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TOTALLY BOUNDED GROUP TOPOLOGIES
AND CLOSED SUBGROUPS

S. JANAKIRAMAN AND T. SOUNDARARAJAN

Let ((?,/) be an infinite compact totally disconnected
abelian group. Finer totally bounded group topologies J'
such that every J'-closed subgroup is /-closed are studied.
Necessary and sufficient conditions for the existence of
such a J'ΦJ are given.

Introduction* Throughout this paper all topologies are Hausdorff
topological group topologies and all the groups are written in the
additive notation.

A topological group G is called totally bounded if for every
identity neighburhood V there is a finite subset F of G with G =
F + V. This is tantamount to saying that G is embedded algebra-
ically and topologically into its Bohr compactification under the
natural map G -> aG. We recall that for abelian G we have aG =
((<Γ)dΓ and that (fiΓ)d = (aGy.

Now let G be a compact abelian group with topology J and let
Gf be the same underlying group with a possibly finer totally bounded
topology J'. Then <Γ £ (G'Γ = (G'~)d £ (Gdy; and conversely, any
group H of (not necessarily continuous) characters of G with G~ £
H £ (Gdy induces on G a coarsest topology J ' making all characters
of H continuous, and then the group Gr with the topology Jr is
totally bounded such that (aGfy — GT — H. Thus there is a lattice
isomorphism between the lattice of totally bounded topologies Jf on
G refining / and the lattice of subgroups of (Gdy containing G~.
(These nice results are proved by W. W. Comfort and K. A. Ross
in [1].) Furthermore, the diagram

G' >aG'

\ae
•l

Gr * a(jr —— Gr

shows that aG' is algebraically the direct sum of the image of Gf

in aG' and of ker ae.
The problem we are interested in studying is the following:
(P) Determine all those totally bounded topologies J ' containing

J such that every J'-closed subgroup of Gf is a /-closed subgroup
of G.

In view of the isomorphism of lattices mentioned before, this
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is tantamount to the following problem:
(P') Determine all those intermediate groups H with G^^HQ

(Gdy for which the associated topology J' = JH has the same closed
subgroups as J = J£.

In a totally bounded group the smallest closed subgroup con-
taining a subset S is its bipolar SLl; hence a subgroup S is closed
if and only if it agrees with its bipolar if and only if it is the
intersection of a collection of kernels of continuous characters. As
a consequence, the J^-closed subgroups are precisely the intersec-
tions of families of groups ker/ with feH. Consequently problem
(P') is equivalent to (P") Determine all those groups H with G " £
i ϊ £ (Gdy such that ker / is J = J£ — closed for all feH.

In this paper we consider only the case (G, J) is totally discon-
nected ie G" is a torsion group [5, p. 385]. We show that if H is
a subgroup "admissible" in the sense of problem (P") then G" is the
torsion subgroup of H [Lemma 1.3]. In particular kerαβ is always
connected in this case. Next for any fe(Gdy whose ker/ is en-
closed, G" + </> is admissible [Lemma 2.3]. We then prove that
(G, J) has an admissible i ϊ =g G" if and only if G has a direct factor
which is p-adic integer group Δ9 or an infinite product of cyclic
groups of prime power order for infinitely many different primes.
[Theorem 2.5].

It is also shown that if there are admissible groups properly
containing G" then there is no largest admissible H [Theorem 2.10].

That one can never expect pseudocompact Jf Φ J (whether or
not J is totally disconnected) and existence of maximal admissible
subgroups H is dealt with in a paper by W. W. Comfort and the
second author [3].

The authors conclude the paper with a few remarks on the
nonabelian case and a remark on Galois theory (in § 3).

The authors are extremely thankful to Professor W. W. Comfort
for all his help and encouragement in the preparation of this paper.

The authors are extremely grateful to the referee for the enor-
mous troubles he has taken and we happily record that the present
version of the paper owes a deep debt of gratitude to him.

1* Preliminaries* Throughout this paper (G, J) denotes an
infinite compact totally disconnected abelian group, G^ is the group
of all continuous characters of (G, J), Gd is the group G endowed
with the discrete topology and (Gd)" is the group of all characters
on G.

DEFINITION 1.1. A subgroup H of (Gdy is said to be admissible
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if H contains G~ and ker / is a J-closed subgroup of G for all feH.

PROPOSITION 1.2. If G is of finite exponent then the only admis-
sible subgroup is G".

Proof. Let fe(Gdy with ker/ a J-closed subgroup of G. Since
G is of finite exponent say m, mx = 0 for all x e G yields /(G) is
of finite exponent in T = R/Z. Hence /(G) is a finite subgroup of
T. Thus ker / is of finite index in G. Already it is J-closed. Hence
ker / is J-open and so we get / is continuous and hence / e G Λ .
The proposition now easily follows.

LEMMA 1.3. Let H be an admissible subgroup. Then G~ is the
torsion subgroup of H.

Proof. It is enough to show that if feH is of finite order
then/eG~. Let mf= 0. Then mf(G) = 0. Hence /(G) is of finite
exponent in T and so /(G) is a finite group. Hence ker / is of
finite index in G. It is J-closed implies now that it is J-open.
Hence we get / is continuous and / e G " .

2* In this section we prove the main theorem.

LEMMA 2.1. Let (A, τ) be an abelian totally bounded topological
group and B a closed subgroup of (A, τ). If BL is the set of all
continuous homomorphisms of (A, τ) into T which map B to 0, then

Proof. Let aA be the compact topological group in which (A, τ)
is densely embedded. Then a A is also abelian. Let B be the
closure of B in aA. We have B Π A — B. By Pontr jagin-van
Kampen duality theory we have B — Π/e^ ker/. By taking the
restrictions of the feB1 to A, the lemma follows.

LEMMA 2.2. Let A be an abelian group and f9 g be two homo-
morphisms of A into T such that g is of finite order. Let n be
any integer. Then ker (g + nf) contains (ker / (Ί ker g) as a sub-
group of finite index.

Proof. Let g be of order m. Then for each x in A, g{mx) —
mg(x) — (mg)(x) = 0. Hence g(A) is of finite exponent and so is a
finite subgroup of T. Consequently ker / n ker g is of finite index
in ker/. Easily ker/Π ker g is a subgroup of ker (g + nf). Let
S = ker (g + nf). Then for every a e S w e have 0 = (g + nf){mx) —
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g{mx) + nf(mx) = mg(x) + nmf(x) — mnf(x). Now let B be the
finite subgroup of order mn in T. Then clearly Scf~1(B). Also
ker / is of finite index in f~\B). Already ker / Γ) ker g is of finite
index in ker/. Hence ker /Γ) ker g is of finite index in f~\B).
Since (ker / n ker g) c S c f~\B), the lemma follows.

LEMMA 2.3. For any fe(Gdy\G~ such that ker/ is a J-closed
subgroup of G, G~ + </> is an admissible subgroup.

Proof. It is enough to show that kerh is a J-closed subgroup
for all heG~ + </>. Now let heG~ + </>. Then Λ = g + nf with
geG~ and w an integer. As G~ is a torsion abelian group g is of
finite order. Hence by Lemma 2.2, ker ^ n ker/ i s of finite index
in kerh. Now ker g is J-closed since geG~ and ker/ is J-closed
by hypothesis. Hence (ker / n ker g) is a J-closed subgroup and
ker h is a finite union of cosets of (ker / Π ker g). Hence ker h is
J-closed.

PROPOSITION 2.4. Let (G, J) be one of the following two groups;
(1) Av, the topological group of all the p-adic integers with

the usual topology, p a prime.
(2) ΐ[pteiZ(Pi*), the product of cyclic groups of prime power

order p**, with the product topology, where I is an infinite set of
primes. (We shall denote this compact group by C (pίf n^.)
Then there is an admissible subgroup H Φ 6Γ\

Proof. (1) Algebraically, Δp is a torsion free abelian group
of cardinality c. Now T — Σ Z(p°°) 0 R algebraically where the
sum is extended over all primes [4, p. 105]. R being a torsion
free divisible group of cardinality c, we can find an algebraic mono-
morphism /: Δv —• T. Clearly ker / = 0 is a J-closed subgroup. Also
/ ϊ 4 p since mf — 0 will imply f(mx) — 0 for all xeJp contradicting
that k e r / = 0. Now Lemma 2.3 completes the proof.

(2) For this case we use a product decomposition. Algebrai-
cally T = ΐlZ(p°°) (see [4, p. 105]) the product extending over all
primes. Again we have an algebraic monomorphism /: G -» T; with
k e r / = 0, a J-closed subgroup. Since / is infinite G has elements
of infinite order. Hence mf = 0 will yield f(mx) = 0 and contradict
k e r / = 0. Hence f$G~. Now Lemma 2.3 completes the proof.

THEOREM 2.5. Let ((?, J) be an infinite compact totally discon-
nected abelian topological group. Then the following statements are
equivalent.

(1) There exists a totally bounded group topology J ' containing
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J properly such that every J'-closed subgroup is J-closed.
(2) G has an infinite monothetic factor group.
(3) G has a direct factor M which is either a p-adic group

Δp or a group C(pif n^).
(4) G has an infinite procyclic direct factor.

Proof. (1) => (2). Suppose there exists a totally bounded group
topology J ' on G containing J properly such that every J'-elosed
subgroup is J-closed. Let H = {/: / is a continuous homomorphism
of (G, J') into T). Hence there is an feH\G~. Clearly then /6
(Gdy\G~. Now feH implies that ker/ is /'-closed and so is J-closed
by hypothesis. Thus / is a discontinuous character for (G, J) with
ker/ being J-closed. Let G = G/ker/ and J be the quotient topo-
logy on G obtained from J. We now have a monomorphism /: G—>
T i.e., (G)d can be injected into T. Hence by [5, p. 407] the torsion
free rank of (G)d is at most c and the p-rank of the torsion sub-
group of (G)d is at most 1 for all p. Also (G, J) is an infinite
compact totally disconnected abelian group (since f&G~, ker/is not
J-open and hence G cannot be finite). Since G^ is a torsion abelian
group let G^ = Σ Gp, Gp being the ^-primary part of G^. If for
some p, Gp contains Z(p°°) then we get (G, J) has a factor Δp and
hence (G, J) has a factor group Δp which is an infinite compact
monothetic group and we are done. Otherwise Gp is a reduced
group for each p. We claim now Gp is cyclic of prime power order.
Otherwise by [4, p. 117] we can have Gp = Z(pr) 0 Z(p8) 0 B and
consequently by duality (G, J) will have a direct factor Z(pτ) 0
Z(p8) contradicting that p-rank of (G)d is at most 1. Thus each
Gp is cyclic of prime power order and so GΓ is isomorphic to a
subgroup of T. (See [5, p. 407].) Hence (G, J) is monothetic and
(2) follows.

(2) => (3). Let (G, J) be an infinite monothetic factor of (G, J).
Then G~ is a torsion subgroup of T (see [5, p. 385]).

We consider now G~. If G" contains a Z(p°°) for some p then
(G, J) will have a direct factor Δp and we are done. Otherwise G"
is a reduced group. Now G" is a subgroup of G~. Since G~ is
infinite and a subgroup of Γ and GΓ also has to be reduced we get
Gp Φ 0 for infinitely many p. Hence Gp Φ 0 for infinitely many p.
Now applying [4, p. 117] to each of these Gp we easily get Σ ^(P?0
is a direct summand of G". Hence (G, J) has a direct factor G(pif

nj. Hence (3) follows.
( 3 ) = - ( l ) . Case(i): Let (G, J)=N® My N a J-closed subgroup,

M is topologically isomorphic to Δp and the sum direct. Then by
the proof of (1) in 2.4 we get easily a homomorphism f.G-^T such
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that ker/ = JVand/is injective on M. Surely order of / is infinite
and hence fί G". Also ker / is J-closed. Hence Lemma 2.3 shows
that G~ + </> is admissible. Thus a J ' exists by the equivalence
in the introduction.

Case (ii): Let (G, J) = Nζ&M, N a J-closed subgroup, M is
isomorphic to C(piy n^ and the sum direct. Then by the proof (2)
in 2.4, we get easily a homomorphism f:G-*T such that kerf=N
and / is injective on M. Since C{pi9 n%) has torsion free elements
and / is injective on M, order of / has to be infinite and so /g G~.
Also kerf=N is J-closed. Thus Lemma 2.3 yields G~ + </> is
admissible. Hence J'-exists by the equivalence in the introduction.
Thus (1) follows.

(3) =-(4). Easy.
( 4) => (2). Let P be an infinite procyclic direct factor of (G, J) .

Then by duality P " is a torsion group which is a direct limit of
finite cyclic groups. By [4, p. 58] p is locally cyclic. Hence for
each prime p the p-rank of P " is atmost one. So each Pp is iso-
morphic to a Z{ps), s = 0, 1, , oo. This yields that P " is isomor-
phic to a subgroup of T and hence P is monothetic. Thus (2) holds.

Now Theorem 2.5 follows.
We now proceed to discuss the existence of a largest admissible

subgroup.

LEMMA 2.6. There exists a largest admissible subgroup L if
and only if the set of all fe(Gd)~ such that ker/ is J-closed form
a group. In this case L consists precisely of these.

Proof. Let L be a largest admissible subgroup. Let /, g e (Gdy
such that ker/, ker# are J-closed. Then by Lemma 2.3 G" + </>
and G" + (g) are admissible subgroups; they will both be subgroups
of L and hence, f, g, f — g e L. Clearly then all such /'s will form
a group.

Conversely let L = {/ 6 (Gd)~ \ ker / is J-closed} form a group.
Then clearly L is admissible, and by definition any other admissible
group should be a subgroup of L. Hence the lemma is proved.

PROPOSITION 2.7. In {{Δv)d)" there is no largest admissible sub-
group.

Proof. Since Δv is a torsion free abelian group of cardinal c it
has a maximal independent set B of cardinal c. Hence ΛP/(B) is a
torsion abelian group.
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Now T = ΣZ(p°°) ® iί (see [4, p. 105]). We can write R = ΣQ,
c copies and then write R = ft + ft such that ft n ft = Q, ft, ft
each isomorphic to JQ, c copies. Now easily we can get embedd-
ings hu h2 of Δp into Λ, such that h^p) c ft, fe2(^) c ft and /^(l) =
fe2(l) = 1 e Q = ft n ft, λi, fe2 being obtained by mapping J? to the
corresponding independent sets. It is easy to see that ker (ht — h2)
is a countable subgroup, of ΔPi={nfm; (p, m) = l}). Clearly ker ihx—h2)
is not J-closed. Now Lemma 2.6 completes the proof.

PROPOSITION 2.8. There is no largest admissible subgroup in
(P(pi9 nt)dy.

Proof. We note C(φif n%) = Π ̂ (i>5j) algebraically and also that
T = Π ̂ (P°°)> P varies over all primes [4, p. 105]. Hence there is
an embedding ί: C(pif nt) —> Γ, with ker (i) = 0; which is J-closed.
Since Γ = Σ Zip00) φ JK, there is an automorphism g: Γ_-> T such
that flr(ίc) = x for elements of finite order and g(x) = V 2 a? for a& in
lϊ. Then groi gives another embedding of C(pit nt). Now ker (i — groi)
is a countable subgroup namely Σ Z(p*<)- Thus we get two embed-
dings /x, Λ: C(p<f w<) —> Γ such that Ker (/,. — gt) is countable and
hence not J-closed. So Lemma 2.6 completes the proof.

DEFINITION 2.9. We say a topology J ' is admissible if it satisfies
the condition of (P).

THEOREM 2.10. The following are equivalent:
(1) G has a largest admissible topology JL,
(2) G has no admissible topology J' Φ J,
(3) J is the largest admissible topology.

Proof. (1) =» (2). Suppose G has an admissible topology J'ΦJ.
Then G has a topological decomposition G = 4 φ 5 , i a closed sub-
group and B is isomorphic Jp or C(pif nt). Then by Propositions 2.7
and 2.8, we have two embeddings of /, g: B -> T such that ker (f—g)
is countable and not J-closed. Hence we easily get two homomor-
phisms Flf Gt:G—>T such that kerFx = kerG t = A is J-closed but
keτ(F1 — G1) is not J-closed. This contradicts Lemma 2.6. Hence (2)
follows. (2) ==> (3) is easy as also (3) ** (1).

PROPOSITION 2.11. On Δp9 there is an admissible topology J'
having \ (ΔVf J ')" I = c.

Proof We note T s Σ Zip00) 0 R and R = Σ Q, e copies. Now
we can write R = Σft*> α e l ; | J | = c and each l?α is a torsion free
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divisible abelian group of cardinality c. This is possible as ex = c.
For each a el, we can have an embedding ha — Δp —• Ba. Corres-
pondingly we get embeddings ga: ΔP->T such that for each x Φ 0,
the ga(x) are independent. Let now H be the subgroup of ((Δp)d)~
generated by Δp and all these ga. Surely |JEΓ| = c. Let J ' be the
totally bounded group topology determined by H. J ' is finer than
J, the usual topology. We claim J ' is admissible. We have only to
show that ker (h) is J-closed for each heH, since H = (Δp, J X , (see
[5]). Now h = / + Σιi^i9aif fe4p, nt are integers k finite. If all
the n{ are 0, then there is nothing to prove. Let some nt Φ 0.
Since / is of finite order by Lemma 2.2, we have only to prove
ker/Π ker (Σi*M7βi) is J-closed. We claim ker (Σ? ntgai) = 0. Let
if possible x Φ 0 be in the kernel. Σ ^^(α?) = 0 implies Σ ^ M =
0 and by independence ga.(7iiX) = 0 for each i and each #αi being an
embedding we get ntx = 0 for each i, so » = 0. Thus ker / Π ker
( Σ KiQai) = 0, α J-closed subgroup. Hence the results follows.

3* We now assume ((•?, r) is a noncommutative compact totally
disconnected group and make a few remarks on totally bounded
group topologies τ' containing τ and such that each τ' closed sub-
group is τ-closed. We shall again call such a r' an admissible topo-
logy.

REMARK 3.1. If G is of finite exponent then τ' = τ.

Proof. Let αG' be a compact topological group in which (G, τ')
is embedded as a dense subgroup. Prom hypothesis it now follows
easily that for each x e aG', mx = 0 (since x is limit of a net, from
(G, τ')) Now Π?=i n(aGf) = 0, since mαG' = 0. Hence by a theorem
of Mycielski [8], αG' is totally disconnected and hence by [7, p. 56]
has a basis of open subgroups of finite index at 0.

Hence (G, r') has a basis {G«} of open subgroups of finite index
at 0. Each of these Gά is now r-closed and hence τ-open. Hence
we get T is finer than τ\ Since r is compact and τ' is Hausdorff
we get τ = r\

REMARK 3.2. Let (iί, τ) be a compact group of finite exponent.
Then K x Δp has an admissible topology different from the product
topology.

Proof. Let mx — 0 for each xeK. Let Jx be an admissible
topology on Δp\ JtΦ the usual topology J of Jp. Let J ' be the
product of r and Jx on iΓ x i p . Since (if x Apy J')a(K, τ) x (aJp, aJJ
where aJp is the compact group in which Δp is densely embedded,
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we get J' is totally bounded. Also Jr is finer than the product
topology τ x J. We have only to show that any J'-closed subgroup
S is τ x J closed. If Sa(K x 0) then we easily get the result.
Suppose S <£ K x 0. If (x, y) e S\(K x 0) then m(x, y) — (mx9 my) —
(0, my) 6 0 x Δp. Let S n ( 0 x J p ) = I ^ (0, 0) and S Π {K x O)=Λflβ

ΛC is a J'-closed subgroup of Ap and hence J-closed. So M = 0 x
pn4, for some w. ikf̂  is J'-closed and hence J-closed since K x 0 is
J'-closed and J' = τ x J on 1£ x 0. Now Λfi x Λf is J-closed and
c S . We claim M1 x ilί is of finite index in S>. Let px: S-^JP be
the projection. Then p^SjDΛί. Hence ikf is of finite index in
pΛS) (since M is of finite index pn in J p itself). Let p^S) = ilίU
(α2 + Λf) U U (ak + Λf) where (yif at) e S, ί = 1, 2, , k. We claim
now S = Z7ί((j/<f αj + (ΛfL x AC)). Let (x, y) e S. Then Pι(χ, y)=y =
di + t for some i and ί 6 M.. Also (0, t) e M1 x McS. Hence we can
assume pλ(x, y) = at. Also p^y^ α<) = α<. Hence ( — (^, α<) + (a?, y)) =
(—2/t + α?, 0) e Aζ c Afx x Λί. Hence (a?, y) e (yi9 αt) + (Λfx x Λf). Hence
S is a finite union of cosets of Λ^ x Λf and so we get S is τ x J'-
closed. That τ x Jx is an admissible topology follows now easily.

REMARK 3.3. If E is an infinite algebraic separable normal
extension of a field F and G is the Galois group of E over F then
W. Krull [6] has shown that one can introduce a topology τ on G
(the Krull topology) such that there is a 1 — 1 Galois correspondence
between all intermediate fields of E over F and all τ-closed sub-
groups of G. Furthermore (G, τ) is a compact totally disconnected
group. It might be of some interest that if τf is any other admis-
sible topology on G then again there is a 1 — 1 Galois correspondence
between all intermediate fields of E over F and all τ'-closed sub-
groups of (?.
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