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A NOTE ON H' g-MARTINGALES

J.-A. Chao and Svante Janson

Characterizations of H' ¢-martingales via conjugate
transforms are studied. Applications to lacunary Fourier
series and to local field analysis are given.

1. Introduction. Characterizations of H' space over a local
field and H! regular martingales by singular integral transforms
have been studied in a series of papers ([4], [1], [5], [7], and [2]).
That is to say,

le{f:f, ijGLl,jzl,z, ...,m}

where H!' is the space of regular functions or martingales with
integrable maximal functions and T}, 7 =1,2, ---, m, are some sort
of nice singular integral transforms. In [4], [1] and [5], multiplier
transforms arised from multiplicative characters on local fields are
used. In [7], singular integral transforms with matrix operators
acting on differences of regular martingales are considered. The
dyadic case has been excluded until recently. Two methods of
handling the dyadic case are given in [2]. First by noting that the
maximal function of a dyadic martingale is equivalent in L'-norm
to the maximal function of its “associated 4-martingale”, the space
of H'® dyadic martingales is characterized by 4 X 4 matrix transforms.
Then H!' space over the dyadic number field is studied via the
multiplier transform associated to a multiplicative character of
ramification degree 2.

In this note, we shall extend the above concept of higher rami-
fication degree to g-martingales and obtain characterizations for the
space H'. We also show that the conditions are necessary. These
results provide an answer to an open problem posed by Gundy and
Varopoulos in [6]. Applications to homogeneous and nonhomogeneous
multipliers on local fields are also given.

2. Comnjugate characterizations. Let ¢ be an integer larger
than 1. Let {¥,}.s, be an increasing sequence of o¢-fields which are
generated by atoms in a probability space such that each atom in
., contains exactly ¢ atoms in .#,,, of equal measure. One example
having such a structure is the group Z;°. Another is the ring of
integers of a local field whose residue class field has ¢ elements.
A martingale f = {f,} relative to {#,} is called a g-adic martingale
or, simply, a g-martingale.
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Let V, = {(z;)eC’ Y, = 0}. For a g-martingale f, the q values
of the martingale difference d, = f, — f._. on ¢ atoms of &, in a
fixed atom of &7, , is called a local (first) difference of f. These
local differences can be regarded as vectors in V,. Similarly, we
call the ¢* values of f, — fox(n =k =1) on ¢" atoms of .7, in a
fixed atom of .&#,_,, a local kth difference of f.

Associated to each ¢g-martingale f = {f,}.=o relative to {7},
F = {fu}.zo 18 a ¢"-martingale relative to {#,.}.=. On the other
hand, given a ¢*-martingale, we can construct a g-martingale in a
unique way by filling in the intermediate levels. The local kth
differences of a g¢-martingale are local differences of its associated
¢"-martingale. The H' norm of a martingale is taken to be the
L'norm of its maximal function. We note that the H* norms of a
¢g-martingale and of its associated ¢*-martingale are equivalent.
(See e.g., [2] or [6].)

One type of transforms on ¢-martingales was introduced in [7]
as follows. Given a g¢-martingale f, applying A to each local
difference of f on fixed atoms, we obtain another set of local
differences which constitute the difference sequence of a ¢g-martingale
Af, say. The transform f— Af is a sort of singular integral trans-
form on martingales which is bounded on H?(0 < p < ) and BMO.
(See [7] and [3].) Moreover it is shown in [7] that if A has no
real eigenvector in V,, then H' = {f e L': Afe L'}.

Note that first of all the characterization fails to hold when
q = 2 since V, is a one-dimensional space and so the effect of such
a transform A is just multiplying by a constant. Secondly, over
local fields, such transforms include only those singular integrals
whose kernels are ramified of degree one. We shall now study two
related generalizations of these transforms to characterize H' ¢-
martingales, both are introduced in [2] for the dyadic case.

The first method is to utilize the one-to-one correspondence
between g¢-martingales and their associated ¢*-martingales. Let A
be a linear operator on V,. For a g-martingale f, let F be its
associated ¢*-martingale. Apply A to local differences of F' to obtain
local differences of a ¢*-martingale AF and then construct from it
the ¢-martingale Af. The result in [7] together with the equi-
valence of the corresponding H' norms give:

THEOREM 1. Let 4;,7=1,2, ---, m, be linear operators on V
with k=1. Then H'={f:f, A;fel', =12 ---, m} if any only
ifA;, 5 =1,2, -+, m, do not have a common real eigenvector in V.

However, this method does not apply to transforms which
correspond to multipliers on local fields that are ramified of degree
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k = 2. For simplicity, we treat here only the case % =2 in
detail.

Given a linear operator A on V/, we define the transform T =
T, relative to A as follows. Let f= {f,} be a g¢-martingale with
martingale difference sequence {d,}. On each atom in .&,_, the ¢
values of d, is a vector in V7. Let Ad, denote the image of d,
under A on the same atom. Those values of Ad, on various atoms
form the martingale difference sequence of a ¢-martingale Tf=T,f.
Multipliers of ramification degree 2 on a local field are such trans-
forms. One detailed example is given in [2]. A local second
difference of T'f, (Tf),—(Tf),_.=Ad, + Ad,_,, on an atom in .#,_,,
dependes on both d, and d,_,. It has values in two levels, i.e., Ad,
and Ad,_,, mixed together. This is why the first method does not
apply here. Note that if we assume d, = 0 for all odd =, then we
have Tf = Af where Af is obtained by the first method. Thus one
idea for further generalizations is to apply the previous argument
to the ¢*-martingales, Xd,, and YAd,,, which only involve the
martingale difference of even levels. Do the same for Xd,, , and
YAd,, .., We could then characterize H' g¢-martingale f by the
L*-boundedness of Xd,,, YAd,,, 2d,,_, and JAd,,_,.

Moreover, consider such a linear operator on V? given by the
matrix

0 0 1 -1
A= 4 0 0-1 1
2]—-1 1 0 0
1 -1 0 0
which corresponds to the multiplier transform T studied in [2; § 3].
1
We observe that _i is a real eigenvector of A in V,. The argu-
-1

ment in [7] does not apply to A for 4-martingales. However A has
no eigenvector in R*N V7. When restricted on V2, the submart-
ingale property involved is still valid as seen in [2]. This suggests
that the earlier submartingale results could be sharpened for appli-
cation to such transforms. The above ideas lead to the following
generalization.

For a ¢-martingale f, let Ef = 2d,, and Gf = X¥d,,_,. Note that
Ef and Gf are ¢*martingales with local differences in V. ,

THEOREM 2. Suppose A;: V-V j=1,2 -+, m, do not have
a common real eigenvector in V] and T;= T,,. Then Ef, T;Ef,
Gf and T,Gf, j=1,2, -+, m, are L'-bounded if and only if fe H'.
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The necessity of the condition in Theorem 2 is obvious. The
proof of the sufficiency will be given in §3. Another version of
the theorem is the following.

COROLLARY 1. If the linear operator A on V¢ has no 7real
etgenvector in Vi and T =T,. Then H' = {f:f, Tf, Ef, TEfec L.

These results can be generalized to k4> 2. In that case we
have operators 4; on V{“'c V. The analogue of Theorem 2 holds
with % operators in the place of F and G, and hence there are
(m + 1)k transforms (including possibly the identity) involved.

Theorem 2 fails if A; j=1,2, ---, m, have a common eigen-
vector in RN V7. It is shown in [7] how the eigenvector is used
to construct a g¢*-martingale F' in L' but not in H* such that A;,F'=
NE, nveCy, 5=1,2,---,m. Let f be the g-martingale correspond-
ing to F. Then A;f=N;f, j=1,2,---, m. The local differences
of F are by construction all proportional to the eigenvector and
thus are elements in V. This implies that Ef = f and Gf = 0.
Also, as noted before, T,Ef = A;Ef=A;f=Nf,7=1,2,---, m.
Therefore Ef, T,Ef = n;f,Gf =0 and T,Gf=0,5=1,2, ---, m, all
belong to L, but f¢ H".

3. Basic lemma. We present here the basic lemma of which
Theorem 2 is a consequence.

LEMMA. Let W be a closed cone' comsisting of elements of the
form x = (x*, -+, x™) where x = (xi, ---, x}) e V, such that if x' =
NiNyy * =+, Ng) for somen;€C, §=1,2, ---, m, and \;e R, 1=1,2, ---, q,
them © = (0,0, ---,0). Then there is a positive p < 1 such that

(1) ol 5 = 531(@ + ahrl
Jor a = (a?);€C™ and x = (z?); € W.

Proof. This follows from essentially the same argument used
in [7] which we outline below.
Let a be the maximum of >; (Re >}; @’z{)* on the compact set

K, ={a,x)eC™ x W:|a| =1 and [lz| = (X |« =1} .
2,9
Schwartz’s inequality gives a < 1. Equality would imply >}; a’zi e R

and afzx! = Aa*z] for some (a, ) € K, and n € R. Thus we would have
k= > dla’xl = Na* 3; @’z which contradicts the hypothesis. Hence

! By a cone W, we mean € W and t=0 imply tx € W.
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a <1
From the series expansion of

[(@? + &P = (Z,-:' [af + xi[?)??
ZReZ(i"xf Z ]xf]z}’”z

Sl e

we obtain (1) for a = p =<1 and ||z| < ¢|a]| for some & > 0.
We now let 3 be the maximum of |a| on the compact set

K, = {(a, 2)eC™ x W:i—z_,[(a" + | =1 and ||z ;slal} .

From Minkowski’s inequality, we have 8 < 1. Equality holds only
if a9 + xf = N7 with A, = 0. Thus we would have 2} = (A, — 1)a’
which contradicts again the hypothesis.

Therefore, if ||z| = ¢|a|, then |a| =< (B/g) > |(a + x| with
B<1 from which (1) follows if (8/¢)’<1/q. This proves the lemma.

We note that the lemma includes the earlier versions of sub-
regularity (or submartingale property) in [1}], [4], [5] and [7] as
special cases.

We now complete the proof of Theorem 2.

Proof of Theorem 2. Let W = {(w,, &, -« -, Tn): T, € V{, x; = A,
j=12 ---,m}. Given a g-martingale f, as noted before, we have
T,Ef=A;Ef, j=1,2, ---, m. The local differences of Ef, AEf, ---,
A,Ef can be regarded as elements in W. Since 4,’s do not have
any common real eigenvector in V¢, the hypothesis of lemma is
satisfied. Thus |(Ef, AEf, ---, A, Ef)|” is a submartingale for some
p <1l

By an usual martingale majorant argument, we have that
Efe H'. Similarly, Gfe H*. Therefore fe H".

Another simple application of the lemma is by letting m = 1:

COROLLARY 2. Let W be a subspace of V, not containing any
nonzero real vector. Then for a g-martingale f having local differ-
ences in W, there exists a positive p <1 such that |f|* is a sub-
martingale. Consequently, ||f|lm = C||fll.x for some C >0 inde-
vendent of f.

The fact that a g-martingale f having local differences in such
a W can be regarded as an analytic property of f. The following
is a version of the F. and M. Riesz theorem:

COROLLARY 3. Let W be a subspace of V, mot containing any
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nonzero real wvector. If all local differences of the q-martingale
corresponding to a finite measure pt are in W, then p is absolutely
continuous, moreover, u* e L.

4, Integrability and H'. Our basic lemma in §3 enables us
to characterize H*' as the set of f for which certain transforms are
in L' without a priori assuming f to be integrable. Special cases
were considered before in [1].

THEOREM 3. Suppose that A; j =1,2, ---, m, are linear oper-
ators from V, to V, such that there is mo nonzero x € V, for which
all A;x’s are multiples of a common real vector in V,. Let T;=T,;
be the tramsform relative to A;, j=1,2, -, m. Then for a
g-martingale f, fe H' if and only <f T;f, 7=1,2,---,m, are L'-
bounded.

Proof. Let A be the direct produect of A4, ---, 4,,1i.e., Az =
(Az, -+, A,x) for zeV,. Set W= {Ax:zecV }cC™. W satisfies
the condition in the lemma of §3 by the hypothesis. It follows
from the lemma, by taking a; to be the corresponding values of
T;f, §=1,2 -, m, that |(T.f, -+, Tuf)I = (S | T,F97 is a sub-
martingale for some p<1. Thus by an usual argument, (T,f)* e L?,
i=1,2 -, m.

Now if Az = 0 for some € V,, then A;x =0 for all j. From
the hypothesis, we have « = 0. Hence 4: V,— V" is injective. Let
B be a left inverse of A; BA = 1. Namely, there exist B;: V,—V,,
j=12 ---,m, such that I = BA =3, B;A;. Let S;=1T;, j=
1,2, ---, m, be the transform relative to B;. As noted before such
transforms preserve H*, therefore we have f= >, S;T;f € H".

Since the converse is obvious, the proof is completed.

For the case that one of the operators is the identity, the
result is obtained in [7].

5. Application to lacunary Fourier series. We shall apply
the preceeding results to the martingales considered by Gundy and
Varopoulos in [6].

Let fA e LY(T) with Fourier series expansion Zkf(lc) exp gikﬁ).
Suppose f(0) = 0. Define f£,(0) = ¢33 f(0 + 2mjg™™) = 3 f(kq™)
exp (tkq*d). Let .7, be the o-field of all 2zwg—"-periodic Borel sets
of T. Then {f,} forms a backwards ¢g-martingale relative to {.#,}.
The H! space of such martingales is denoted by H!. The difference
sequence of the martingale f is given by

do(0) = £,(0) = furi®) = 3, Fka™) exp (ikq"0) .
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For a fixed ¢ in an atom S of .#,,,, a collection of coset representa-
tives of S contained in an atom of .#, is {6,}i=} where 6; = 6 +
2rjq~"+". Hence if we let x, be the vector in V, with components
x; = exp (2wijkq™), j=0,1, ---, ¢ — 1, then the local difference d,
of fat @ in an atom of .#,., is

5[5 f((sq + Da*) exp (i(sq + Da0)le -

Assume that Bc{l1,2,---,q9 — 1} is such that m < B implies
g —m¢B and let W be the span of the vectors {%,}..z. There is
no nonzero real vector in W since if y = >,c5 ¢,2, IS real in W,
then ¥y =¥ = 3.e80n®n = Dimen Gu¥q_n Wwhich implies y = 0. Let
[k] denote the integer between 0 and ¢—1 such that [k] = k(mod q).
We observe that =z, = x;. Moreover, if f (kq™) = 0 when [k]¢ B,
then local differences of f are in W. Therefore Corollary 2 gives
the following

THEOREM 4. Let B be any subset of {1, 2, - -+, ¢ — 1} such that m
and ¢ —m are not both in B. Suppose

Fkg™) =0 for [kl¢B and n = 0.

Then
| fllz = C|l fllz with some C> 0.

We show now how the result of Gundy and Varopoulos ([6];
Theorem 2 and Theorem 4) follows from this. For a subset A of
integers, we write f,(0) = Dl.ca f(n) exp (in §). Assume that ¢ is odd.
We choose, e.g.,

B=1,2 -, ‘1“2“1} and Bgz{qgl,-'-,Q—l}

and set
A, = {kq": [k]leB,n=0}, t=1,2.

Note that the nonzero integers Z* is a disjoint union of A, and A,.
Thus it follows from Theorem 4 that

COROLLARY 4. Suppose q is odd and A,, A, are given as above.
Then fe H; if and only if fi and f,,€ L.

(This is Theorem 2 of [6].)

When ¢ is even, the problem is more delicate as has been seen
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in [6]. We use the idea in §2 and consider the ¢>-martingales Ef
and Gf associated with the (backwards) g¢-martingale {f,} given
above.

Recall that Ef is the ¢>-martingale such that Ef = 3.d,, where
{d.} isA the martingale difference sequence of {f,}. Also d,,(6) =
S J(k@™™) exp (tkg*"0). Hence the local difference of Ef at 6 is

given by
S (s + g™ exp (i(sg® + D 0)e

1=<lq2,q4l S
where x, = {exp (2mwijlg~2))¥ .
Now let, for instance

Blz{l:1§l<%, at} and Bzz{z:%<zgq2—1,qn}.

Set A, = {(s¢® + )¢ se Z,le B}, ©=1,2. Note that Ef = f,,, 4, and
(Ef)a, = fu, © =1,2. Therefore it follows from Theorem 4 that

1 fallats = Coll fallns i = 1,2
The equivalence of the norms |||z and |||z, gives
1l = Collfalln 1= 1,2 .
Similarly, let A,i, = {(s¢* + Dg****:se Z,le B}, 1 = 1,2, (by con-
sidering Gf), we have
1 faill < Cllfulloss i = 8,4

Since 4,, 71 =1, 2, 3, 4, form a partition of the nonzero integers,
we have

COROLLARY 5. Let q be a positive even integer and A,, 1=1, 2, 3, 4
be defined as above. Then fe H, if and only if f, €L, i=1,2,3, 4.

For ¢ = 2%, this is Theorem 4(a) of Gundy-Varopoulos [6]. If ¢
is even but not a power of 2, this improves their results by reduec-
ing the number of sets in the partition from six to four. Thus it
provides an answer to the open problem posed by Gundy and
Varopoulos [6], namely, at most three Fourier multipliers are needed
to characterize H}.

We remark here that the partition into A4, 1 =1,2, 3,4, is
merely one of many choices in order that Corollary 5 is valid.

6. Application to local field analysis. We apply the main
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results to multiplier transforms on local fields. Preliminaries on
Fourier analysis on local fields are found in [8].

Let K be a local field with residue class field isomorphic to
GF(q). HYK) is the space of regular functions on K X Z with
integrable maximal functions. Let m be a nonconstant bounded
function on K* = K\{0} such that for some integer k=1, m(x+y)=
m(x) whenever |y| = ¢ *|x|. If k is the smallest among such inte-
gers, we shall say that m is ramified of degree k. If m is homo-
geneous of degree 0, then the mapping f —>(mf )" is a singular
integral transform and a transform on g¢-martingales (i.e., regular
functions on K X Z) of the type studied in connection with Theorem
2. (We note that previous results also hold for o-finite measure
spaces.) If m is not homogeneous, then this mapping is of more
general type which can be realized as applying a different operator
A™ on the atoms in each “level” n (i.e., o-field #,).

We begin with multipliers with ramification degree one:

THEOREM 5. Let m;, j=1,2,---,n, be bounded functions on
K, ramified of degree 1 and such that >);_, |m;(x) —m(—x)|=c>0,
for © = 0. Then

HYK) = {fe L m;fe LK), j=1,2 -, n}.

Proof. We regard a vector in C? as a function on the finite
group (field) GF(q). Let W be the set of all vectors (x, ---, 2,) €
Va+t satisfying #;(9) = a;(9)%(9), 5 =1,2, -+, n, for some function
a; on GF(q) with [a;(9)| = ||m;]l- and 337 |aig) — a(—g)| = ¢ >0
for g #0. W satisfies the condition of the lemma in §38. For
every sphere in K, the local differences of fand (m,-f ), =12, ---,
n, constitute an element in W. Thus, by the lemma,

(F 1P+ 1om, )7 )

is a submartingale (i.e., subregular) for some p < 1. Therefore
Theorem 5 follows as usual.

In the homogeneous case, this is proved in [7] and the condition
is shown there to be necessary also.

A similar result without a priori assuming fe L' is obtained by
the method of Theorem 3. We state here one version for the
homogeneous case:

THEOREM 6. Suppose m;, j=1,2, -+, n, are homogeneous of
degree 0 and ramified of degree 1. Then

HYK) = {f:m;f e IN(K), =1,2, -, n}



316 J.-A. CHAO AND SVANTE JANSON

iof and only if (m;(®))}-, i8 not a constant multiple of {m;(—x))?_,
for any x == 0.

We now consider multipliers which are ramified of degree k=2:
Let, for ne Z,

C(Lif o] =g

o) = 0 if |z| = ¢*+*

and g(x) =1— e(x) .

If Ef and Gf are the ¢*-martingales associated to a g¢-martingale

(i.e., a regular function) f, then E\’f = ¢f and @”= gf. Therefore
we have

COROLLARY 6. Suppose m is homogeneous of degree 0 and
ramaified of degree 2. Then

HYK) = {f: of, mef, o, mg] ¢ LK)
(= {fe L(K): mf, ef, mef e L\K)}) ,

if and only if m(x) = m(—x) for every monzero x < K.

Proof. We note that the linear operator A on V! correspond-
ing to the transform f —>(mf )~ is a convolution on a finite group
whose Fourier transform is the restriction of the multiplier m. If
m(x) = m(—z) for all nonzero xe K, then A does not have real
eigenvectors (c.f. [7; §4]). Therefore the result follows from
Theorem 2 and the discussion after it.

More generally, we let ei(x) =1 if || =kn + 7 and éei(zx) =0
otherwise, for k=1, neZ, j=1,2,---, k. We have

COROLLARY 7. Suppose m 1is homogeneous of degree 0 and
ramified of degree k. Then

HYK) = {f: é:f, met Fe T(K), j=1,2, -, k}

if and only if m(x) # m(—x) for all x # 0.

We remark that various versions of the results similar to
Corollary 6 and Corollary 7 that involve several multipliers m;’s
being ramified of degree k and/or nonhomogeneous also follow from
Theorem 2 and Theorem 3. We omit the details here.

In characterizing HYK), if q is odd, it suffices to take an m
with ramification degree 1 (c.f. [1], [7]). If ¢ is even and thus a
power of 2, then K is an extension of a dyadic field or a dyadic
series field. For the former case, a multiplier m with ramification
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degree 2 will do. However, in an extension K of a dyadic series
field, x = —« for all x€ K. Thus no finite set of multipliers of this
type characterizes HY(K).
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