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OSCILLATION CRITERIA FOR GENERAL LINEAR
ORDINARY DIFFERENTIAL EQUATIONS

TAKAST KUSANO AND MANABU NAITO

Lovelady has recently proved the following oscillation
theorem.

THeOREM. Let n = 4 be even and ¢: [a, co) —> (0, o0) be con-
tinuous. If S t*2q(t)dt < co and the second order equation

d*z < 1
dt? (n — 8)!
is oscillatory, then the nth order equation
™ + q(t)z=0

S:c (s — t)»%q(s)ds )z =0

is oscillatory.
In this paper the above theorem will be extended to a
class of differential equations of the form

1 4 1 d d 1 d =

—_— e et —

2.(8) dt p,_i(t) dt dt pi(t) dt po(t)

+qt)xr=0.

Let n = 4 be an even number, let p,, 0 < ¢ < #, and q be positive
continuous functions on [a, ), and consider the linear differential
equation

(1) L+ qit)xr =20,

where L, denotes the general disconjugate operator

(2) L,=-—+ ¢ 1 ¢ o 1 a .
p,(t) dt p,_,(¢) dt  dt p,(t) dt p(t)

We introduce the notation:

D'(x; po)(t) = 2(t) ’
(2; Do) 0
(3) 1 d

D.f ; y t_—: _Dj—l ; , . t’
(#; o 2;)(t) D) (5 Do D;-1)(¢)

l=j=mn.
The differential operator L, defined by (2) can then be rewritten as
Ln = D”('; Doy ** pn) .

The domain &' (L,) of L, is defined to be the set of all functions
z: [a, =) — R such that Di(x; p, -+, p;)t), 0 < j < n, exist and are
continuous on [a, ). By a solution of equation (1) we mean a func-
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tion x € & (L,) which satisfies (1) on [a, ). A nontrivial solution
of (1) is called oscillatory if the set of its zeros is unbounded, and
it is called nonoscillatory otherwise. Equation (1) itself is said to
be oscillatory if all of its nontrivial solutions are oscillatory.

The study of the oscillatory behavior of higher-order ordinary
differential equations goes back to Kneser [12] and has received a
great deal of attention up to the present. For typical results on the
subject we refer to the papers [1, 2, 4-6, 8, 10, 11, 13, 14, 16, 18].

In what follows we are primarily interested in the situation in
which equation (1) is oscillatory. We have been motivated by the
observation that there are very few effective criteria for equation
(1) with general L, to be oscillatory, though equation (1) and its
nonlinear analogue have been the object of intensive investigations
in recent years. The desired oscillation criterion is established in
§2. It generalizes an interesting oscillation theorem of Lovelady
[15] for the particular equation z™ -+ q(t)x = 0.

1. Preliminaries. We begin by formulating preparatory results
which are needed in proving the main theorem in the next section.

Let 4,e{l, ---,n —1}, 1k <n—1, and ¢ sea, ). Gener-
alizing upon notation introduced by Willett [19], we define

I,=1,

(4) ¢
Ik(t; 8 Dy =y pzl) = S pik(u)lk—l(u) 8 Dippy pzl)du .

It is easy to verify that for 1<k <n —1

(5) Lty 8 Duy ===y Do) = (= DFL(S, 600y -, Dyy)
t
(6) Lty 59y -+, 2) = | D@Lty 5P -+, D)

For convenience of notation we put
(7) Ji(¢, 8) = D) L&, 8501, -0, ), J8) = QG a)
(8) Kz(t, 3) = pn(t)Iz(ty 83 Pp—1y ="y pn-—z) ’ Kz(t) = Kz(t: a’) .

LemMMA 1. Ifxe 2(L,), then fort, sela, «)and 0=Zi<k<n-—1
D(w; Doy -+ -, D)) — D@5 Doy -+, PI(S)

k . . .
( 9 ) = j§‘+1(—1)-7_"_D7(x; Doy **°y pj)(s)-[j—i(sy t; Djy * 7y pi+1)

+ (=1)F gt L_i(u, t; D4y -+, Do) Dira(w)

X D*x; oy -+ -y Dir) (W)U .



OSCILLATION CRITERIA FOR GENERAL LINEAR 347

This lemma is a generalization of Taylor’s formula with remain-
der encountered in calculus. The proof is immediate.

LEMMA 2. If there exists an eventually positive function ye
(L, satisfying
(10) Ly+qty=0

for all large t, then equation (1) has an eventually positive solution.

This lemma exhibits an important relationship between the dif-
ferential equation (1) and the differential inequality (10). For the
proof see Canturija [3].

In what follows we assume that

(11) Sw pt)dt = o for 1=i<mn—1.

The operator L, satisfying condition (11) is said to be in canonical
form. It is known that any operator L, of the form (2) can always
be represented in canonical form in an essentially unique way (see
Trench [17]).

LemmA 3. Suppose (11) holds. If x e &I (L,) satisfies x(t)L,x(t) <0
on [, =), then there exist an odd integer I, 1 <1 =<n —1, and a
t, > t, such that

(12)  =@®D(@; po, -+, p)E) >0 on [t, =) for 0=j5=1,

(13) (=1 @) Di(w; po, -+, PI(E) >0 on [E, =)
Jor l+1=j<mn.

This lemma generalizes a well-known lemma of Kiguradze [9]
and can be proved similarly.

2. Main Result. The best oscillation theorem known to date
for equation (1) is the following theorem due to Trench [18].

THEOREM A. Suppose (11) holds. If
(14) r Jo K, (a®)dt = > for i=1,8 -+, n—1,
then equation (1) is oscillatory.

A question naturally arises as to what will happen when condi-
tion (14) is violated. In fact, Theorem A cannot cover an important
class of Euler’s equations of the form
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am dmx
15 O paim &L pemy 0, =1,
(15) ar g

where « and ¢ > 0 are constants with a + m < 1, since in this case
the integrals appearing in (14) converge.

An answer to this question is given in the following theorem,
which reduces the oscillation of equation (1) to the oscillation of a
certain set of second order linear differential equations.

THEOREM B. Suppose n = 4, (11) holds, and the integrals in (14)
converge. Define

(16) 0t) = Do) | T, DK, g,
1=138 -, m—3;
an @oi® = .0 | T, DK, D

Then equation (1) is oscillatory if the second order equations

A dz =0, i=1,3 - n—1,
g o ar -~ LO# t "

are osctllatory.

Proof. Suppose x(f) is a nonoscillatory solution of (1). We may
suppose 2(t) is eventually positive. Let ¢, = a be such that z(¢) > 0
for t = t,. Lemma 3 implies that there exists an odd integer I,
1=<1<n—1, such that (12) and (13) hold for ¢ = ¢,, provided ¢, > ¢,
is sufficiently large.

Suppose 1 1<% —3. Then, from Lemma 1 applied to x(¢)
with i =1+1, k=n —1and s=t =t it follows that

D' (@5 0o, v vy D)) — DU (5 0o, -+, Draa)(S)

n—1 . N
= 2 (—=1)"Di(x; po, -+, 018, E5 Dy, c 0, Dive)

PRty
0 L 0, IR D@ By <, B
Using (12) and (13) in the above and letting s — o, we have
19) — Dy e, D)D)
S X AT R R

fort = ¢,. Ifl = 3, then using Lemma 1 again (with: =0,k =1 — 2,
s=1t and t = t,) and (6), we get
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D*(x; po)(t) — D5 po)(t.)
= 3 (1D 2y -+, PAGL(E 5 Dy -+, B
(0 B 6 i OB WD @ By -, P
= 3 D@ w0y -+, DA i By -+, P
+ S:l I o(u, t; isy -+ ) DOD1(W)D (25 P, + -+, D1 (W)W .
Thus in view of (12) we obtain
(20) D@ p)0) Z | Jonlts 05 01+, DedPs)D' 5 2y p1) )
for t = t,. Combining (19) with (20) yields
—DH®; oy -+ -5 D) (D)
= Sj Du(W) Loy _o(Uy €5 Doy =+ 5 Disa)q(w)Do(u0)
X St. I_(u, v; Dy, * -+, Di_o)Dia(0) D@5 D0y -+, Do) (V)dvdu
= Sj Pa() Ly _o(y 5 Doy -+ 5 Di42)q(u)Do(u)
| B, v, o, pIBOD @ By -, L) @)V

for ¢t > t,. Since D*'(z;p,, ---, p_,) is increasing, we conclude from
the above that

— D" (@; oo, -+, Dir)(P)

= DY@ 0oy -+, D)) St DU Loy (U, &5 Dpsyy =+ +, Div2)
(21) X q(u)po(w) St I_y(w, v; py, -+, Di_) D (V)dVdU

= D' (@; 2y, -+, D)) rpﬂ(u)lﬂ_z_z(u, b Dasy * 7 *y Diva)
X q(u)p() Iy o(u, 85 2y, -+, Dr)du
where we have used formula (6). Let y(t) be given by
Y(@) = D' (@5 Doy <+, D)) -
Note that y(t) > 0 and in view of (21)
:

(22)  —=D™(@; Dy, -+, D)) = Y(@) S K, i 5(u, t)J:_,(u, t)g(uw)du
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for 3<l<n—1 and ¢t =¢. That (22) is true for I =1 follows
immediately from (19). Since dy(t)/dt = p,(t)D'(x; Dy, - -+, D)), We
have

4 1 dy®) _ p . 6)D a5 p, - -- t
G dr - PrODTE By s 2B

which together with (22) implies

4 _1 dy)
oD dr e =0,

where ¢,(t) is defined by (16). Now from Lemma 2 it follows that
the equation

4 1 dz | oimz=0

dt p,(t) dt

has a nonoscillatory solution. But this is impossible by hypothesis.
Finally, suppose | = n — 1. Integrating (1), we have

@) Dwim, e, 2O 2 | m@esdn,  tzt.

On the other hand, application of Lemma 1 to the case where ¢ = 0,
k=mn—38, s=t, and t = t, shows that

D'(w; p)(t) — D(w; po)(t,)
=5 (~D@; By -+, D)Lty 5 D5+, P
+ (=1 S:l I (s, &5 Prsy - -y DOPasa(W)D" (@5 Dy - -+, Duo)W)dut
= gD"(w; Doy =y DIEILQ, 85 2y -+, D)
| Lt wmy o 2P WD e By -, P

This implies that
249  Dx; po)(t)
= S:l L_o(t, w5 Dy« - +y Dus)Dus(W)D* @5 Do, - -+, Dun)(W)dut
for t = ¢,. From (23) and (24) we obtain
D™ (x5 Dy, -+, Dur)(®)
= S:o D (w)q(w) po(u) Sj I_o(u, v; Dy, -+, Du_o)Da_s(?)

1

X D™ (w5 Do, =+ Puz)(W)dvdU
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= St Da(u)q(u)po(u) St I,_s(u, v; ), =+, Du_s)Pu_s(V)
X D" x5 Do, +*+, Puz)(W)dvdu

= (|. mwmn@Law, 55, -+, pda@dn) p, ()
X D" X(&; Doy *+*y Pan)(0)V .
It follows that for ¢ = ¢,
D@5 Doy -+ 5 Pa-s)(®)
= S:o <§:o J sty V)K(u, v)q(u)du> Dr_s(V) D23 Doy -+, Du_)(W)d

Integrating the above inequality from ¢, to ¢, we see that the positive
function w(t) = D *(x; Dy, - - -, D._0)(t) satisfies

(25) wit) 2 wt) + | pos) | qu0)wi)dvdu

for ¢t = t,, where q,_,(¢) is given by (17). Denote the right hand
side of (25) by y(¢). By differentiation

4a_1 dy® Dw@E) =0, t=t
&P dt + @ 1(B)w(?) , Zt,

and so

4 _1 dy@®) <0, t=t
dt p”_l(t) dt +qn-—1( )y()= ’ = Y1 -

Again by Lemma 2 we see that the equation

d 1 dz

— == w1z =0
dt po(b) dt + q,.()z

has a nonoscillatory solution, contradicting the hypothesis. This
completes the proof in the case | = n — 1.

REMARK. According to a classical oscillation criterion of Hille
[7] equations (18) are oscillatory if

(26)  limin S:pi(s)ds-rqi(s)ds > -i- , =13 - n—1.

It is not difficult to see that, when specialized to the particular
equation

@7 ar 1 drx

a1 4" =0,
i p.) ar T IOe
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Theorem B yields the following result which contains the theorem

of Lovelady stated at the beginning of this paper.

COROLLARY. Suppose that S PO)dt = 0.  Suppose moreover

that:
(1) if m = 2, then the equation

(28) dz )
t

i (patt S (u = a(wdu)z = 0

18 oscillatory;
(ii) of m > 2 is even, then the equations

d*z 1
® L T

% r (St ( — vy — t)"“apm(v)d'v> q(u)du> =0,

d*z pm(t) ® _ \2m—3 —
(30) (_lt_2+<(m—-1)!('m,-—2)1 St (uw — ) q(u)du)z—o

are oscillatory; and
(iii) +f m > 2 is odd, then the equations (29) and

d 1 dz 1 ~ 2m —3 —
O nma G ) ¢ i) e =0

are oscillatory. Then equation (27) s oscillatory.

ExamMPLE. Consider the Euler equation

a™ amx
15 S _gem &L 4 oemp =0, t=1,
(15) at™ ai™ ¢ v

where a and ¢ > 0 are real constants, and a < —m + 1.

It is a matter of easy computation to find that the second order
equations (28), (29), (30), and (31) associated with (15) reduce respec-

tively to
d*z c
& aa—1e
.d_zz_ + ¢ V4
dt? (m—-—D0la(a—1)--- (@ —m + 1)t
&z 2m —3)le¢ 2 =
dt* (m—1)! (m—2)! (a+m—2)(a+m—3) --- (x—m-+1)¢

and

z2=0,

’

’
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d yasnd2 (2m — 8)] ct*+m—? 2
dt  dt (m—1)] (m—2)! (@a+m—2)(a+m—3)--- (@—m-+1)

Note that these are Euler equations of the second order. Conse-
quently, we conclude that equation (15) is oscillatory provided ¢ is
so large that

(i) when m =2, ¢ > (1/Ha(a — 1);

(ii) when m > 2 is even,

c>%max{(m—l)!a(a—1)---(a—m+1),

(m — D! (m — 2)!
2m — 3)!

(a+m~—2)(a+m~3)---(a—m+1)};
(iii) when m > 2 is odd,

c>—i—max{(m—1)!a(a—1)---(a—~m+1),

(m—1)! (m—2)!
2m — 38)!

(@+m—1(a+m—2)(a+m—3) - - (a—m+1)} .

Let us now turn to the case where ¢ > —m 4+ 1. To examine
this case we consider the fourth order equation

d? d*x
32 = 4t =0, t=1,
(32) dt* dt*
where we suppose that &« > —1. We observe that the differential

operator (d*/dt®)t*+*(d*/dt*) can be represented in canonical form as
follows:

doid ond s d
33 L e @ el pen & (1 £ 5<0),
(33) @l g (Tl<es=0
dound d..d

4 e = e px gl = 0 1,

(34) atl at @t @ O<a<)
P
[ Ry ol ey ) >1).

(35) i’ (@=1)

Let 0 < a < 1, for example. Then in view of (34) equation (32) is
equivalent to

dond ol sy eu
36 Lopal ol pa O | gpoary =,
(36) . wta am T

and, as easily cheked, the second order equations (18) associated
with (36) reduce to the single equation
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4 pade ¢

7 v
@D dt dt  a+1

t“'2=0,

which is an Euler equation of the second order. From the remark
following the proof of Theorem B equation (37) is oscillatory if

lim inf St s*'ds - Sw _ ¢ geige=__%¢ > 1 .
toroo 1 t a4+ 1 aQ(a -+ 1) 4

Thus, in case 0 < a < 1, equation (32) is oscillatory if ¢ > a*(a + 1)/4.
Similarly, it can be shown that (32) is oscillatory if ¢ > a*(1 — a)/4
in case —1 < a =0 and if ¢ > a(a + 1)/4 in case « = 1. It follows

that equation (32) is oscillatory for every « provide&_ ¢ is sufficiently
large.
The canonical representation of the operator (d™/dt™)t*+"(d™/dt™)

with general m > 2 and @ > —m + 1 is not known to us.

ACKNOWLEDGMENT. The authors would like to express their
sincere gratitude to the referee for his very helpful comments and
suggestions.

REFERENCES

1. G. V. Anan’eva and V. I. Balaganskii, Oscillation of the solutions of certain differ-
ential equations of high ovder, Uspehi Mat. Nauk, 14, No. 1 (85) (1959), 135-140. (Russian)
2. G. A. Bogar, Oscillation properties of two term linear differential equations, Trans.
Amer. Math. Soc., 161 (1971), 25-33.

3. T. A. Canturija, Some comparison theorems for higher order ordinary differential
equations, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys., 25 (1977), 749-756.
(Russian)

4. U. Elias, Nonoscillation and eventual disconjugacy, Proc. Amer. Math. Soc., 66 (1977),
269-275.

5. ————, Oscillatory solutions and extremal points for a linear differential equation,
Arch. Rational Mech. Anal., 71 (1979), 177-198.

6. A. Granata, Singular Cauchy problems and asymptotic behavior for a class of nth
order differential equations, Funkcial. Ekavac., 20 (1977), 193-212.

7. E. Hille, Non-oscillation theovems, Trans. Amer. Math. Soc., 64 (1948), 234-252.

8. A. G. Kartsatos, Oscillation properties of solutions of even ovder diffevential equations,
Bull. Fac. Sci. Ibaraki Univ. Ser. A, 2 (1969), 9-14.

9. I. T. Kiguradze, On the oscillation of solutions of the equation d™uldi™ +
a(t)|u|?sign # = 0, Mat. Sb., 65 (1964), 172-187. (Russian)

10. Y. Kitamura and T. Kusano, Oscillation criteria for semilinear metaharmonic equa-
tions in exterior domains, Arch. Rational Mech. Anal., (to appear).

11. —————, Nonlinear oscillation of higher-order functional differential equations with
deviating arguments, J. Math. Anal. Appl., 77 (1980), 100-119.

12. A. Kneser, Untersuchungen iber die reellen Nullstellen der Integrale lineaver Dif-
Sferentialgleichungen, Math. Ann., 42 (1893), 409-435.

13. K. Kreith and T. Kusano, Extremal solutions of general nonlinear differential equa-
tions, Hiroshima Math. J., 10 (1980), 141-152.

14. D. L. Lovelady, On the oscillatory behavior of bounded solutions of higher order
differential equations, J. Differential Equations, 19 (1975), 167-175.



OSCILLATION CRITERIA FOR GENERAL LINEAR 355

15. D. L. Lovelady, Oscillation and even order linear differential equations, Rocky
Mountain J. Math., 6 (1976), 299-304.

16. Z. Nehari, Non-oscillation criteria for nth order linear differential equations, Duke
Math. J., 32 (1965), 607-615.

17. W. F. Trench, Canonical forms and principal systems for general disconjugate equa-
tions, Trans. Amer. Math. Soc., 189 (1974), 319-327.

18. ———— Oscillation properties of perturbed disconjugate equations, Proc. Amer.
Math. Soc., 52 (1975), 147-155.

19. D. Willett, Asymptotic behavior of disconjugate nth order differential equations,
Canad. J. Math., 23 (1971), 293-314.

Received October 3, 1979.

Hirosuima UNIVERSITY
Hirosuima, JAPAN








