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ON THE ABSOLUTE CONVERGENCE OF FOURIER
SERIES OF THE CLASSES Hen V[v]

Z. A. CHANTURIA

In this paper the absolute convergence of the Fourier
geries is studied for the class of the function f with the
modulus of continuity and the modulus of variation satify-
ing the conditions (5, f) = O0(w®)) and v(n,f) = O((n))
respectively, where the modulus of continuity »(0) and the
modulus of variation u(n) are given. In terms of these
properties the sufficient conditions of the absolute con-
vergence are established. We prove that these conditions
are unimprovable in certain sense.

1. Let f be a 27 periodic continuous function and let
a,(f) = % S“f(t) cosmtdt, m=01,---
0
b,(f) = % S”f(t) sinmtdt, w=12 -
0

be the sequence of its Fourier coefficients.

The paper is devoted to the conditions of convergence of the
series

(1) S (@A) + 15a(A)D

n=1
or of the series

)

(2) 2 e

n=-—0c0

where

a, _ a, — b, _a, +1b,
Co-—E, Cn(f)——z——, C-—n—'_—z—'!
if the complex form of the Fourier series is used.
The class of functions for which the series (1) (or (2)) converges
is denoted by A.
The problem in question has a long history (see monographs [1],
Chapter IX, [14], Chapter VI, [8]).
Let us introduce the classes which well be used in what follows.
If feC(0, 2r) then the funection

®(9, f) = max |f(z) -f)]

lz—yl=<s

37
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is called the modulus of continuity of the function f.

The modulus of continuity of an arbitrary function fe C(0, 2x)
has the following properties:

(1) () =0,

(2) w(d) is nondecreasing on 9,

(8) (o) is continuous on [0, «],

(4) @0, + 0,) = @w(0) + @(0,;) for 006, <6, <6, + 0, < 7.

An arbitrary function w(é) which is defined on [0, z] and has
the properties (1)-(4) is called the modulus of continuity.

If the modulus of continuity () is given then H“ denoted the
class of functions fe C(0, 2x) for which (s, f) = O(w()) when 6 — 0
is denoted.

S. N. Bernstein has proved ([1], p. 608), that if fe H® and

Sel) ==

then fe A.
Bernstein’s theorem is best possible in the sense that if the
series

n=1 n n
then there exists the function f, € A in the class H°.

This was proved by Bernstein for the class H¢ under the
condition that there exists ¢ > 0 such that 6*'w(6) is decreasing.
S. B. Stechkin proved the same for arbitrary classes ([1], p. 625).

If the function f has bounded variation i.e., belongs to the
class V, then lesser smoothness of its modulus of continuity may be
required. That follows from the theorem of A. Zygmund [15]: If
feVnH” and

then fe A.
In particular, the absolute convergence occurs when

(4) () = O((m %)"”) ., p>2.

Zygmund has pointed out that the latter statement is wrong
for 7 < 1, because the function

sin nx

s 1
a=2 n In
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is absolutely continuous and has the modulus of continuity of order
O((In1/6)~"). He has posed the question whether the absolute con-
vergence is true for 1 <7 < 2.

R. Salem [9] has proved that if for any ¢ > 0 the modulus of
continuity w(d) satisfies the condition

o)l = =

then there exists the function f,€ V N H* which does not belong to
A. This implies that absolute convergence does not hold for the
class H*, () = O((In1/8)-7), n < 2.

J.-P. Kahane ([8], p, 24) has sharpened Salem’s theorem in the
following way: if the modulus of continuity satisfies the condition
lim n*w(2~") = <o
then there exists the function f,€ V N H* which does not belong to

A.

But neither Kahan’s theorem gives the answere in the
logarithmic scale for 7 =2 and this question has remained open
until recently.

Only in 1972 1. Wik [12] proved that there exists the function
of bounded variation satisfying the condition (4) for » = 2 for which
the absolute convergence does not hold.

As regards the general modulus of continuity the final answer
to the question was obtained by S. V. Bochkarev [3]. He has proved
that the condition (8) is necessary for the absolute convergence of all
Fourier series of the class V n H".

In what follows we shall use the notation of the modulus of
variation of a function introduced by us in 1973 [4].

DEFINITION. Let f be a bounded 2rz-periodic function. The
modulus of variation u(n, f) of the function f is defined for non-
negative integers » as follows:

v(0, f) =0

and for n =1

vin, f) = sup g | fCarsd) — fEar) |

where I, is an arbitrary system of = disjoint intervals (t,, t.+1),

k=01, ---,n—1lie, 0 ¢t, <t St < s Sty <ty = 27
The modulus of variation of any function is nondecreasing and

upwards convex. Functions of an integral argument with such
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properties will be said to be modulus of variation. If the modulus
of variation v(n) is given, then by V[v] we denote the class of 27-
periodic functions for which v(n, f) = O(v(n)) when n — .

Note that the Jordan class V = V[1] and the class of 2z-periodic
bounded functions M(0, 27) = V[n]; if 0<a < 8 <1, then V[1]cC
VIn*] c Vnf] c M(0, 27). In general, if v,(n) < v,(n), n=0,1, ---,
then Viv,] cV]v,].

In [4] we have extended Zygmund’s theorem to the wider
classes V[n*]N H* and in [5] under some restrictions on ® the
necessity of the obtained condition has been proved.

2. In the present paper we extend the Zygmund and Bochkarev
theorems to the classes V[v] N H*".

The following theorem is valid.
THEOREM 1. Let fe H* N V[v], v(n) = o(n)’, vA) = w(1) = 1,

®(n) = max {m; % = a)(l)} .

n
If
co l n+w(n)U2(k) 1/2 o
(6) 5358 <
then fe A.

We shall deduce this theorem from the following theorem of
0. Szasz ([1], p. 609). If f satisfies the condition

i 1_a)2<%, f) < oo,

where @,(3, f) = maxosz, {§| f@+ ) — flw)| ds} ", then fe A.

Although Theorem 1 is a corollary of the Szasz theorem it
seems that our theorem is expressed in terms which are more ap-
plicable in the field under consideration than those of the Szasz
theorem.

In order to prove Theorem 1 we need the following lemma.

LEMMA 1. Let v(n) be a modulus of variation and v(n) = o(n),
(1) > 0. Then there exists a matural number n, such that v(n)/n

1 Several results of this paper were published in [6] without proofs.
2 This condition is natural since for continuous f v(n, f) = o(n) (see [4]).
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18 decreasing for nm = n,.

Proof. Since v(n) is upwards convex, for any n =1

v(n) —v(m — 1) = v(n + 1) — v(n) ,

therefore
o(m) = 33 [0(k) — v — 1)] Z nlom) — v(n — 1)]
i.e.,
2 > yim) — vim — 1)
n
or

vin) - vir —1)
n ~ n—1

So we have proved, that v(n)/n does not increase. Now it is
necessary to prove that v(n)/n is decreasing beginning with a certain
n,. Assume the contrary. Then there exists a sequence {n,};-, such
that

v(n) _ V(e + 1) E=192 ...
Ny n,+1 »
or
Y =y, + 1) —o(m), k=1,2,
k
i.e.,

L 3, om) — vm — D] = v(n, + 1) = vl .

But as v(n) — v(n — 1) does not increase it follows from the last
equality that for n =1,2, .-+, n, + 1 we have
v(in) —uv(n — 1) = v(1)
therefore
v(n) = no@d) , 1=nn,+1.

Since {n,} is an infinite sequence the last equality is valid for
all n, i.e., v(n) # o(n). This contradicts the conditions of the lemma.

Proof of Theorem 1. Let
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o — sup @0, )
o<ssz  @(0)

’

6, = sup 201 )

2zt U(n) ’

and ¢, = max {e¢,, ¢,}.
Then (3, f) < ¢,w(d), 6€[0, z] and v(n, f) < c(n), n = 0.
We have

oi( L, £) = max | "1/ + h) = f@lde = |1 @ + b) - f@)rdx

0<h=1/n JO

where 0 < h, < 1/n.
Let I, = [27/h,], then since f is periodic

(1) o5, f) = | TS 1@ + k) — @+ (& = Dh)Fde
" l, Jo k=1
Consider the sum

6@ = S fta + kh) — f@+ (6 — DA)F, 0Swsor.

Assume that «z,€[0, 7] is the point of maximum of the function

Ene
Consider the sets
S. = (ke N; | fw, + khy) — fz, + (b — Dh,)| = 0} ,
Su = {le N; o) < fla + kho) — flan + (6 — Dby < 0220

m=0.

Let us show that for m < m,(n) = [log, #(n)] the sets S, are
empty.

In fact, for any ke{l, ---, l,} according to the definition of ¢(n)
and the monotonicity of v(n)/n we have

| (@ + kh,) — f(@ + (B — Dh,)| = @(h,, ) = cv(% S ) = cw(%)

L Mem) @)

= = ozmo

pn)

Sofor0m=<mn) —1, S, = .
Denote by o, the number of elements of S,. It is obvious that

o

O'oo"l" Z amzln.

m=m
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Because of

>, | f(@ + kh,) — f(@ + (B — Dh,)| = 0(0n, f) = ¢0(0a) ,

keSy,

and the definition of the sets S,, we obtain

M1
C(Op) = O - 000(22m+1)
or
(8) () > v(2"+)

On 2m+t

But according to Lemma 1 v(n)/n is decreasing beginning with
a certain N, so it follows from (8) that for m = [log, N] + 1

(9) O, = 2™,

If »n is also large that 2™™ = N, then using (9) we have

)< S S | S + khy) — fl, + (b — D)

m=my ke Sy,

10 o m
4 = ¢ > Gmu‘;(zzm)
m=mg

Let M be defined according to the condition

M~1 M
E 2m+1 < ln é 2 2m+1 .
m=mg m=m

Then for m,n) = log, N, using (10), we obtain

tua) S oif 3 27 LD 4 (1, - 5 2 )2E00)

m=mg m=myg 22(M+1)

< 03{ MZ—,I 2§1 m + <ln — MZ‘—‘I 21n+1> U2<2M+1)}

My ey Q2D = 2200 +D)

omo+1 iy omo+l_1 | 9 mo+1 Iy
éc{ E+ M-i— hy M}<czoz+ z(k—)

k=emo+l K7 k=2m0 k* = k=gmotl  Jg

From the last estimation and from (7) by the definition of m,(n)
we have

2motiyl, vi(k) - o(n) +1, vi(k)
—= = cn, .

p=gmott K k=g(n)

(11) w(% f)= ll ‘o

Now let us show that

3 Here and in what follows by ¢ we denote absolute positive constants which are,
in general, distinct in different formulas.
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(12) h m('rg—ln U2(k) < 1 ¢(n)+n Z(k) )

"rlem k2T m kSem 2

Reecally, as v(n)/n |

) v(@(n) + n)\y; _ v(p(n) + n)
”k=¢mz)+n+1 k’ = hﬂ( q)(’n) +n >(l n) = 0( g)(n) +n )
l‘/’(n)+nﬂ

n k=g k* ’

=c

which since h, < 1/n implies

Q)+, ’02(]{;) ¢(n)+n ,v2(k) )+, ’02(10)
he 30 =g, (500 _)
k%}n) k2 k=¢p(n) k2 + k=¢(n)+n+1 k2

< i?(n)-(»'n ,02(]0) .

— n k=em kP
It follows from (11) and (12) that
1 1 ¢(n)+n 2(]‘;) 1/2
= <e
(1)2(” f) '[/’n(k%n) l‘;2> :

According to the convergence of the series (6) from the previous
estimate we obtain that the series

Sl )

is also convergent and by the theorem of O. Szisz fe A. This com-
pletes the proof.

COROLLARY 1 (S. N. Bernstein, [1] p. 608). If fe H and
= 1 1
13 Sl <=

then fe A.

Proof. Using the monotonicity of v(n)/n and the definition of
®»(n) we have

‘F(’n)-!-%?@ 1/2 ’1)2(97(7’&)) ,02(¢(n) + 1) . 1/2
(2,50 =( Fn) | (@m) + 1 ")

< M) vipm) +1)  pm) +1 — /1
= ot TV ()= sm i1 gm V" o(3)

<cvn- w(l)

n

i.e.,
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) = eme(y)-

Hence by (138) and Theorem 1 fe A.

COROLLARY 2. Let feH*NV[n®], 0= a <1/2 and
) 1—2a/2(1—a)
(14) s l[w(—l-)] <o,
n=1 N n

then fe A.

Proof. It is easy to calculate that in this case

s = [r(2)]

Then
o(m) +n ’l)z(k) 1/2 < omtn | )1/2 < 1
<k=§:‘%) k2 > = (k=¢(m Jo2—2 = c(¢(,n))l-2a/2

—2a/2(1—a)
éc(w(l>)1221 -
n

From this estimate, (14) and Theorem 1 it follows that fe A.
In particular, for & = 0 Corollary 2 implies Zygmund’s theorem.

COROLLARY 2'. Iffe H*NV[n*], where 0 < a < 1/2 and w(6) =
(In 1/5)-u-=1-2a—e o > () then feA.

COROLLARY 3. If fe H* N V[Inf(n + 1)], where 0 < B8 < o and
1 1 1
15 —@"Y =) Inf* ——
(15) wg'ln <n> o a)(l/n)<
then fe A.

Proof. It is easy to calculate that for sufficiently large =

co-1<%> In? a)(;/n) < on) £ 20)‘1(%) In? > (; ok

Then

@(n)+n ’Uz(k) 1/2 _ ¢(n)+n ]nzg (k + 1) 1/2 < lnﬁ ¢(n)
(k=z¢:‘m I ) <k=%‘n) I ) =y P(n)

1/2 l 8/2 1
< cw (n>ln o
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This estimate, (15) and Theorem 1 imply that fe A.

COROLLARY 3. If fe H° N VI[In® (n + 1)], where 0 < 8 < e and

o(5) = (ln %>_Z<1n In %)“””” . e>0

then fe A.

COROLLARY 4. Let fe H° N VIn'?In~% (n + 1)], where 3/2< B < oo
and

A | .
(16) > In ﬂ(m+1)<

then fe A.

Proof; It may be calculated that for sufficiently large n

o ~ 0 (L) s L

Then

o(n)+n ’Uz(k) 1/2 _ o(n)+n 1 1/2 < c
<k=zv>:"'n) k2 > (k:z(,,:‘m Lk In%® (k + 1)) = In#-v2 <p(n)

< ¢InV?*-# (an—) + 1) .

This by (16) and Theorem 1 imply fe A.

COROLLARY 4'. If feLipanV[V'n In*(n + 1)], where a >0
and B e (3/2, «), then fe A.

REMARK. Theorem 1 implies that for any specific @ for which
the series (8) converges Zygmund’s theorem may be improved. E.g.,
if fe H*, where w(6) = (In1/6)~® then the function f may have the
modulus of variation of order n'*~¢, ¢ > 0 but the Fourier series of f is
still absolutely convergent; or if f e H* where w(6) ~1n~21/6(In In 1/6)~°
in a neighborhood of 6 = 0, then the function f may have the
modulus of variation of order In'~*mn, ¢ > 0 to provide fe A.

3. Now we shall show that the condition (6) is necessary for

¢ We write vi(n) ~ vx(n) if there exist positive constants A and B such that
Avi(n) = va(n) < Buy(n)
for all n.
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absolute convergence of Fourier series of class H*NV][v] in a
sufficiently wide class of moduluses of variation and for arbitrary
moduluses of continuity. But first we formulate same subsidiary
statements which will be needed below.

LEMMA 2 (Gauss identity [11], p. 81). If k is a natural number
and n 18 an integer, then

.
S| =T,
=0

LemMA 3 (Cauchy [7], p. 290). If the sequence {a,} ts almost
decreasing®, then the series >, a, s convergent or divergent, together
with the series >, p"a,» where p > 1 is a natural number.

LEmMA 4 (N. K. Bari, S. B. Stechkin [2]). The following
statements are equivalent for a positive sequence {a,}:
(a) 3de > 0 such that n'a, is almost decreasing <

fl iak = 0(a,) for m—> o ;

k=n+1 k

(b) 3e > 0 such that n*~*a, is almost increasing® <

kzi', a, = O(na,) for m—> o,

LemMMA 5 (I. Wik [13]). Let a positive sequence {a,} be bounded
and >, a,= . Then for any a€(0,1) and B8 > 1 there exists a
sequence of matural numbers {q,} such that

and

Qi < l‘!v_ = BUtihy v=1, 2, -

dv+1

LEMMA 6 ([10], p. 111). For any modulus of continuity (o)

@) 5@
6 b

for 0 < 4, < 0,.

5i.e., thére exists a constant ¢ > 1 such that for all n and m > n a, = 1/¢)an.
% a sequence {a,} is almost increasing, if there exists a constant ¢ > 1 such that for
any » and m > n @, = CQp.
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LeMMA 7 ([5]). Let {a,} be almost decreasing and >, (1/n)a, = .
If

. 1
b, = w——t, m=1z2 ...
min {a nln F 1)} n 2
then
21, = .
n

LEMMA 8. Let lim,, ... fu(®) = fi(x) for any x€[0, 2x]. Then for
any n=1

v(n, fo) = sup (R, fu) -

Proof. By the definition of v(n, f) for any ¢ > 0 there exist 2n
points 0 S ol < 2l < 2l? < -+ < ¥, < 2r such that

o, f) < 5| fid) — FE@)] +e

As
(@) — fo(@)

for any x €0, 2x] there exists m, such that for m > m,

| fal’) = fo@)| < 5= for k=01, 20— 1.

Then
n—1 1
= | fo(@id) — fo(eid) | = k_Z‘o | fol@sy ) — fu(®S )]
£ n—1
+ S Fal@id) — F@D] + 3| Fulwliss) = Fal@ld)]
é __.8.__’}’1, + -E_-n + 'U('n,fm) =€ + q)(/n;fm)
2n 2n
and so

v(n, fo) = 26 + v(n, f,)

for m > m, This completes the proof.
Now we shall prove

THEOREM 2. If there exists €€(0,1/2) such that n‘*v(n) s
almost decreasing, n—v(n) is almost increasing and ®(d) satisfies
the condition
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© 1 /¢@in ,UZ(k) 1/2
17 = = = oo
an «,Zf n <k=%m k? )

then there exists a function in the class H* N\ V[v] for which the
series (2) is divergent.

Before we prove this theorem let us explain how the function
fo is constructed. The complex function of the real variable f, is
the infinite sum of the functions with real part of type

VA
L Y U A

(the imaginary part is analogous). The three parameters k,, the
altitude (a,) and the slope (m,) are selected in such a may that (1)
foe H*, (2) foe V[v] and (3) f, € A.

REMARK. Note that according to Lemma 4 the first condition
imposed on w(n) is equivalent to the following one

S50 =0

and the second condition is equivalent to

3 )
32— o)) -
Proving this theorem we use the concept of Wik to apply the
Gauss identity.
For proving Theorem 2 we need some constructions.
Let m and & be natural numbers and m > 2(2k + 1). Define the
function F, , as follows

m i (21/2k+1) 72 T T 1
—e for <z 4+ =
2k+1 2k+1 2k+1

m
T:O’l’ ce, 2k
M gicrrkin®  fop t4+1 r+1

1
- ——<
F, (x)= ok41 2k+1 m 2k+1

0 in other points of [0, 1],
outside of [0, 1] continue periodically with the period of 1.
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Let
mm>§mmm

As f1(1) = fur(0) = 0, f,.. is continuous and periodic with the
period of 1.

We shall estimate the modulus of variation and the modulus of
continuity of this funection.

LeMMA 9. The modulus of continuity of the function f,, 18
subjected to the estimate

. 2m 1
1 o+ 1 for n>m
wk_!fm,k): 2
" 1 for 1=n=m.

Proof. Since maX,c,<; | F.r(®)| = m/2k + 1 the estimate for n >m
follows from the finite increment formula.
If xe[c/26+ 1, + 126+ 1], z=0,1, ---, 2k

i@ = || Fustiit] =

Sz‘/2k +1+1/m

Fus®) + || Fuutidt
T/2k+1

_1
2%k +1°

(18)

/2k+1
Fou@dt| = |77 Pt at =

ST/ZIH—l

i.e., max | f,.(®)| = 1/2k + 1.
From this estimate for n < m it follows that

< fmk><2max|fmk|=2k1_|_1

This completes the proof.

LEMMA 10. The modulus of wariation of the function fn, 18
subjected to the estimate

2
n for 1=n=2k+1
v(n, fau) = {26+ 1
2 for n>2k+4+1.

Proof. For m =1, ---,2k + 1 using (18) we obtain

2

'U(n, fm,k) = Sup Z Ifm,k(x2i+1) - fm,k(xzi)l é 21’), max lfm,kl _S_ 2]6 + 1

n .

Now let n > 2k + 1, then
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(7/2k+1)+1/m

00t Fun) S Varfus = | |Fas®dt = 32 (e | Fas(®)]dt

2._ﬁ_-l-<2k+1)=2.

Now we shall estimate the Fourier coefficients of the function

fm,k'

LEMMA 11. The Fourier coefficients of the function f,, are
subjected to the relations

< m > m
= V2 + 1 Jor m =z 2
1 .. 1 1 m
19)  leu(fur)l S sm7m<2k+1 m> for <'n<2
1 1 ‘ m
> 2___|s L 0<n<™ .
=Tk T 1 inen ( 2%+ 1 m> for 0<n<3

Proof. Since f,,.(0) = fn(1) =0,

leFundl = | Sustreat| =

S F, (t)emtdt[

1 2k o/(2k+1) +1/m (r+1)/(2k+1)
— _m Z ez:rir2/(2k+1) S ezm'mdt___g Xt
27n 2k llz=o /(2k+1) (c+1)/(2k+1)—1/m
1 m 2k
— . ez:ri/(zk+1)(r2+m) . ]ezm'n/m — 1+ 2Fin (L (2k+1) ~1/m)
dr*n* 2k + li==o

- ez:u'n/(2k+1)| .

Using the Gauss identity we obtain

1 m 1/ 1/2k+1)—1/m
u " — 2]0 _|_ 1 e2mn/m — 1 1 — ez:nn( /2k+1)—1/
leulfuid | = 5s - o 1 | I |
(20)

1 . ﬁnl ‘ . 1 l
et . — - |SIN T - .
o Vakril o m ' "(% 1 m>

For n = m/2 this implies the estimation (19) trivially. The
upper bounds for »n < m/2 may be obtained from (20) if use the
relation

lsm— < == n
m

and the lower bound for n < m/2 follows from the relation

n for 0<n< ™,

l T
m 2

sin == g-z—-
m T
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This completes the proof.

Besides, for proving Theorem 2 we need to construct a special
sequence of natural numbers.

Since n*~*2p(n) is almost decreasing for a certain ¢ > 0 n*~'v*(n)
is also almost decreasing. Then according to Lemma 4

k n

Hence

e B = pm)

This with the divergence of the series (17) implies

S Ew VR

As n~2+p(n) is almost decreasing all the more v(n)/V' n is almost
decreasing and since @(n) is increasing when n — o the sequence
v(@(n))[V'@(n) is almost decreasing. Now using Lemma 7 and the
divergence of the series (21) we have

(22) Sy, =,
2=l 9,
where
_ e [V(P(n) 1
v, = min {1/50(%) 'Tn n 1)} .

As far as n—v(n) is almost increasing and %*~“?v(n) is almost
decreasing there exist a constant ¢, <1 such that for any % and
n>k

(23) v(n) >¢ v(’n)
ne ke
and
(24) v(n) 1 k) )
%1/2— kl/? &
Now set

o= [B(2)"] 1.
1

Twice appling Lemma 3 to the series (22) at first with p = 2
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and then with p = ¢, we get

(25) Setvg =

Since

1
7, n _<~ ®_____ - .
Lt = v - °
the terms of the series (25) are uniformly bounded so we may apply
Lemma 5. Set a@ = 4/56 and 8 = 6/5. For these numbers there exists
a sequence of natural numbers {q,} such that

(26) S5 ey ean = o0
n=1

and
27 (i)‘hb+l"qn < Vel <£)qn+1—qn

5 = Cg"+1'72cg”+l = 5 .
(27) implies

4 In+1—9n 7206111. ( 6 )q’lb+l—qn

(28) (£e)" " = 2o = (3
and as

the sequence {7} is decreasing.
Define the sequence

yin) = max {m; 2 2 i)
By the definition of v, we have
v(@2") < ., 4
_l/m = 72 0

which with the definition of () imply
P(n) = P2 .

Using 7,2 [0 and v(n)/v'n |0 (this is true because n~"**v(n) is
almost decreasing) we get r(n)] o for n — co.

According to the definition of (%) and using the relation »(n)/n |
we have
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(29) w(L) > v(P2") + 1) o 1 v(@2%") l v(yr(n))
egm PR2s™) +1 — 2 P@x") T 2 4(n)
Furthermore
V(yr(n) V(ypn) +1) O 1 v(y(n)
80) Vi =T Vam 1 2 V)
The last relation with (28) implies
v(yp(n) . g¥p(n 4 1) o Voeln 4\
@b Viy(n) Vn,b“(n +1) = Yacotnt1 = (5 c°>
or
Vym + 1 it (y(n + 1)) T +1=tn
L 23(3) > (£2)
i.e., _
’l//‘(n + 1) . 1 /e an4+1—n 2_ 1/e
(32) s g[mo <c> ] > 100(01)

(23) and (32) imply
@3 2+l (’*”‘ (n + 1)> (100(0 )/) >¢,-1000- 2> 2.

V(yr(n)) () A A
From (28) and (30) it follows that
o) . vp(n + 1) - Yelr (6 |
By 2V ()  Vigm + 1) T Auelair ~( c")

or

(35) {:;EZ)WD : ;((i(i ;/1)_)} («;»(Z;(:) DY < of % )

From (35) using (23) we get

P+ 1) _ < 2 >/( 6, )veww—w
- . N =\ - Yo
G

r(n) 5
and thus
2¢f” : 2" 20" (w4 1)
(36) p(m) (n 4+ 1) 20" (n)

dn 2 1/e 6 1/e(qp4+1—24)
S 0 ) c. <_ > )
= 20'1'n+1 (Cl> 5 co

Similarly (32) and (24) give
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v(yp(n+ 1) . v(y(n) _ [v(«/f(fn + 1) . _v(¥(n) :l( Y(n) )"2“

37 P(n + 1) ) Jr(m) Pr(n + 1)V ’ Pr(m)** J(n + 1)
S —L( ’l//‘(n) )1/2 —<— i—];<ﬁ>1/2s S i(}_)l/% )
e Mp(n + 1) T ¢, 10N 2 10\ 2
We may as well assume that
2:0™ > Bar(n) .
Really, let N, = {n; 2:" < 64(n)}. Then
In o ’v("ﬁ('n)) < E’ 2 1)(610‘(’)’1,))
ngw"l o Vig(n) = 4 nezﬁ‘lco 1V 64r(n)
<v'e o . (2" < 0 v(@2%") 1
=V g_,;lc O e =€ ¢ T @)
S0 5 i<

all the more (see (30))

> CinYaetn < oo .
nen;
This with (26) imply that the set N, may be neglected.
Hence we have constructed the sequences {q,} and {y(n)} which
satisfy the following conditions:
(1) The series (26) is divergent
(2) The sequence {y(n)} satisfies the relations (32), (33), (34),
(35).
(3) The inequality

25" > 6qp(n) , n=12---
holds.

Set m, = 24", k,=(n) and a,=vk,). Since m, > 6k, >
2(2k, + 1) the function

(38) @) = 3 ufuia@® = 31 0,1(@)

may be considered. We shall show that this funection is just that
one which satisfies the conditions of Theorem 2.

At first we shall prove that f, is continuous. Reecally, according
to the choice of a, and to the inequality (18) we have

. 1 v(kn). 1 ¢ — ¢
lautulle = ok =g = T = S = = s

From this estimation by (82) it follows that the series (38) is
convergent uniformly on [0, 1], thus f,€C(0, 1) and as f, is periodic
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f, is also periodic.

According to Lemma 8 and Lemma 10 for 2k, , + 1 <v <2k, + 1
we have

v, ) = S, £) + 3 an, £)
ST G S v)
= c{Sa + ;Ea,} < of S olpa) + v 3 wy b

Now if we use the estimations (33) in the first sum and the
estimations (37) in the second one we shall get

o0, £) = o{vlien-) + v EEL) < cope)

'n.

i.e., foe Viv].
Now we shall show that f,e H*.
Let m,_, <v =< m,. Then using Lemma 9 we get

o(L,5) = Sao(l, £) + 5 ao(L, )

-1
1 . an—lm‘n-—lﬂ a;m; . kn—l

27}

J Ay My

With a view to estimate the first sum we shall use the relation
(36), to estimate the second one the relation (37) and then to estimate
the both sums the relation (29), we obtain

of 5o 5) S o et + g}
o { wot W —1)) v(w(%))}
v p(n) Y(m)

Moy 1 1
el L) o).
But as w(d) is nondecreasing and for ®(6)/0 Lemma 6 is valid

(39) implies
o 5h) = cof )
i.e., foe H".

It remains to prove that f € A.
Let m,_,/2 < v £ m,/2, then using Lemma 11 we get

(39)

IA

A
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il = || e rr@as| 2 || eanfi@dn| - Sa| | si@edol

40) — 3 a
j=n+1

|| fwemeda| =

13 a;m;
72 ,Z{ vV 2k; +1

a;

By the choice of a;, m;, k; and by the inequality (34)

2 1 a4, | 1 1’
—_—— | SIN TY —_——
7 v Vo, t1l (2k,n+1 m>
l o

Y

~ 1.
T

15 amy ¢ @y S amy V¥,
™ =aVe2k; + 17 v Vk,, = VE a,m,,

(41) = O @ [ 0(())) | v(y(n — 1),
v? l/kn_ j=1 1/1[,«(‘7) 1/,./,\(% —1) Qedn—1

< 2 c a’n—lmn 1 Z 2,n —1— g<_6_c >qn 1—41g2 (c‘ln—l_cqj) < _C_ Q1 My
5 = _—

T ? 1/lc i=1 P
Using (31) we obtain
1.1 3 a; 1 1 e, < v40). viyn)

T v ain‘il V2k; +1° 1/2 T v Vk, itvh V() V)

1 1 a & o4 5 \%
< — = 2n 29— =
“Vva2rn vk, a':%u <4co>

’

but as

(42) 2j—n<4ico>qj—‘1n < <2ico)j—n < <1l0(%>1/25>:i—n < (2%>:i—n

we have

1 1 & a; 1 1 a, /(1Y
4. i < = 2. % =
T v j=2n+11/2kj+ I1=vV2zx v k,,g‘i(zo)
= 1 -._1_. a""
92z v Vk,
From (40), (41) and (43) it follows that

(43)

2 1  a, ; 1 1
Je.(fo)| = T v Vek £ 1 smch<2kn +1 mn>
(44)
_c_l_a,,lm,‘___ 1_ l Ao _
v 1V, 192z v Vk,

It is easy to show that according to (31) and (42)

& a2 1 a“_lmn 1 < 'n lmn 1 1 co
(45) Z1'» (m”Z'l/z)H p? l/k CZ 1/10” L My, <o

Now we shall estimate the sum
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_ 2 a, o 1 1 1
(46) T V2, + 1 - (mnz—-‘1/2)+1 y sin 77'-1)(21(;% +1 mn>
1 e w1
19V 27 Vk,=mimey
Let
m 1 1 1 il
n—1 1 - 1
(4n [ 2 * >(2k —I— 1 m,,> 6 *

and for I =1, I, +1,---, [,

_ L -
1+ L
+ 6
e = 1 1 +1
2k, +1 m,
(48) < - 5 -
1+ 2
S R
pe = 1 1|
2%, +1  m, |

Then for , <v =, 1l =1, -+, 1,

. 1 1 1
—_ > =
'sm m’<2k,, 1 m> =32
therefore from (46) using the inequalities
1 1 1
49 —<Inl(1 < , ]_, co
49 x—n<+x——1>_x—1 zel )
we get
2 b 1 1
>4 = _— =
7= 1/210,, T 22 S0 m’(zk,, 1 m>
My /2 1
In(1+
191/2 T l/k »—mnz'l/zm n( y — 1)
2 a 1 & &
50 =L = In(1+
50 =TV, + 1 2%“_2;9“( )
1 a, it 1
191/_2_7'5 'l/k— In (v—(m;',[]:l/zml <1 + Yy — 1))
> a, 1 n! +1 1 Ty 1 M

1
V2%, + 15 v 1IN 2zvVkEk, m,.,

We have
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5 2
I+ = —
p +1 > 6 _ 1+ 3
v 1 P
+ 6 * 6
this with (49) implies
2
m& Loy L N\ 1 5 8 2,142
‘ 3;41] 3,,5 1+173 1+1
2 4 2 4
Using this estimation we obtain
I " I
2 = 3 2 n( + l+1) 3 "L+ 1
m 1 1 5
n - )—-=24+1
>31n 2<2kn+1 m, 6+
-3 m 1 1 1
n—1 1 —_ ) — 2
( 2 + >(2lcn+1 mn) 6+
1 1 1 1\
1+ —(—— - —
>£ln My 3 mn<2k,,+1 mn)
=8 M, 1+_1_1 1 ( 1 ____1_)" 2
3m, \2k,+1 m, m,_,
géln L7
3 My,
Applying the last relation by (50) we get
1 a 2 m a
=>———= - In— — 2
- S V.t 1 3 m.. Vak, F1
1 a4 gy me  a, lnm%{_2__l/—6_)_can
w2z vk, m,, V2%,+1 m,, 37> 387 vk,
But as 1/
2 6
0
37t 38% >
(44), (51), (45) and (26) give
o o n/2 m
3 ledf)l = z:: S IG(J%)I:GZ]/% e ln e — ¢
5 V() -
=c cin — ¢in-1) = ¢ cow edn = oo

i.e., fi€eA.
This completes the proof of Theorem 2.
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Theorems 1 and 2 imply

THEOREM 8. For all Fourier series of class H* N V[n®], 0<
a < 1/2, to be absolutely convergemt it is mecessary and sufficient

that
1-2a/2(1—a)
e <
1n n

Proof. The sufficieny is contained in Corollary 2. We shall
prove the necessity of the condition (52). Assume the contrary.
We shall verify that for a € (0, 1/2) the modulus of variation v(n) = n®
satisfies the conditions of Theorem 2.

In fact, if

Ms

(52)

n

0<e<min{a,%—a}

then n—*v(n) is increasing and n‘~*v(n) is decreasing.
Furthermore

o = max fmi 2% 2 o )} = | (o)),

and so
o) +n (k) 1/2 _ g@in | )1/2 - 1
(k:%'n) k2 > - <k=%’n) ke T c@(rn)‘/z—“
(53)

1 (1—2a)/2(1—a)
= ol L}
n

Since we have assumed that

ii{w(i)}l—za/zu_a) —
n=1 1 n

from (53) it follow that the series (17) is also divergent and there-
fore all the conditions of Theorem 2 are satisfied. Then according
to this theorem there exists a function in the class H* N V[n®*] such
that its Fourier series is not absolutely convergent. Hence we
have got the contradiction.

This completes the proof.

Remark. In the case a = 1/2, i.e., if we have the class H*N
Vint], a = 1/2, it is easy to verify that Theorem 1 is the same as
the theorem of S. N. Bernstein.
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