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SEQUENCES OF BOUNDED SUMMABILITY DOMAINS

R. M. DEVos AND F. W. HARTMANN

C. Goffman and G. N. Wollan conjectured that the bounded
summability field of a regular matrix A is so thin that the
union of countably many such sets is not dense in m. G. M.
Petersen proved this conjecture. This result is strengthened
by showing if A is a noncoercive matrix whose summability
field contains all the finite sequences then its bounded sum-
mability field is so thin that the union of countably many
such sets is not dense in m. An example is given to show
that the condition of containing the finite sequences is
necessary.

Preliminaries. Let m and ¢ be respectively the Banach spaces
of bounded and convergent sequences, x = {x,}, of complex numbers
with norm ||z||. = sup, |2.|, B, ) = {z€m: ||z + 2z||. < r}. Denote
the wnth section of = by P,(x) = (¢, +--,2,, 0,0, ---). For each in-
finite matrix A the set of x transformed by A to convergent se-
quences is called the summability field of A and denoted by ¢,. The
set of bounded sequences in ¢, is called the bounded summability
field of A and is denoted by .24 A is called conservative if and
only if ¢, De¢, regular if and only if A is conservative and limits
are preserved, coercive if and only if ¢, D m. If A = (a,.), then the
A transform of 2 is designated by Az = {(4x),} = {3 ¢} A is
conservative if and only if || All. = sup, Do | @] < o0, @, = lim, a,,
exists for each k¥ and lim, >}, a,, exists [5, p. 165]. A is coercive
if and only if 3. |@..| converges uniformly in % and a, exists for
each k [5, p. 169]. Define the essential norm of A by |4, =
lim sup,, >}, |®.. — @,| Whenever a, exists for each k. (Note || ||, is
not a true norm, since || ||, may be infinite.)

Let E~ be the set of all finite sequences and N, the set of all
sequences of 0’s and 1’s. Using binary expansions there is a natural
injective mapping of (0, 1) onto all but a countable subset of N,.

MAIN RESULTS. C. Goffman and G. N. Wollan conjectured [4]
that the bounded summability field of regular A is so thin that the
union of countably many such sets is not dense in m. G. M. Petersen
proved this conjecture [6]. We strengthen that result and show
that in a certain sense our result is best possible.

THEOREM. Let {A,}be a countable collection of noncoercive matrices
with DO E>, 1=1,2, -+, then U2, . is not dense in m.

We prove the theorem through a series of lemmas. Since we
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want E*~ C .27 we shall assume all A in the sequel have convergent
columns.

LEMMA 1. Let ||All. < « then ||A|, =0 tf and only if A is
coercive.

Proof. Suppose A is coercive. Let ¢ > 0. There exists k,
20 law] <¢/3
k=k0+1

for all n. Since {a,} €', there is a k, such that &k > k, implies

S la] < €/3 .

k=ley+1

Let k, = max (k, k,). There exists n, = n,(k,) such that n > n, implies
ko
,Zf @ — ai]| < €/3 .

Let n > n, then

0 kz
Sl — @] = X @ — @] + | @ — @]
k=1 k=1 +1

k

Ms M

ke "
=3 0w — o] + ] + > |a
k=1 k k=kgy+1

<€e3+¢e3+¢eB=c¢.

=kg+1

Conversely assume A is noncoercive. There exists ¢ > 0 and
an increasing sequence of positive integers {n(p)};., such that
S pt1 | @uim] > €. There exists k, such that Y. .. @] < &/2. Pick
p with p >k, then

o

DG — @l Z D Qi — el
k=1 k=ko+1

o

> G —ksz:“ [ ]

k=koy+1
=ec—¢l2=¢/2.

v

Therefore || A||, > 0.
Let I'(¢, ¢) be the Banach algebra of conservative matrices and

2% be the ideal of compact operators. It is well known [8] that
Ae 97 if and only if A is coercive. [I'(e, ¢)/.2¢ is a Banach algebra
and is called a Calkin algebra [2]. It is easily seen that || ||, is the
norm in the Calkin algebra.

LEMMA 2. Let ||A]l, < o and a and b be cluster points of Aw,
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xem, then |la — b| =< 2|| Al ]| % ]|«

Proof. Let o and b be cluster points of Ax and & > 0. There
exist increasing sequences of positive integers {n(¢)}, {m(j)} and N,
such that for n(7), m(j) > N,

]; @i, 6T — al <e
and

\; @), 6l — b’ <e.

There exists N, such that » > N, implies
; lank - ak[ < ”A”c + €.

Let n(3), m(4) > max (N,, N,) then

la —b| = Ekla%(i),kxk — gam(,-,,,,xk + 2¢
= Ek:. | @i — @mene| |22 ] + 2
= |lz]l. Ek‘. [(@neire — @) — @misre — @i)| + 2€
s llello(lAll, + e+ 1Al + &) + 2¢.

Since ¢ is arbitrary the conclusion follows.
The next lemma is due to Bennett and Kalton and appears as
Lemma 7 of [1, p. 577].

LEMMA 3. (Bennett and Kalton). If 2z, 2, +<+, 2, ©8 any finite
collection of complex numbers then there exists a subset J(n) of
{1, -+, »} such that

1 n
= —
jeJ(n) = 4 ;—1' ]

LEMMA 4. If ||A|| = o, then there exists E(A) with E(A)CN,,
N\E(A) of first category and if uw <€ E(A) then B(u, 1/32) N .7 = Q.

Proof. Case 1. Assume all the rows of A are in s Let
[|A|| = «. Pick sequences n(k) and q(k) inductively such that (1) =1
and

(i) Zi-q(kH—l [ @il < 27F

(i) iy | Guan,:i| > (65/7) sup; {Zq(k agl}

By Lemma 3 select J(k)C{g(k — 1) + 1, ---, q(k)} with
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q(k)
l @), zl

Z @),

i€J (k)

=1
T4

q(k—

For each natural number % define the sequence u* by uwi =1 if i¢
J(k), wt =0 if i ¢J(k). Let

Oy, = {u e Nyt (Pyyy — Pyi—ny)(u — u*) = 0} .

If E(A) = Ny Ui O, then E(A) is of second category. [Ui-.O:
is open and dense, hence by the Baire theorem FE(A) is of second
category.] Let uwe E(A) and ||2]l. < 1/32. wu is in an infinite num-
ber of the O,. Let ucO,. Then

I (A(u + z))n('r) I I (Au)n(r) I I (Az)n(r) [

o) q(r—1) o
Z ; Z Qi)W Z an(r),iui ) Z Qopiry, i Ws
fratrmh o=t i=q(r)+1
1 oo
- = a
32 Z-‘i l n(r),t ’
1 & 33 og5n
= — a ) a
T4 ¢=q(rz—“1)+1! n(r)’ZI 32 ?;“ l ”“’”I
33 & 1 a(r)
Y Cniril ~ o5 Cnir),i
32 i=%+1| n(r),z' 32 i=q('r—1)+1‘ n(,)’ll
T 38 a(r=» 33
= — a | 99 a | 389
32 'i=q(§;1)+1l n(r)’zl 32 g{ ] ”(”'l] 32

Vi 5 q(r—1) } 33 { q(r—1) } —r
-~ 765 _ 38 _
Z o sup{ Z || 55 50D Z lag|; — 2

(r—1)
zsup 'S faul} — 27— as 1.

Hence the A transform of w + z is unbounded.

Case 2. Let A have one row, x, not in ~'. Let B = (b,,) where
by =P,(x), n=1,2,+.-.. Then & Cc <& and B satisfies the hy-
pothesis of Case 1. Let E(A) = E(B) then E(A) N & = @ and E(4)
satisfies the other conditions of the lemma’s conclusion.

LeMMA 5. If ||A]| < =, and A is moncoercive then there s
E(A) with E(A) & N,, N\E(A) is of first category and if u € E(A),
then B(u, 1/32) N %7 = Q.

Proof. Case 1. Assume a,=0, k=1,2, -.-. Let a" be the
nth row of A. Using an argument similar to that of Petersen and
Baker [6] (see also the construction of Lemma 4) it can be shown
that without lose of generality one may assume that the rows and
columns of A are in E~ and moving to the right, (if P;a® = 0 then
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Pjam =0 for m =n). By Lemma 1 ||A||, > 0. Hence there exists
increasing sequences n(j) and 7(j) of positive integers such that
(1) XiDG-na | Guinel > ([ Al/2
(ii) (Pppy — Prgp)a™? = a™9,
Let J(27) be a subset of (25 — 1) to r(27) — 1 with

1 LAl

= [ @niiri| = 3

> @ik

kedJ(25)

4 j=riEi—n+1

(see Lemma 3). Define O; ={ueN;yu,=1 if keJ?2j), u, =0 if
27 —2)+ 1=k = 1r2j7), k¢J(27)}. Since only a finite number of
coordinates are specified for elements of O;, O; is open. For each
k, U7 O; is open and dense, hence by the Baire category theorem.
Ni-. U, 0; is of second category. Let E(A) = {ue N, Au has
cluster points, a, b, with |a — b| = ||A]|./8}. By construction each
element of N, U« O; has 0 and o (|a| > || 4][,/8) as cluster points
thus E(A) is of second category. Let u < E(4) and ||2|.. < 1/32 and
consider A(u + 2). Awu has two cluster points separated in distance
by at least || A||./8, and A(z) has cluster points separated by at most
2(1/32)||A||, (Lemma 2). Therefore A(u + z) has at least two cluster
points; hence u + 2 ¢ 4

Case 2. Let a, # 0 for some k. Define B = (b,,) where b,, =
ay, M k=12 ---. B transforms every bounded sequence to a con-
stant sequence, thus the cluster points of (A — B)u, w€m, are a
shift of those of Au, and A — B satisfies the hypothesis of Case 1.
Thus the conclusion follows in a manner similar to Case 1.

Proof of Theorem. Let A, be a countable collection of non-
coercive matrices with &> E~, 7=1,2, ---. By Lemmas 4 and 5
for each 7 there exists E(A;) & N,, E(A,) of second category, and if
we E(A), Bu,1/32)N = @. Thus N E4) + @ and if ue
N, E(A,), then B(u, 1/32) N (U, ) = @. Hence UL, .97 is not
dense in m.

Goffman and Wollan in [4] gave an example of a countable
family of FK spaces contained in m whose union is dense in m.
They can be realized as summability domains in the following manner.
Let {r;} be a denumeration of the nonzero rationals. Define A, =

(ai)) by
(i) e =r, a4 =—-1, n=1,8,5, .-
(ii) e =—-1, ad =77, n=2,4,6, -

¢ =0, k=3, n=123,---.
Then & = {(x,)5=1: &, = X, &, = 7%, %, arbitrary for k¥ = 3 and « com-
plex} N m. Each .%4 is nowhere dense in m, but Uz, .94 is dense.
Note, however, that .97 2 E~. Hence the hypothesis that each



338 R. M. DEVOS AND F. W. HARTMANN

%, 2 E~ cannot be removed and our result is in some sense best
possible.

Although we have proved our result only for .&7, we conjecture
that the following more general result holds:
Conjecture. If {F} is a countable collection of FK-spaces each con-
taining E* but not m, then Uz, F; is not dense in m. (See [8] for
definitions and basic results.)
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