a/b€ P, then a/b=d/c where ¢c,d €D and cZ P. Hence ac €
(b). Otherwise b/a € D, and there exists c € D — P such that bc € (a).

Conversely, let P satisfy (1.1.1). Let a, b€ D. If agP or bZ P,
then b/a or a/b € D,, and we are done. Solet a,b € P. If there exists
c €D — P such that ac € (b), then a/b € D,. Otherwise b/a € D,.
Thus D is a valuation domain and so P is an essential prime.

CoROLLARY 1.2. Every essential prime ideal of a domain D is an
F-prime of D.
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CoOROLLARY 1.3. In a Priifer domain, the essential prime ideals and
the F-prime ideals coincide.

Proof. The corollary follows since every prime ideal of a Priifer
domain is essential.

We shall see later that every F-prime of a domain D is essential only
if D is integrally closed.

The next result provides a useful characterization of F-primes and
relates F-primes to Sheldon’s PF-primes of GCD-domains.

PrROPOSITION 1.4. Let P be a prime ideal of an integral domain
D. Then P is an F-prime of D if and only if P satisfies the following

property :
(1.4.1) ift,x,y € D such thattx,ty € Pand (x,y) =1, thent € P.

Proof. Let P be an F-prime of D. Let t,x,y €D such that
tx,ty € P. If t& P, then x,y € P which contradicts (x,y) = 1.

Conversely, let P satisfy (1.4.1). Let a,b€ P —{0}. If (a,b)=1,
then 1€ P. Thus P is an F-prime of D.

CoOROLLARY 1.5. Let D be a GCD-domain. Then the F-primes of
D are just the essential primes of D (Sheldon’s PF-primes [3]).

Proof. Let t,x,y € D such that (x,y)=1. Then GCD({x, ty}=1t
(Kaplansky [2, p. 32]). Hence Proposition 1.4 shows that the F-primes
of D are precisely Sheldon’s PF-primes of D [3, Definition 2.1, p. 99]
which in turn are just the essential prime ideals of D [3, Theorem 2.2,
p- 99].

A more direct proof would be that every essential prime ideal is an
F-prime of D by Corollary 1.2, and it is a straightforward exercise to
show that every F-prime of D is essential in this case.

2. Structure of a domain using F-primes. To construct
F-primes for any integral domain D and to show that (M cs Dy = D, we
need the concept of an “F-ideal”. Define an F-ideal of D to be an
ideal J of D with the following property: if a,b,d € D such that
ad,bd € J and (a,b) =1, then d € J. From Proposition 1.4, F-primes
of D are the same as prime F-ideals of D.

ProrosITION 2.1.  Every principal ideal of D is an F-ideal.
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Proof. Let c€D. Let a,b,d € D such that ad, bd € (c) and
(a,b)=1. Then ad = ca and bd = cB where o, 8 € D. Hence aB =
ba and so a € (a) since (a,b)=1. Thus d € (¢c).

CoROLLARY 2.2. Every principal prime ideal of D is an F-prime.

Note that while every principal prime of a Priifer or GCD-domain is
essential (Corollaries 1.5 and 2.2), the example in §3 is of a domain
containing a principal prime ideal which is not essential.

Let B be an ideal of D. We shall show that B is contained in an
F-ideal of D, and we shall construct the smallest such F-ideal. Note
that while D is not an F-prime ideal, D is an F-ideal.

Let A C D. Define

A’ ={x € D: there exists a, b € D such that ax,bx € A
and (a, b) =1}

Then A C A’ since (1,1)=1. Denote the set of nonnegative integers
by N. Define B°=B and, for each n €N, B""'=(B"). Define
B =U,.xB".  We shall use the following lemmas to show that B is the
promised smallest F-ideal of D which contains B.

LEMMA 2.3. Let n€ N. Then B" is closed under multiplication
with elements in D.

Proof. (By induction) The lemma holds for n =0. Assume that
the lemma holds for n = k. Let x € B*"', y € D. Then there exist
a,b € D such that (a,b)=1 and ax, bx € B*. Now, by assumption,
axy, bxy € B*. Hence xy € B**' by the definition of B*"'. The lemma
follows by induction.

LEMMA 24. Letx,y € B". Then x —y € B™

Proof. (By induction) The lemma is true for n =0. Assume the
result for n = k. Let x,y € B**'. Then there exist a, b,c,d € D such
that ax, bx,cy,dy € B* and (a,b)=1, (¢,d)=1. By Lemma 2.3,
acx,acy € B*. Hence, by assumption, ac(x —y)€ B?*. Similarly
ad(x —y), bc(x—y), bd(x —y)€ B*. Hence a(x—y), b(x—-y)€E
B**'since (¢c,d)=1. Thus (x — y)&€ B***"since (a, b) = 1. The lemma
follows by induction.
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PROPOSITION 2.5. B is an F-ideal of D which contains B. If B CJ
where J is an F-ideal of D, then B C J.

Proof. The two preceding lemmas show that B is an ideal, and the
construction of B guarantees that it is an F-ideal containing
B. Furthermore, if J is an F-ideal of D and A is an ideal of D
contained in J, then by definition, A'CJ. Hence if B CJ, then B"CJ
for all n; and therefore B C J.

The following lemma helps us prove the basic structural results for
F-primes of D.

LEmMMA 2.6. Let A be an F-ideal and B be an ideal of D. If there
exist s €E B, t € D such that st& A, then there exists b € B such that
btZ A.

Proof. (By induction) There exists m € N such that s=
b, € B". Now there exist e, f€D such that (e,f)=1 and
eb,, fb, €B™"'. 1f eb,t, fb,t €A, then b,tE A since A is an F-
ideal. Hence eb,tZ A or fb,t& A: that is, there exists b, € B such
that b,_,tZ A. Thus by induction there exists b € B’= B such that
btZ A.

THEOREM 2.7. Let S be a multiplicatively closed subset of D. Let A
be maximal in the set of F-ideals of D disjoint from S. Then A is an
F-prime of D.

Proof. Let B and C be ideals of D which properly contain
A. Then B and C meet S. Let sEBNS and t€CNS. Then
st& A. Hence by Lemma 2.6, there exists b € B such that bt& A and,
again by Lemma 2.6, there exists ¢ € C such that bcZ A. Thus A isa
prime ideal of D, which completes the proof.

CoroLLARY 2.8. Every proper F-ideal of D is contained in an
F-prime ideal of D.

Proof. It is easily checked that the union of a chain of proper
F-ideals of D is a proper F-ideal of D. The corollary follows by Zorn’s

lemma.

THEOREM 2.9. Let S be a saturated multiplicatively closed subset of
D. Then the complement of S is a union of F-primes of D.

Proof. Let x€D-S. Then (x)CD-S since S is
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saturated. Since (x) is an F-ideal of D" (Proposition 2.1), then by Zorn’s
lemma, (x) is contained in an F-ideal J which is maximal in the set of
F-ideals of D disjoint from S. By Theorem 2.7, J is an F-prime of D,
which proves the theorem.

CoroLLARY 2.10. Every minimal prime ideal of D is an F-prime
of D.

THEOREM 2.11. D is a UFD if and only if every F-prime of D is
principal.

Proof. Let D be a UFD. Then by Corollary 1.5, every F-prime is
essential and hence, by the properties of a UFD, is principal.
Conversely, if every F-prime of D is principal, then by Theorem 2.9,

every non-zero prime ideal of D contains a principal prime. Thus D isa
UFD [2, Theorem 5, p. 4].

The following portion of an exercise from Kaplansky [2, Exercise 20,
p. 42] gives insight as to why MycsDp = D, where ¥ is the set of
F-primes of D. Recall that if A and B are ideals of D, then the set
B: A is defined to be {x € D: xA C B}, which is an ideal of D.

PRrROPOSITION 2.12. Let P be a set of prime ideals of D which satisfies
the following property: if a,b € D such that aZ (b), then there exists
P € P such that (b): (a)C P. Then NpeeDp = D.

Proof. Now D C N, D; since, for each PE P, D CDy. Let
a,b € D such that a/b € N;cp,D,. Let PE P. Then thereexist ¢, d €
D such that a/b=c/d and dg&P. Now ad€(b), and so
(b): (a)Z P. Thus a € (b), and so a/b € D. Hence D = ,c;D,.

LEMMA 2.13. Let a,b € D such that a& (b). Then (b): (a) is a
proper F-ideal of D.

Proof. Clearly (b): (a) is a proper ideal of D. Let tx, ty € (b): (a)
where f,x,y €D and (x,y)=1. Then there exist a, 8 € D such that
txa = ba and tya = bB. Hence txaf3 = tyaa: that is xB = ya. Hence
a € (x) since (x,y) =1, and so ta € (b). Thus t € (b): (a), which com-
pletes the proof.

Lemma 2.13, Corollary 2.8 and Proposition 2.12 give us:

THEOREM 2.14. Let & be the set of F-prime ideals of a domain
D. Then D = mpegDp.
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CorOLLARY 2.15. D is integrally closed if and only if Dy is integ-
rally closed for each F-prime P of D.

Proof. Kaplansky [2, Theorems 51 and 52, pp. 33 and 34].

COROLLARY 2.16. Let D be an integral domain for which every
F-prime is essential. Then D is integrally closed.

Proof. For each F-prime P of D, D, is a valuation ring which is
integrally closed.

3. Example. Thanks are due to Phyllis Cassidy for suggesting
examples of the following type occurring in differential algebra.

Let R =Q|x,y,z] where x,y,z are indeterminates. For each
n € N, define D, = Q[z,x/z", y/z"], an integral domain lying between R
and’ its quotient field Q(x,y,z). Define D = U,cxD, which is a
subdomain of Q(x,y, z) since, for each n € N, D, C D, ...

LEmMmA 3.1. Leta€ D. Then

(i) there exists m € N such that z"a € R;
(ii) there exists q € Q such that a — q € (2);
(iii) 1/z € D.

Proof. Since a € D, there exists n € N such that a € D,. Hence
k
a=2 qze(x/z")*(y/z")"
i=0

where ¢, € Q; k, a, B, v, € N; and like terms have been collected.

(i) Let m = max,<{n(B:+v.)—a}. Then z"a €R.

(i) Since, for each h €N, x/z" = (x/z"*")z and y/z" = (y/z""")z,
then x/z" y/z" €(z). If, for each i€{0,---,k}, &,=1 or B, =1 or
v: =1, then a €(z). Otherwise there exists j €{0,---, k} such that
a, =P, =v=0and so a =g, +b where b € (z).

(iii) Suppose a = 1/z. Then using the number m from part (i), we
have that

k
m-1 _ ,m, _ m+oa—n(B+v)y Biyy i
z z™a 2) qz wxty”
<

which is an equation in R. Since the right-hand expression equals the
monomial z™', it must have a single nonzero term, say the Oth term, with
both B, and y,=0. Butthen m + a;=m —1 and hence a, = — 1, which
contradicts the requirement that a, be a positive integer. Hence
1/z& D.
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ProOPOSITION 3.2. The ideal (z) is an F-prime of D, yet D, is not a
valuation domain.

Proof. (i) Now (z)# D since 1/z& D by Lemma 3.1(iii). Let I
be an ideal of D properly containing (z). Then by Lemma 3.1(ii), there
exists a € I such that a =q+b where g € Q, q#0, bE(z). Since
q'ED, ag'=1+bg '€ Thus 1€1] since bg™' € (z)CI Hence
(z) is a maximal ideal of D, and thus (z) is an F-prime of D by Corollary
2.2.

(i) We shall show that x/y& D, and y/x& D,. Let x/y =a/b
where a,b € D. Then ay = bx. By Lemma 3.1(i), there exist m,n € N
such that z™"a,z"b € R. Now z"(z™a)y = z™(z"b)x which is an equa-
tion in R. Hence y divides z"b and x divides z™a in R, and so y/z"
divides b and x/z™ divides a in D. Thus a,b € (z) since y/z", x/z™ €
(z). This completes the proof that D, is not a valuation domain.

PrROPOSITION 3.3.  Inthe domain D, the ideal (x) N (y) is not finitely
generated.

Proof. Let a €(x)N(y). Then by Lemma 3.1(i), there exist
a,b€ R and hym € N such that a = x(a/z")=y(b/z™). Rewriting
this as an equation in R, we find that x divides b in R. Thus there exists
¢ €ER such that a =xyc/z™. Suppose that (x)N(y) is the finitely
generated ideal («;, - - -, ;) where a, € D. Then, for each a, there exists
m, € N such that « € (xy/z™). Let M = max,<;={m;}. Then each
@ € (xy/z™). Hence (a;, -, a)C(xy/z™). Now xy/zM'& (xy/z™)
since 1/z&D. But xy/zM'€(x)N(y) which contradicts the
supposition. Hence (x) N (y) is not finitely generated.
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