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METRIC COMPONENTS OF CONTINUOUS
IMAGES OF ORDERED COMPACTA

JOSEPH N. SIMONE

In this paper the metric component of each point of a
Hausdorff space is defined. Several properties of the metric
components of continuous images of ordered compacta are
then established.

A compactum is a compact Hausdorff space and a continuum is
a connected compactum. Any Hausdorff space which can be obtained
as a continuous image of an ordered compactum will be called an
IOK. Let X be a Hausdorff space. Define the relation ~ on X by
x ~ y if and only if there exists a metric continuum in X containing
x and y. For each x in X, let Mx = {y e X\x ~ y). Mx is called the
metric component of x. In this paper we will study the properties
of metric components of connected IOK's. Our first theorem follows
immediately from the above definitions.

THEOREM 1. For each Hausdorff space X, ~ is an equivalence
relation on X and Mx is connected for each x in X.

In general, the metric components of connected IOK's do not
have to be compact. This can be seen by considering the "long line."
However, under the hypotheses of the next theorem, we obtain the
desired result.

THEOREM 2. If X is a first countable IOK, then Mx is a con-
tinuum for each x in X.

Proof. Let xeX. We will show that Mx is closed in X. Let
y be a limit point of Mx and let {Un \ n e N} where N denotes the
set of natural numbers, be a countable base at y. For each n, let
xn e Un Π Mx and let Kn be a metric subcontinuum of X containing
x and xn. Let K = Cl \Jn Kn. Clearly, K is a continuum and x, y e
K. Since each Kn is separable, it follows immediately that K is
separable. However, if is a closed subset of X, and therefore K is
a separable connected IOK. It follows that K is metrizable [8].
Thus, yeMx and hence Mx is closed.

A space X is paraseparable (Suslinian) if each collection of
disjoint nonempty open sets (nondegenerate continua) in X is countable.
Every Suslinian continuum is paraseparable [7] and every parase-
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parable IOK is first countable [5]. Thus, every Suslinian connected
IOK is first countable. If S is a net whose domain is the directed
set D, then we will use the notation {Sa,a e D) for S. When dealing
with sequences, JV will always denote the set of natural numbers.
If X is a space and A £ B £ X, then we will use the notation 3B
to denote the boundary of B in X and the notation dBA to denote
the boundary of A in the subspace B.

The following theorem is due to A. J. Ward ([9] and [4]).

THEOREM 3. If X is an IOK and {Fn, n e N} is a sequence of
disjoint closed subsets of X, then lim sup Fn is separable.

We give a proof for the case when X is paraseparable, which
is all that we require.

Proof. Suppose that X is a paraseparable IOK. Then the boun-
dary of every open subset of X is separable ([5] and [3]). Now,
each Fn is closed, and therefore 3(X — Fn) is separable. Since each
F% is closed, dFn = 3(X — Fn), and therefore dF% is separable for
every n. Hence \Jn 3Fn is separable and therefore Cl \Jn dFn is
separable. Let F = Cl \JnFn. Since {Fn, neN} is a sequence of
disjoint closed sets, we have that

Cl U ^» = ΌFn U lim sup ί7..

Now, F is a closed subset of X and hence F is a IOK. Thus, F is
paraseparable, and therefore each F-open set is an Fσ in F [5]. Let

M=\JF*-\\m sup Fn .

Now, F — M = lim sup i^Λ, and hence Λf is .F-open. Thus, M is an
Fσ in ί7, and therefore dFM is separable [3]. Furthermore, since F
is closed, ilf Q F, and Λf is .F-open, it follows that dFM = M Π (F - M).

Let

S - Cl U dFn U â ikf .

Since S is the union of two closed separable subspaces of X, £ is a
separable IOK. We claim that lim sup Fn Q S. Suppose that x e
lim sup Fn — dFM. Then x$M. Let V be an open set such that
x 6 V Q X - M. There exists an nQ such that VΓiFnoΦ'0- Since
VΠ([JnFn - lim sup F J = 0 , VΠ(F%0 - lim sup F J = 0 , and hence

F Π ^ c lim sup F w Q C1(X - F.o) .
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Therefore

( F Λ O ) ) = V n d F n o Φ 0 .

It follows that Vf)\Jn dFn Φ 0 , and hence x e Cl \Jn 9Fn. Therefore
lim sup Fn £ S. Since every closed subset of a separable IOK is
separable [5], it follows that lim sup i^, is separable.

THEOREM 4. If X is a Suslinian connected IOK, and Y =
{Mx\xel}, then Y is an upper semi-continuous decomposition of X.

Proof. By Theorem 2, each Mx is a continuum. Thus, Y is
certainly a decomposition of X. Let HeY and let U be an open
set such that H QU. Now, since X is Suslinian and the elements
of Y are disjoint continua, Y has only countably many nondegenerate
members. Let & denote the set of all elements M of Y such that
M Π U Φ 0 and Mς£U. Since each element of ^ is nondegenerate,
5f is countable. Let K = ClUS^7. We claim that KnH = 0 . Sup-
pose xeKΠ H. Since each element of ^ is disjoint from iί, it
follows that & is infinite. Let ^ = {Kn\n eN). Since {iΓ%, neN}
is a sequence of disjoint closed sets,

Cl U Kn = U #• U lim sup JSΓ. .

Since HπKn = 0 for each w, it follows that a; e if Π l i m s u p ^ . Let
{Z7% I w e JV} be a monotone decreasing countable base at x. Clearly,
there exists a subsequence {Kn., ieN} of {Kn, neN} such that i^ . Π
JJ.-Φ 0 for all i. It follows that x e lim inf iΓ%.. Thus, lim sup Kn.
is a continuum. By Theorem 3, lim sup Kn. is separable and therefore
lim sup JK .̂ is a metrizable continuum [8]. Now, for each Kn., Kni ςt
U, so that Kn. Π (X — U) Φ 0 . Since X — C7 is compact, there exists
a 7/ in X — U such that y e lim sup Kn.. Thus, lim sup ϋΓ%. is a metric
continuum containing x and 2/. However, this is impossible since H
is the metric component of x, H £ £7, and y$U. It follows that
Kf)H — 0 . Let F — ?7 — K. Then F is an open set, and, clearly,
HQVQU. Let L 6 Γ such that L Π F ^ 0 . Then, L n ί/^ 0 , and
since F = U - Cl LL Knf it follows that L Q U. Thus, Γ is upper
semi-continuous.

Whenever {A \ A e Y) is a decomposition of X, it is to be assumed
that Y is given the quotient topology derived from the topology of
X, and that p denotes the natural map from X onto Y given by
p(x) = A where xeAeY.

THEOREM 5. Let X be a Suslinian connected IOK and let 3Γ =
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{Mx\xeX}. If K is a subcontinuum of Y, then p~\K) is a subcon-
tinuum of X.

Proof. Let K be a subcontinuum of Y, and let if* = p~\K).
Since Y is upper semi-continuous, p is continuous and closed. Thus,
if* is a compact subset of X. Suppose that if* is not connected.
Then if* is the union of two disjoint closed subsets A* and J3* of
X. Let A = p(A*) and B — p(B*). Then A and B are closed subsets
of Y and A\J B = K. Since if is connected we must have that
A n B Φ 0 . Let Ms 6 A Π B. Then M,. e p(A*) Γ) p(£*), and hence
there exist an a in A* and a 6 in 5* such that p(α) = p(b) = ϋfβ.
Thus, ikί* S if* = A* U JB* But Λfz Π A* ̂  0 and I e n 5 * ^ 0 ,
which contradicts the fact that Mx is connected. Therefore if* is a
continuum.

THEOREM 6. If X is a Suslinian connected IOK, £fee% Mx is
metrizable for each x in X.

Proof. Let xeX. If Mx = {#}, then, clearly, Afx is metrizable.
So suppose that Λfβ is nondegenerate. Let Sf denote the set of all
collections of disjoint nondegenerate metric continua contained in Mx.
Clearly, Sf Φ 0 . By Zorn's Lemma it follows immediately that Sf
has a maximal element ^€. Since X is Suslinian, ^€ is countable.
Let ^£ — {Mn\neN'}, where N' is some subset of N.

Now, since each Mn is a metric continuum, each M% has a coun-
table dense subset Dn. Let D — \JnDn. Then J9 is countable. We
claim that D is dense in Mx. Suppose that y eMx — D. By definition
there exists a metric continuum if such that yeKQMx and if Π
D Φ 0 . Let Z7 be any open set containing y and let V be an open
set such that yeV, ΫQU and if n (X - V) Φ 0 . Then if n V is a
proper if-open set. Let C be the component of y in K Π F. Then
C (Ίδ^if Π F)=£ 0 [2], and hence C is a nondegenerate subcontinuum
of Mx. Furthermore, C £ if and therefore, C is metric. Since ^ ^
is maximal, C C\ Mn Φ 0 for some n. However, C QU, and hence
UΓ\ Mn Φ 0 . But then Ϊ7Π D Φ 0 , so /̂ e S . Thus, D is dense in
Mx. Since M^ is a connected IOK, it follows that Mx is metrizable
[8].

A continuum X is netlike if each pair of points in X can be sepa-
rated by a finite set. The following theorem is proved in [7].

THEOREM 7. If X is a paraseparable continuum containing no
nondegenerate metric subcontinuum, then X is netlike if and only
if it is an IOK.
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THEOREM 8. // X is a Suslinian connected IOK, and Y =
{Mx\xeX}, then Y is a netlike continuum.

Proof. Let Y = {Mx \ x e X}. Then Y is an upper semi-continuous
decomposition of X and Y is a continuum. Let p be the natural
map from X onto Y. Since Y is upper semi-continuous, p is continuous
and closed. It follows from Theorem 5 that Y is Suslinian. Therefore
Y is a paraseparable connected IOK.

We claim that Y contains no nondegenerate metric subcontinuum.
Suppose that K is a nondegenerate metric subcontinuum of Y. Let
H = ^"^JSL ). By Theorem 5, H is a nondegenerate subcontinuum of
X. Now, since X is Suslinian, Y has only countably many nonde-
generate members. Let {p(xn)\n eN'}, where Nr S-N, denote the
set of nondegenerate elements of Y contained in H. By Theorem 6,
each MXn is a metric continuum and hence contains a countable dense
set Dn. Now, K is a metric subcontinuum of Y, and hence K has
a countable dense subset E. Let F = E — {p(xn)\ne N'}. Thus, if
Mx e 2<\ then Mx = {x}. Let A = p~ι{F). Then A is a countable subset
of X Let ΰ = 4 U U f l r Z) is a countable set. We claim that
D is dense in H. Let C7 be an ff-open set. If UπMXnΦ 0 for some
n, then Uf)Dnφ0 and therefore Uj]Dφ0. Suppose that Uf]MXn= 0
for each n. Thus, if α; e C7, then p($) = {x} and therefore p~1(p(U))= U.
Hence

p(iί - EO = PtEO - P(U) = K - p(tθ .

Now, since H — U is a closed set and p in a closed map, K — p(U)
is closed. Thus, p(U) is iΓ-open. Hence p(U) Π E Φ 0. However,
xeU implies that p(x) = {x}, and therefore p(U) (Ί F Φ 0 . Let
{y} zp(U)f)F. Then ?/ e A and 7/ e p~ι{p{U)) - ί7, so that UΠ A Φ 0.
Thus, U Γι D Φ 0, and therefore D is dense in H. Since if is a
separable connected IOK, H is metrizable, and therefore p(H) = K
is degenerate. Hence Y contains no nondegenerate metric sub-
continuum. By Theorem 7, Y is netlike.

An hereditarily locally connected continuum is a continuum in
which each subcontinuum is locally connected. By combining Theorems
4, 6 and 8 we immediately obtain the following result.

THEOREM 9. If X is a Suslinian connected hereditarily locally
connected IOK, then there exists an upper semi-continuous decomposi-
tion Y of X such that the space Y is a netlike continuum and each
element of Y is a Peano space.

The author would like to thank Professor A. J. Ward for his
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comments on this paper, and in particular for his remarks which led
to the present form of Theorem 6.
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