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SUFFICIENCY AND RELATIVE ENTROPY
IN +-ALGEBRAS WITH
APPLICATIONS IN QUANTUM SYSTEMS

FuMio Hial, MASANORI OHYA AND MAKOTO TSUKADA

The sufficiency and weak sufficiency in *-algebras are discussed.
Some properties are studied concerning the relative entropy and the
sufficiency for invariant states and KMS states in W*- and C*-dynami-
cal systems.

Introduction. The concept of sufficiency is very important in
mathematical statistics. The abstract measure theoretic investigation of
sufficient statistics was initiated by Halmos and Savage [13]. Kullback and
Leibler [19] gave the characterization of sufficiency in terms of the
information (i.e., the classical relative entropy). Umegaki [33, 34] studied
the sufficiency and the relative entropy in the noncommutative case of
semi-finite von Neumann algebras.

Araki [4,5] extended the relative entropy to the case for normal
positive linear functionals of general von Neumann algebras and showed
its several properties. Furthermore Uhlmann [32] showed the general
WYDL concavity using a quadratic interpolation theory and defined the
relative entropy of positive linear functionals of arbitrary *-algebras.

In the previous paper [14], we discussed the sufficiency and the
relative entropy in von Neumann algebras and gave the characterizations
of invariant states and KMS states with respect to the modular automor-
phism group of a faithful normal state.

In this paper, we further develop the sufficiency and the relative
entropy in =-algebras. In §1, we introduce besides the sufficiency another
notion of weak sufficiency and establish the relation between them. In §2,
we deal with the weak sufficiency of positive linear maps between *-alge-
bras. In §3, we mention the Araki’s and Uhlmann’s relative entropies
which are equal in the von Neumann algebra case. We further give a
formula of relative entropy for states of C*-algebras. In §4, we establish
some properties of invariant states and KMS states in W*-dynamical
systems and C*-dynamical systems through the relative entropy and the
sufficiency. The theorems there improve or extend the results obtained in
[14]. Finally we give an application to the Gibbs states of quantum lattice
systems.
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1. Sufficiency and weak sufficiency of *-subalgebras. In this paper,
we shall assume that all =-algebras, C*-algebras and von Neumann
algebras have the unity 7 and their *-subalgebras always contain /. Let &
be a *-algebra and S be the set of all states of @.

DEFINITION 1.1. A x-subalgebra % of @ is said to be sufficient for
S C & if there exists a projection & of @ onto % such that

(i) e(A*) = e(A)* forall 4 € @,

(i) &( A)*e(A) < e(A*A) forall 4 € @,

(iii) &( B,AB,) = B,e(A)B, for all 4 € @ and B, B, € %,

(ivip=goeforal o €S.
We here call a projection & of @ onto B satisfying (i)—(iii) a conditional
expectation of @ onto B. If @ is a C*-algebra and % is a C*-subalgebra,
then a conditional expectation of & onto % is nothing but a norm one
projection of @ onto B (cf. [31]).

We first give some examples of sufficiency in von Neumann algebras.
Let 9t be a von Neumann algebra and & be the set of all normal states of
9t. The definition in [14] of sufficiency of a von Neumann subalgebra for
S C © is somewhat different from Definition 1.1. However these are
equivalent if S contains a faithful normal state (this is the case dealt in
(14)).

ExaMPLE 1.2. Let ¢ € © be faithful and ¢ be its modular automor-
phism group (cf. [28]). We showed in [14] that the centralizer of Z, of ¢ is
sufficient for the set of all ¢-invariant states in © and the center
J =9 NN is sufficient for the set of all states in & satisfying the KMS
condition with respect to o (at 8 = 1).

ExaMpLE 1.3. Assume that 9 is semi-finite with a faithful normal
semi-finite trace 7 of N. For each ¢ € &, there exists a unique positive
self-adjoint operator p, = dg/d such that ¢(4) = 7(p,A) for all 4 € %.
For any set S C &, the von Neumann subalgebra 9t generated by
{do/dT: ¢ € S} is proved to be sufficient for S (see [16, p. 72]).

EXAMPLE 1.4. Let (¢, G, a} be a W*-dynamical system where g > a,
is a representation of a group G in Aut(Jt). Let N« be the fixed point
subalgebra of « and &, be the set of all a-invariant states in &. Then the
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result of Kovacs and Sziics [18] asserts that if 9 is G-finite, i.e., p(A*4) = 0
for all p € © , implies A = 0, then N * is sufficient for & .

For *-subalgebras % of @, the existence of a conditional expectation
of @ onto % is usually a rather strict condition. In the sequel, we introduce
another weak notion of sufficiency by using cyclic representations of @.
Unbounded =-representations of *-algebras were studied in [23]. A *-rep-
resentation m of @ on a Hilbert space J(is a map of @ into linear operators
all defined on a common dense domain D(7) C JC which satisfies 7(1) = I
and

(1) m(ad4 + BB)® = an(A)® + Bu(B)® forall 4, BER,a,B €EC
and ® € D(7),

(ii) 7(A)D(7) C D(m) for all 4 € @ and #(A)7(B)® = w(AB)®P for
all 4, B € @and ® € D(7),

(iii) (@, m(A)¥ )= (7(A*)®, ¥) for all ®, ¥ € D(7), i.e., m(A*) C
7(A)* forall4 € &.

The unbounded commutant w(@)°¢ of m(&) consists of all linear opera-
tors T: D(7) - JCsuch that

(@, Tr(A)¥ )= (7(4*)®,TY), A€R,®,¥ED(n).

The commutant m(@) of m(&) is the set of all bounded operators T on X
such that Tt D(w) € #(&)°. For each positive linear functional ¢ of @,
the GNS construction gives rise to a cyclic representation {JC,, 7, 2} of
@ induced by ¢ which is unique up to unitary equivalence, that is, 7 is a
+-representation of @ on a Hilbert space JC, with @ € D(,) such that

D(m,) =7 (@)Q,, I, =7,(@)Q,,
o(4) = (Q,,7,(4)Q,), AeQ.

If for every A € @ there exists a ¢ > 0 with 4*4 < cI (particularly if @ is a
C*-algebra), then m, becomes a bounded *-representation of € on J(,. We
shall use in this paper the following three conditions of absolute continu-
ity.

(1) A positive linear functional  is absolutely continuous with respect
to @ (we write ¢ < @) if p(A*A) = 0 implies Y(A*A) = 0.

(2) A linear functional y is strongly absolutely continuous with respect
to @ (we write Y < @) if for each sequence {A4,} in &, ¢p(A4%4,) >0
implies y(BA,) — 0 for all B € &.

(3) A positive linear functional y is dominated by ¢ if ¢ < ce for some
c>0.

Note that for any positive ¢, (3) implies (2) and (2) implies (1). If ¢ is
a linear functional of @ with ¥ < ¢, then by [11, Theorem 1] there exists a
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unique T € 7,(&)¢ (we denote by T = dy/dg) such that
Y(4) =(1TQ,,7,(4)Q,), 4€eQ.

Then ¢ is positive if and only if 7 is positive, and moreover y is
dominated by ¢ if and only if T is bounded so that 7 € 7 (@)'. For each
x-subalgebra % of @, let B, = 7,(H)Q, and B, = 7,(B)Q,. For every
A € @, we define a vector P(A| D) in 93_(,) by

P(4|B) = Pg(m,(4)2,)
where P@g is the orthogonal projection onto %—q).
DEFINITION 1.5. A *-subalgebra % of @ is said to be weakly sufficient
for § C & if for each 4 € @ there exists a sequence { B,} in % such that
P(A|D) = slimm(B,)Q,, p ES.

THEOREM 1.6. Assume that there is a finite subset {@,,...,,} of S such
that every @ € S is dominated by p = Z*_ ,,. Then a x-subalgebra B of Qis
weakly sufficient for S if and only if (dp/dp)B, CB, for every ¢ € S.

Proof. Suppose that B is weakly sufficient for S. For each 4 € @,
there exists a sequence { B,} in B such that
P(A4|®)=slimm,(B,)2, ¢E€ES.
Since {7,(B,){,} is Cauchy, it follows that ¥ = s-lim 7,( B,){l, exists in
®,. If B € B, then we have
k
l7,(A4)Q, — 7m,(B)Q,II* = > 7, (4)Q, — 7, (B)Q,II?

=1

ﬁ] |7, (4)Q, — P,(A|D)II?

= lim 2 7, (4)Q, — 7, (B,)Q, I*

=1

= lim||7,(4)Q, — 7,(B,)Q, |I?
=7 (4)Q, — V|2,

so that P (A4 |%) = ¥ = s-lim7,(B,)R,. For each ¢ € S, let T = dg/dp
and 7= d(o! B) /d(pr B) where the cychc representation of % induced
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by pt P is given by {@5— 7,1 B, Q,}. Then for every B € % we have
(Tr(B)Q,, 7,(A)Q,)= ¢(B*4) = (7,(B)Q,, P,(4|B))
= limg(B*B,) = (Tm,(B)Q,, P,(4|D))

= (fn,(B)Q,, 7,(4)2, ).
Since this holds for each 4 € @, we obtain
Tn(B)Q,= T (B)Q, €®,, BEeED,

and hence T, C%

Conversely suppose that (dg/dp)%®, C% forallp e S. Let 4 €@
and take a sequence {B,} in % such that P,(A4 | ®) = s-lim 7 (B,)Q,. For
each ¢ € S, since ¢ is dominated by p, it follows that {'lT(P(Bn)Qq)} is
Cauchy, so that @ = s-lim 7 ( B, )%, exists in ®_. If B € B, then we have

(7,(B)RQ,, P,(4|B))= o(B*4) = ((dp/dp)7,(B)L,, P,(4|B))
= limg(B*B,) = (7,(B)Q,, @),

and hence P (4 |B) = ® = s-lim 7(B,),. Thus B is weakly sufficient
for S. O

ReMARK. Theorem 1.6 is considered as the noncommutative extension
of Halmos-Savage’s theorem [13]. For the proof of “only if” part of
Theorem 1.6, we need only ¢ < p for every ¢ € S. If 7, is a bounded
«-representation (particularly if € is a C*-algebra), we see that (do/dp)B,
C% is equivalent to (de/dp)Q, E% since Tm,(A)RQ, = 7,(A)TQ, for all
A€ @and T En(@).

In the following theorem, we state the elementary facts of weak
sufficiency which are immediately seen from the definition and Theorem
1.6.

THEOREM 1.7. (1) If a *-subalgebra B of @ is weakly sufficient for
{p, ¥} and o =Y on B, thenp = Yy on Q.

When the assumption in Theorem 1.6 is satisfied, then:

(2) If a *-subalgebra B of @ is weakly sufficient for S, then B is weakly
sufficient for the convex hull of S.

(3) If a *-subalgebra B of @ is weakly sufficient for S and a *-subalgebra
Cof B is weakly sufficient for {p! B: ¢ € S}, then C is weakly sufficient for
S.

(4) If a *-subalgebra B of a C*-algebra @ is weakly sufficient for S, then
any =-subalgebra C with B C C C @ is weakly sufficient for S.
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THEOREM 1.8. (1) If a *-subalgebra B of @ is sufficient for S, then B is
weakly sufficient for S.

(2) Assume that there is a ¢ € S such that ¢ < @ for all y € S. Then a
x-subalgebra B of & is sufficient for S if and only if B is weakly sufficient for
S and there exists a conditional expectation ¢, of @ onto B withp = ¢ o €,

Proof. (1) Let € be a conditional expectation of @ onto % with
p=¢oceforallg € S.If4 €&, B € P and ¢ € S, then we have

(P(4]9),7,(B)Q,)=¢(4*B) = ¢(e(4)*B)
= (7, (e(4)Q,, 7,(B)D, ),

and hence P, (A4 | B) = 7,(&(A4))Q,. Thus B is weakly sufficient for S.

(2) Suppose that % is weakly sufficient for S and there exists a
conditional expectation &, of @ onto B with ¢ = @ o &,. We show that
y=yoe, for all y € S For each ¢ € S, since (dzL/d(p)SZ 653 by
Theorem 1.6 (Remark), we can choose { B,} in 9B such that

(dy/de)Q, = s-lim7,(B,)Q,.
Then ¢ = ¢ o ¢ follows from
(e, (4) = ((de/de)Q,. 7,(e,(4))Q,)
= lim( 7, (B,)Q,, m,(e,(4))Q, ) = limp(B}e,(4))
=lim(B}A) = ((dy/de)Q,,7,(4)Q,)=y(4), A€@ O

ExamMPLE 1.9. We recall the usual concept of sufficiency in the
classical probability theory (cf. [7, 13]). Let ( X, ) be a measurable space
and S be a set of probability measures on 9¥. A o¢-subalgebra § of ¥ is
sufficient for S if and only if for each 4 € ¥ there exists a §-measurable
function g such that g = E (1, |9) a.e. [u] for every u € S, where E (1, |9)
denotes the conditional expectation of the characteristic function 1, of 4
with respect to p and 6. Let @ (resp. B) be the set of all complex-valued
% (resp. §)-measurable simple functions. Under the pointwise operations,
@ becomes a =-algebra and % is a =*-subalgebra of @. Each p € S is
naturally regarded as a state of @. The cyclic representation {J(,, 7,, 2,}
is given as follows: ‘JCM =LX (X, %, p), 7 () is the multiplication operator
by fE@, and Q,=1. Moreover ®,=L*(X,9,p) and P(f|D)=
E,(f]|9). Then it is easy to see that if S is dominated, ie., there is a
measure m on % with p < m for all p € S, then § is sufficient for S if and
only if B is weakly sufficient for S.
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ExaMPLE 1.10. Let i be a von Neumann algebra acting on a Hilbert
space I with a cyclic and separating vector @ with [|Q]| = 1, and ¢ be a
faithful normal state given by ¢(A4) = (£, AQ). For each von Neumann
subalgebra I of N, let S be the set of all states Y defined by Y(A4) =
(TQ, AQ) with TE RN, , TQ € MQ and ||IT'/2Q|| = 1. Then it follows
from Theorem 1.6 that It is weakly sufficient for S. Furthermore Theo-
rem 1.8 shows that I is sufficient for S if and only if there exists a
conditional expectation ¢, of 9t onto I with ¢ = @ ° ¢, which is if and
only if It is invariant under the modular automorphism group o7 (cf.
[29)).

2. Weak sufficiency of positive linear maps. In this section, let @
and 9B be two x-algebras and y: % — @ be a linear map such that
v(I) = I, y(B*) = y(B)* and y(B)*y(B) < y(B*B) for all B € B. We
also assume that for every B € % there is a ¢ > 0 with B*B < cI, which is
satisfied if % is a C*-algebra. Let 5, and Sg be the sets of all states of @
and 9. Then it is immediate that ¢ € S, implies ¢ o y € . For each
@ €5y and A € @, define a linear functional @, of @ by ¢,(4,) =
¢(A*A,). Then we have ¢, o y < ¢ o y since

| (¢4 ° v)(BB,)) =] ¢(A4*y(BB,)) |
< ¢(4*4)*p(v(BB,)*¥(BB,))"”
=< g(4*4)"9(v(B}B*BB,))"”
< @(4*4)c/*(p > v)(B}B,)"
for every B, B, € ® where B*B < cl. Therefore d(¢g, ° v)/d(poy) €
7, . (D) is defined.

DEFINITION 2.1. We call y to be weakly sufficient for S if for each
A € @ there exists a sequence { B,} in B such that

[d(p 0v)/d(9°v)]Q,.,=slimn,, (B)R,.,, ¢ES.
Definition 2.1 is compatible with Definition 1.5. Indeed we have
THEOREM 2.2. Let v: B — @ be a *-homomorphism. Then vy is weakly

sufficient for S C &g if and only if the x-subalgebra yB of @ is weakly
sufficient for S.

Proof. 1f {C,, m,, Q) is the cyclic representation of & induced by
@ € &y, then the cyclic representation of % induced by ¢ © v is obtained
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by {('y—%)—(p, 7, °© ¥, ,}. Now it suffices to show that
[d(@qov)/d(@°7)]Q, =P (4]|¥B), ¢ES, 4€Q.
This follows from
([d(@q 0 v)/d(@ 7))y, 7,(YB)Ry ) = (94 ° ¥)(B)
= ¢(4*(yB)) = (7,(4)Q,, 7,(vB)L, )
= (P,(4|vB),7,(vB)Q,), BED. O

We assume further that @ is abelian and y: % — @ is completely

positive, i.e.,
2 Ary(ByB))A,=0
i,j=1

for every A4,,...,A, € @ and B,,...,B, € B. Note (see [30,1V. 3]) that
when @ and % are C*-algebras, any completely positive map y: % — @
with y(I) = I satisfies automatically y(B)*y(B) < y(B*B) for all B € %,
and any positive linear map y: N — @ is completely positive if either @ or
% is abelian. Let @ ® % be the x-algebraic tensor product of @ and %. For
each ¢ € &y, we can define the compound state ¢ ® y of @ ® B by

(p®Y)(4®B)= (9, °7)(B) =9(4(yB)), AEQR,BEB,

since

n %[ n n

(p® Y)(( ‘EIA,- ® B,-) ( ‘EIA, ® Bi)) = w( 2 IA?‘Y(BZ"B,)A, =0.
i= i= i,)=

Identifying @ and 9B with *-subalgebras @ ® I and I ® B of @ ® R, we

then have

THEOREM 2.3. (1) @ is sufficient for {p ® y: ¢ € &g}.
(2) v is weakly sufficient for S C &4 if and only if B is weakly sufficient
for {p®vy: ¢ € S}.

Proof. (1) Definee: @ B - @bye(A4 @ B) = Ay(B),A € @,B € B.
Since y is completely positive and @ is abelian, it follows that ¢ is a
conditional expectation of @ ® % onto &. Hence (1) is seen from (¢ ®
y)oe=g@®yforallp € 5.

(2) For ¢ € 5y, let {4, 75, L5} be the cyclic representation of
@ ® B induced by ¢ = ¢ ® . Since ¢ B = ¢ o v, the cyclic representa-
tion of B induced by g oy is given by {B;, 7,0 B, Q). Let 4 € @,
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BeRand T =d(p,°v)/d(p°v) E mxg(B)e. It follows that
P;(4® B|B) =[d(¢,05 B)/d(§1 B)] 2y
=[d(g, °v)s/d(®° ¥)]Qs = Trg(B)Qs,

where the first equality is a special case of the equation in the proof of
Theorem 2.2 and the last equality is seen from

([d(@q°v)a/d(e°¥)]Q, m5(B)2)
= (¢4 ° v)(B*B)) = <T7T¢'(B)Q¢'? 77&(31)95>, B, €.

The “if” part of (2) is now immediate by taking B = I. Conversely if vy is
weakly sufficient for S, then there exists a sequence { B,} in 9 such that

TQ(’;:S‘IimW&(Bn)Qi, Q@ (S S.
Since 74( B) is bounded from B*B < cI, we have
Pa(A ® B|®) = m;(B)TQ; = s-lim7;(BB,)Qs, pES.
Hence 9 is weakly sufficient for {¢ ® y: ¢ € S}. (]

EXAMPLE 2.4. Let (X, %) and (Y, §) be two measurable spaces and »
be a channel distribution from (X, %) to (Y, 9), i, v is a real-valued
function on X X § such that for every x € X, »(x, -) is a probability
measure on § and for every B € §, »(-, B) is 9-measurable on X. Let
B(X) and B(Y) be the abelian C*-algebras of bounded complex-valued
measurable functions on X and Y. Define a positive linear map y:

B(Y) > B(X) by

(18)(x) = [ g)r(x, &), x € X, gEB(Y).

Let S be a set of probability measures on %. For each p € S, p ® vy is
given by

(®Y)(f®g) =fmf® gd(p®»), [EB(X),gED(Y),

where p ® v is the probability measure on ¥ ® § defined by (g ® »)x
(A X B) = [,»(x, B) du. Then we see in connection with Theorem 2.3(2)
that y is weakly sufficient for S if and only if the o-subalgebra X X § =
{X X B: B€§} of ¥® G is sufficient in the classical sense for {u ® »:
pES}
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ExaMPLE 2.5. Let 9t be a von Neumann algebra. An N-valued
PO-measure M on a measurable space (X, ¥ ) is a map M: ¥ — N such
that M(F) =0 for all F € % and X*_,M(F,) = I (o-weakly) for every
countable measurable partition {F,} of X. Let %(X) be the abelian
C*-algebra of bounded measurable functions on X. We define a positive
linear map y: B(X) » N with y(1) = I by

9(1(1) = [fdlgo M), [EB(X) ¢ E R

For each ¢ € &, the cyclic representation {J(, ., 7, . ., .} of B(X)
induced by @ o vy is given as follows ‘}C(p oy = L X,po M), oo (f) 18
the multiplication operator by f, and & ., = 1. For 4 € ¥,
d(g, o y)/d(p o y) is identical to the Radon-Nikodym derivative
d(p, o M)/d(p o M) which is in L*(X, ¢ o M). Now assume that 9t is
o-finite, so that N has a faithful normal state. Then it is proved that vy is
weakly sufficient for S C & if and only if for every 4 € 0 there exists a
measurable function f on X satisfying

dlgoM)/d(poM)=f ae. [poM], ¢ES.

Further assume that M is pure, i.e., M is a spectral measure. Then y is a
x-homomorphism and y(B( X)) is equal to the subalgebra M = { M(F):
F € %}”. Hence Theorem 2.2 shows that y is weakly sufficient for S if
and only if M is weakly sufficient for S.

ExaMPLE 2.6. Let @ be a C*-algebra and C(S5) be the abelian
C*-algebra of continuous functions on &. Define a positive linear map v:
@ - C(5) with y(I) =1 by (yA)(w) = w(A4), 4 € &, w €. For each
p € & and each abelian von Neumann subalgebra 8 of 7,(&£)’, we take the
B-orthogonal measure A of p (cf. [30,p. 241]). Now assume that @ is
separable and B C 3, = 7,(&)” N 7 (&), i.e., A is a subcentral measure
of p, and let S be the set of all Borel probability measures p on & with
p < A. Then vy is weakly sufficient for S. This is proved as follows. There is
a *-isomorphism 6 of L*(S, A\) onto B such that

(Q,, 0(f)7rp(A)Qp>=fgf(w)w(A) dMw), A4 EQ,fE LS, N).

For each p € S and f € C(§), taking g,, = min((dp/d\)"/?, n) we ob-
tain
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(1o ¥)(A4) = [0(4) du(@) = lim(6(g,,)2,, 7,(4)0(g,,)2, ).

(ny o ¥)(4) = [f(@)w(4) du(w)

—hm<0 £)o( g,”,) 0> p( )H(gun)szp>'
Since {g,,} is Cauchy in L*(§, ), it follows that ®, = s-lim#f(g,,)Q,
exists and
(ko v)(4) = (@,,7,(4)8,),
(nrov)(4) = (6(f)®,, 7(4),), AE€Q.

Hence the cyclic representation of @ induced by p o v is given by

(7,(@)8, 7,()17,(2)e, ©,)

and we have
[d(pov)/d(poy)|®, =0(1)0,.

Since @ is separable, there exists a sequence {4,} in @ such that 7,(4,) —
6( f) (strongly), and hence

[d(p,ov)/d(nov)]®, = slimm,(4,)8,, wES.

This shows that y is weakly sufficient for S.

A linear map y: N — @ considered here describes more or less a
quantum communication channel with the input space @ and the output
space B (cf. [15,21]). Examples 2.4-2.6 provide classical-classical, quan-
tum-classical and classical-quantum channels. Roughly speaking, the
physical meaning of weak sufficiency of v is that the indirect measurement
through y gives as much information (measured by the relative entropy) as
the direct measurement of observables in @ given a set S of input states

(see §§3, 4).

3. Relative entropy of states of =*-algebras. We begin with the
definitions of Araki’s relative entropy and Uhlmann’s relative entropy.

(I) Araki’s relative entropy. Let (R, I, J, P) be a standard form of a
von Neumann algebra N (cf. [2,12]). Araki [4,5] defined the relative
entropy of normal positive linear functionals ¢ and ¢ of N as follows.
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There exist unique vector representatives ® and ¥ in % such that ¢(A4) =
(®, AD) and Y(A4) = (¥, A¥) for all A € N. The operator S, , with
the domain

D(S\p,cp) =NC + (1 - Sml(q)))
is defined by
Sy o(AD + Q) = s"(D)A* Y, AER,sT(@)Q =0,

where s¥(®) denotes the 9-support of ®. Then S, , is a closable
conjugate-linear operator and the relative modular operator Ay 4 is de-
fined by Ay o = (Sy.0)*Sy o Let Ay g = [°Adey o(A) be the spectral
decomposition of Ay, 4. The Araki’s relative entropy S(¢/| @) is now given
by

/wlog N (¥eq o(MY)  if Y <o,
+0

+ o0 otherwise.

S(x.b!qv):{

Note that the relative entropy S(y | ¢) is independent of the choice of a
standard form of 9 which is unique up to unitary equivalence. We used in
[14] the notation S(¢ | ¢) instead of S({ | ).

(II) Uhlmann’s relative entropy. Let £ be a complex linear space.
Given two seminorms p and g on £, the quadratical mean QM( p, q) is
defined by

OM(p,q)(x) = supa(x,x)?, x€EL,

a€EH

where H is the set of all positive hermitian forms a on £ satisfying
|a(x, y)|=< p(x)q(y) for all x, y € £. A function ¢ - p, on [0, 1] whose
values are seminorms on £ is called a quadratical interpolation from p to ¢
if for every x € £ the function ¢ - p,(x) is continuous and if the following
properties hold:

p=0M(p,,p,), t=(1+1,)/2,1,1,€[0,1],
P2 = QM(Pa‘I),
Py =0OM(p, p,), 1 €[0,1],
Pa+o, = 0OM(q,p), 1€[0,1].

Uhlmann [32] showed that for each positive hermitian forms a and S there
exists a unique function ¢ - QF,(a, B) on [0, 1] with values in the set of
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positive hermitian forms on £ such that the function p, given by p,(x) =
QF(a, B)(x, x)!/? is the quadratical interpolation from a(x, x)'/? to
B(x, x)'/%, and defined the relative entropy functional S(a; 8)(x) of «
and B by

S(a; B)(x) = —litrili%f%{QE(a, B)(x,x) — a(x,x)), x€EEL.

Now let @ be a *-algebra, and ¢ and ¢ be positive linear functionals of &@.
The Uhlmann’s relative entropy S(¢ | ) is defined by

S(¥|e) = S(¥*; o*)(1),

where ¢ and ¢® are the positive hermitian forms given by ¢*(4, B) =
@(A*B) and y*( A4, B) = Y(BA*).

For each normal positive linear functionals ¢ and ¢ of a von Neu-
mann algebra N, the Uhlmann’s relative entropy is equal to the Araki’s
relative entropy. We here contain the proof for completeness.

Let K be the domain of (I + Ay 4)'/2, which becomes a Hilbert
space with an inner product:

(2,,9,) = (I+84.0)7°0Q, (I+44,4)7°2,), €,9,€X.

The operators (I + Ay )" and Ay o(I + Ay 4)7' are positive bounded
linear operators on ¥. Define positive hermitian forms a and 8 on K by

(@, 2) = (), Ay o1 + 8y 6)"' D),
B(2,,2,) = (Q,(I+Ay4)"'2,).
We then have (cf. [24], [32, Example 4])
OF(a, B)(2,2) = (2, [Ag o(T+ Ay o) "] [T+ 84.0)7']'2)
=(2,(Ay4)' '2), 1€(0,1),2€%.
Since P C K and
Y (4, B) = (A0, Ay o(1 + Ay 0)" BO),
¢ (4, B) = (49,(1+ Ay 5) "' BO),
it is easy to check that
QF(¥*, 9*)(4, 4) = QF(a, B)(A®Q, A®), AEN.

Take the spectral decomposition Ay 4 = [°Adey o(A). If ¢ <@, then
(Ay o) ?® =JSy 4@ =J¥ =¥ and hence (1, 1) = l(Ay 4)"/*@II%
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We have
. -
S(¥*: ¢")(1) = ~liminf —{{®,(Ay4)" @)= (@, Ay 4®))
. o N'—1
= —liminf [ A d{®, ey o(A)D)
t—-+0 J4g 4 ’
= ["MogAd (@, eq o(A)®)
+0
:f log Ad (¥, ey o(A)¥),
+0
because the function (A* — 1)/t converges decreasingly to —log A as

t— +0. If ¢ <@ does not hold, then y*(I, 1) <ll(Ayo)'/*®l* and
hence S(Y*; *)(I) = + co0. Thus the Uhlmann’s relative entropy is equal
to the Araki’s one.

LEMMA 3.1. Let @ be a C*-algebra and 7 be a nondegenerate representa-
tion of @ on a Hilbert space. If @ and { are positive linear functionals of @
having the normal extensions ¢ and  to w(Q)" such that (A) = §(7(A))
and Y( A) = §(m(A)), then S(| 9) = S(| ).

Proof. According to the Uhlmann’s definition of relative entropy, it
suffices to show that

OF(y*, ¢")(4, 4) = QF(¥*, ¢*)(n(4),n(4)), r€[0,1],4 €@.

Let T be the set of ¢ € [0, 1] for which the above equation holds for every
A € Q. Let H be the set of all positive hermitian forms a on @ satisfying

Ia(Al’ AZ) |S I)LR(A]’ Al)l/z(pL(A29 Az)l/za A]y A2 E @,
and H be the set of all positive hermitian forms & on 7(@)” satisfying

1&(0,,0,) |=9R(0,,0,)°64(0,,0,)% 0,0, €n(@)".

If @ € H, then the form « on @ defined by a(4,, 4,) = &(7(A4,), 7(4,))
is in H. Conversely if @« € H, then there exists a positive hermitian form &
on 7(&) such that a( A4,, A,) = &(7(A4,), 7(A,)) and hence

l &(W(Al)’ 77'(Az)) l
= xI;R(”(Al), W(Az))l/z‘f’L('”(Az)a W(Az))l/z, A, 4, €8.
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A

By the Kaplansky density theorem, & can be uniquely extended to a
positive hermitian form & on (@ )" which is in H. Therefore

QF, ,,(¥*, 9)(4, A) = sup a(4, A)

a€H
= sup a(m(4), 7(4))
aeHl
= QFI/Z( , ¢")(7(4), m(4)), A€Q.
This implies 1/2 € I'. Noting that
QF(y*,¢")(4, 4) <y™(4,4) '9"(4, 4)', 1€[o,1],4 €@,

we can see by the similar arguments that + € I' implies z/2 € I' and
(1+7¢)/2 €T, and that ¢,, ¢, € I implies (¢, + ¢,)/2 € I. Since T is
closed, we deduce that I = [0, 1]. O

In the above lemma, we can take as # the cyclic representation
induced by ¢ + ¥ or the universal representation of &.

We here remark that the relative entropy defined in (I) and (II)
contains the usual relative entropies in the classical and quantum systems.
Let (X, 9) be a measurable space and p and » be probability measures on

%. Take a measure m on % with pu, » < m. Then p and » are naturally
regarded as normal states of the abelian von Neumann algebra Nt =
L*(X, m) acting on IC = L*( X, m). Then the relative entropy S(v|p) is
equal to the classical relative entropy I(» | n) (known as the Kullback-Lei-
bler information):

dv dv )
—lo d ifr<u,
I(v|p) = 1) du % G #

+ o0 otherwise.

Indeed, ® = (dp/dm)'/? and ¥ = (dv/dm)'/? are vector representatives
for p and », and Ay 4 is the multiplication operator by 1., o(¥/®)?
where 1., 4 is the characteristic function of the support of ®. If » < p,
then we have

S(v|n) = [¥°1,pp0lop(¥ /@) dm

dv dv dp
= (lgd logd dm =1(v|p).
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Next let ¢ and ¥ be normal states of the full von Neumann algebra
9 = B(J() on a Hilbert space JC. Then ¢ and ¢ are given by @(4) =
Tr(p,A) and Y(A4) = Tr(p,A) with positive trace class operators p,, and p,
on J(, and we obtain

S(le) = Tr(p¢1og py — pylog P(p)-

The relative entropy S( | ¢) has several basic properties such as joint
convexity, monotonicity, lower semicontinuity, etc. (cf. [4,5,32]). The
monotonicity is stated as follows (cf. [32, Proposition 18]). Let @ and % be
x-algebras and y: % — @ be a linear map such that y(I) = I, y(B*) =
v(B)* and y(B)*y(B) < y(B*B) for all B € %. If ¢ and { are positive
linear functionals on &, then

S(Wov|pey)=S(¥|e).

This monotonicity is applied to positive linear maps such as in Examples
2.4-2.6. Particularly if 9 is a *-subalgebra of (, then we have Sg(¢/ | @) <
S(¢ | ¢) where Sy(¢ | ¢) denotes the relative entropy of the restrictions

o B and Y1 B.
In connection with Example 2.6, it is proved that the relative entropy
of states of a C*-algebra is equal to that of their decomposition measures

1n some cases.

THEOREM 3.2. Let @ be a C*-algebra and p, v be regular Borel
probability measures on S with barycenters @, ¢ € S. If there is a subcentral
measure \ on S such that p, v <\, then S(Y | @) = I(v | ).

Proof. Let A be the B-orthogonal measure of p € & with an abelian
von Neumann subalgebra B of 3, =7,(@)” N 7,(&)", and 6§ be the
#-isomorphism of L*(&, A) onto B such that

(Q, 0(f)77p(A)Qp>:/gf(w)w(A) d\(w), A EQ,feL>(S,A).

As is seen in Example 2.6, there exists a 9, € JC, such that @(4) =
(®,,m(A)®,) for all 4 € ®. Hence ¢ has the normal extension ¢ to
7,(@)” and it is easily checked that

@(O(f)):fgfdu, JEL*(S,N).

Analogously ¢ has the normal extension y to 7,(@)" satisfying

@(H(f)):ﬁfdv, f€L™(S, ).
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Using Lemma 3.1, we have

S(W|e)=S(¥)|¢) =Se(¢]¢) =1(r|p).

The inverse inequality always holds by the monotonicity. O

COROLLARY 3.3. (1) Let @, ¢ € S which satisfy the KMS condition with
respect to a strongly continuous one-parameter automorphism group «, of @.
If u and v are the central measures of ¢ and , then S(Yy | ) = I(v | ).

(2) Let {@,G, a} be a C*-dynamical system such that ag is a large
group of automorphisms of &, and @,y € & be a-invariant. If p and v are
the ergodic decomposition measures of ¢ and y, then S(y | ¢) = I(v | p).

Proof. (1) Let K be the set of all states satisfying the KMS condition
with respect to a,. Then K is a Choquet simplex and the central measure
of p € K is identical to the unique maximal measure on K representing p
(cf. [8, p. 121]). Hence it follows that A = (u + »)/2 is the central measure
of p = (@ + ¢)/2, so that Theorem 3.2 gives the desired equality.

(2) First note that the set 5, of all a-invariant states becomes a
Choquet simplex, because the condition of large group implies the G-
abelianness (cf. [10]). Hence A = (p + ») /2 is the ergodic decomposition
measure of p = (¢ + ¢) /2. It follows (cf. [26, Theorem 3.6], [27, Theorem
3.1]) that A is the B-orthogonal measure of p with B = (7,(@) U U(G))’
= 3, N U(G) where g U, g) is the unitary representation of G on 3Cp
such that 7 (a,(A4)) = U(g)m,(A)U,(g)* and U,(g)Q?, = 2,. Thus we
have the desired equality. t

4. Relative entropy, sufficiency and KMS condition. In this section,
we establish some relations between the relative entropy, the sufficiency
and the KMS condition in W*-dynamical systems and C*-dynamical
systems. The following theorem is obvious from Definition 1.1 and the
monotonicity of relative entropy.

THEOREM 4.1. If a *-subalgebra B of & is sufficient for {@, Y} in S, then
S| ) = Se(¥| ).

THEOREM 4.2. Let N be a von Neumann algebra and © be the set of all
normal states of N.

(1) Let {N, G, a} be a W*-dynamical system. If @,y € S are a-in-
variant, then S(y | @) = Sq«(Y | @) where N* is the fixed point subalgebra
of a.
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(2) Let a, be a strongly continuous one-parameter automorphism group
of N. If o,y €S satisfy the KMS condition with respect to «,, then
S(Y| @) = S3(¢| @) where 3= N N".

Proof. (1) Let s(p) and s(y) be the support projections of ¢ and v,
which are in #* from the a-invariance of ¢ and . Since S(y|¢@) =
Sqe«(§|9) = + oo if s(§) < s(¢) does not hold, we assume that s(t[/) =
s((p) Letting e = s(¢p), we can define a W*- dynarmcal system {ER G, a}
by%—e%eanda ar% Then ¢ = @t 9t and § = \,bl‘iftaream-
variant. Since ¢ is falthful it follows (see Example 1.4) that & = eMN e is
sufficient for {@, §}. Hence we have S(i | §) = S.qe, ) | ) by Theorem
4.1. It now suffices to show the equations:

S(W|e)=5S(¢|¢) and Sgpa(¥|@) = S,u(P]¢).

Define a linear map y: % — R by y(A4) = ede. Then we have y(I) = e,
y(A4*) = 'y(A)* and y(A4)*y(A) < y(A*A) forall4 € N. Sincep = P oy
and ¢y = o Y, the monotonicity gives S(¢ | @) = Sy | ). Next define a
linear map 9: ft - N by 9(B) = B + ¢(B)(I — e). Then we have j(e) =

I, 3(B*) = §(B)* and

7(B)*7(B) = B*B + |$(B)[* (I —e)
<B*B+ ¢(B*B)(I —e) =9(B*B), BER.

Since ¢ = @ o § and ¥ = ¢ o §, the monotonicity again gives S( |9) =
S(y | p). We hence obtain the first equation and analogously the second
equation.

(2) By the KMS condition, the support projections s(¢) and s(¢) are
in 8 (cf. [22,Lemma 5.1]). Letting s(¢) < s(¢) = e, we define ft = Ne
and & = o,t Nt. Then ¢ = @t 9 and Y = Y1 N satisfy the KMS condition
with respect to &,. Since ¢ is faithful and hence & = o the modular
automorphism group of ¢, it follows (see Example 1.2) that 3 = e is
sufficient for { ¢, 47} As in the proof of (1), we thus have

S(Wle)=8({)9) = S5.(d]9) = Sg(¥]9). O

THEOREM 4.3. Let «, be a strongly continuous one-parameter automor-
phism group of N and @,y € &. Assume that ¢ satisfies the KMS condition
with respect to a,.

(D IfS(Y| @) = Sqa(y| @) < + o0, then { is a-invariant.

) If S(¥| @) = Sg(¢| @) < + 0, then { satisfies the KMS condition
with respect to «,.
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Proof. By the assumptions, we have s(¢) € 3 N N> and s(¢) < s(@).
As is seen from the proof of Theorem 4.2, we may suppose that o is
faithful, so that a, = ¢, the modular automorphism group and R = Z,
the centralizer of ¢ (cf. [28, Lemma 15.8]). In [14, Corollaries 4.2 and 4. 3]
we proved (1) and (2) for the case when also y is faithful. Now let ¥ be not
faithful and p = s(¥).

(1) We first show that p € Z . Let R = (Z, U {p})” ¢ = @t N and
¥ =y St Then ¢ is a trace of % and we have S(l,l/](p) Z(w,b](p)
< + oo by the assumption. Let ¢ be the ‘conditional expectation of N onto
Z, w1thq>°£—-q> Define i’ _IIJOE,IP, (1 —t)xlx+tq>andx[/, xl/,oe
= (1 — Y+ t¢ for 0 <t < 1. Since v, is faithful, it follows by [14, The-
orem 3.3] that

() I —di={2(s(d19) - s;(d19))}7 o<i<l.

Since ¢ is a trace, there exists a positive self-adjomt operator h affiliated
with §% such that §(4) = ¢(hA) for all 4 € R. Take the spectral decom-
position /2 = [¢°A de(M). Noting that Ag 3 = h and Ag 4 s=0—nh+u
where ®, ¥, and \If are vector representatives of @,y and z[/, in the
standard form of §, we have

S($16) = ["Mogh d (e (1)),
s(4,1¢) = fow[(l — A + dlog[(1 — 1)\ + 1] d (e(N)).
Since
—% <[(1 = )X+ Jlog[(1 — )X + ] = (1 — r)AlogA,
it follows from the Lebesgue’s convergence theorem that
S(¥19) = 1im S(4,19),

and analogously

By letting # > +0 in (%), we obtain ' = =4, which implies that Z_
sufficient for {¢, 1}/} Then it is easy to see that /4 is affiliated with zZ,
that p = s(h) € Z_. Now define a faithful state y = cy + (1 — ¢)@ where
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¢c=¢(p)<land §=(1—c)'p,_,. Since s(¢) L (@), by [5, Theorem
3.6] we have

S(¥le) =cS(¥]o) + (1 —)S(|e)
+clog ¢ + (1 — ¢)log(1 — ¢),

Szv,(‘ﬂ ‘P) = Cqu,(‘qu’) +(1 - C)Szw(‘ﬂﬁo)
+clogc + (1 — ¢)log(l — ¢).

Since ¢ is o -invariant and ¢ < (1 — ¢) ', it follows from Theorem 4.2
(1) that S(§| @) = S;(F| ) < + oo, and hence S(¥|¢) = Sy(¥|9) <
+ oco0. This implies by [14 Corollary 4.2] that ¢ is o -invariant. Thus ¢ is
of-invariant.

(2) Substituting 3 for Z,, in the proof of (1), we can show that p € 3
and a falthful state § defmed as above satisfies the KMS condition with
respect to 0., and thus y satisfies the same condition. O

Let @ be a C*-algebra and «, be a strongly continuous one-parameter
automorphism group of @. Let ¢ €5 and {J(, 7, 2.} be the cyclic
representation of @ induced by ¢. Suppose that ¢ satisfies the KMS
condition with respect to «,. Since ¢ is a,-invariant, there is a strongly
continuous one-parameter unitary group U,(7) on %(p such that Uy (7)<,
=, and

7,(a,(4)) = U (t)m,(A)U,(1)*, 1ER,A€EQ.

The normal extensions ¢ and &, of ¢ and «, to 7,(@)" are given by

9(0) =(9,,09,), QEm(@),
@(Q) = U,(1)QU,(1)*, tER,QEm(R)”,

and it is known (cf. [1, Lemma 2.4)) that ¢ satisfies the KMS condition
with respect to @,, i.e.,, & = ¢, the modular automorphism group of ¢.
Then we have

THEOREM 4.4. Let @, o, and @ be as above. For each Y € & with ¢ < @,
let ) be the normal extension of ¥ to 7(@)". Then the following conditions
are equivalent:

(1) ¥ satisfies the KMS condition with respect to a,;

(i) B, = m(@)" N7 (@) is sufficient for {, ¥);

(iii) 8, is weakly suffzczent for (@, ¥};

(iv) (d4/d9)2, €3 9,;
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(V) (D§: D(¢ + ), € 8, for all t € R where (D§: D(§ + y)), is
the Connes Radon-N ikod)jm derivative (cf. [9]);
(Vi) S(¥ | @) = S3(¥| ).

Proof. Note that  is given by
¥(0) = ((dy/de)Q,, 092,), QEmn(Q),

and hence y < ¢. Since there exists a conditional expectation &g of w‘p(@)”
onto 3, with § = ¢ o &5, the equivalence of (ii), (iii) and (iv) follows from
Theorem 1.6 (Remark) and the proof of Theorem 1.8. Because the KMS
condition of ¢ with respect to «, and the same of y with respect to a, are
equivalent, it follows from [14, Theorem 2.3] that (i) and (ii) are equiva-
lent. Since (D¢: D(§ + 4;)), = (D(§ + ¥): D@)¥, we see by [14, Lemma
2.1] the equivalence of (ii) and (v). Finally the equivalence of (i) and (vi)
follows from Theorems 4.2 (2) and 4.3 (2) and Lemma 3.1 if we prove
S, (1;/ | ) < +oo. There exists a positive self-adjoint operator A affiliated
w1th 3, such that Y(Q) = ¢(hQ) for all Q € 8,- Take the spectral
decomposmon h = [N de(N). Then the condmon Y < @ gives rise to
@(h*) = [N dg(e(N)) < + o. Hence we have

S3(F19) = [ NogAdg (e(V))

s/ A dg(e(N)) < +oo. O

REMARK. Assuming only that i has the normal extension ¢ to 7,(@)”
(which is necessarily a vector state), we obtain the equivalence of the
conditions (i), (i1) and (v) in Theorem 4.4, which imply (vi) and are
implied by the equality (vi) with a finite value. For the case of y being
dominated by ¢, the condition (iv) can be replaced by dy/do € 3, (see
e.g. [17,p. 104]). Also for the a,invariance of ¢ € & with ¥ < ¢, we can
obtain the similar equivalent conditions by substituting Zz = 7 (&)” N
U,(R)" for 3, in the above conditions (ii)—(vi).

Theorem 4.4 finds an application in quantum lattice systems. Let L be
a countable set and J(, a finite-dimensional Hilbert space. For each
nonempty finite set A C L, let I, = ® I, with I = I, and @,
B(J(,). Then the quantum lattice system on L is descrlbed by the
quasi-local C*-algebra @ = U, _,@,. An interaction ® is defined as a
function from finite subsets A C L into the self-adjoint elements of & such
that ®(A) € @,. Let ¢ be a state of @ satisfying the Gibbs condition with
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respect to @ (see [8] for the definition). Now assume that ® satisfies

e lsup X NP(A)| <+oo
n=0 x€EL A>x
|[Al=n+1
for some r > 0. Then the strongly continuous one-parameter automor-
phism group a? of @ can be given by
a?(A4) = lim e'Ho(M)ge-itHoN) - 4 € @,t ER,
A-L

where Hg(A) = Sy, @(X). It is known (cf. [8,p. 268]) that y €
satisfies the Gibbs condition with respect to @ if and only if  satisfies the
KMS condition with respect to a;. Then we have

COROLLARY 4.5. Let @, ®, a, = & and ¢ be as above, and let Y € S
with Y < @. Then the Gibbs condition for { with respect to ® is equivalent to
each of the conditions (1)—(vi) in Theorem 4.4, and these conditions imply the
following:

(vii) for each A C L, @y = U @ y is weakly sufficient for {@, ¢};

(viii) for each A C L, S(¢| @) = Sg (¥ | 9)-

Further if Uy 7 (@,)Q, is a core for the modular operator A o, associated
with Q, the condition (vii) conversely implies the Gibbs condition for { with
respect ‘IJ.

The main part of the corollary is immediate from Theorem 4.4 and
the fact that 3 is identical to M, 7 (&,.)" the algebra of observables
at infinity. The last part follows by [6, Lemma 3].

We finally give some notes on the translationally invariant case of
L = Z“. Let 7 be the automorphism group of translations on Z“. Let ® be
a r-invariant interaction satisfying 2, 5 e [|®(A)l < +oco for some
r > 0. A r-invariant state ¢ is said to be equilibrium with respect to ® if
the following variational equality holds (see [17,25]): P(®) = s(¢) —
@(Ag) where s( @) is the mean entropy of ¢ and

P(®)= lim |A[|'logtr,(e M),
(vaj}l Hove)

= 2 JA'e(n).

A0

Then the equilibrium condition with respect to ®, the Gibbs condition
with respect to ® and the KMS condition with respect to af are all

equivalent for r-invariant states of @ (cf. [3,8,20]). Let ¢,y €S be
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r-invariant. Since {@,Z¢, 7} is asymptotically abelian, we obtain S(¢ | )
= I(»|p) by Corollary 3.3 (2) where u and » are the ergodic decomposi-
tion measures of ¢ and ¢. If ¢ is equilibrium and ¢ < ¢ (or more weakly ¢
has the normal extension to 7,(&)"), then it can be proved that » < u, so
that ¢ is automatically equilibrium because p is supported on the set of
equilibrium states.

REFERENCES

1. H. Araki, Multiple time analyticity of a quantum statistical state satisfying the KMS
boundary condition, Publ. RIMS, Kyoto Univ. Ser. A, 4 (1968), 361-371.

2. , Some properties of modular conjugation operator of von Neumann algebras and a
non-commutative Radon-Nikodym theorem with a chain rule, Pacific J. Math., 50 (1974),
309-354.

3. , On the equivalence of the KMS condition and the variational principle for
quantum lattice systems, Comm. Math. Phys., 38 (1974), 1-10.

4. , Relative entropy of states of von Neumann algebras, Publ. RIMS, Kyoto Univ.,
11 (1976), 809-833.

5. , Relative entraopy for states of von Neumann algebras 11, Publ. RIMS, Kyoto
Univ.,, 13 (1977), 173-192.

6. H. Araki and A. Kishimoto, On clustering property, Rep. Math. Phys., 10 (1976),
275-281.

7. R. R. Bahadur, Sufficiency and statistical decision functions, Ann. Math. Statist., 25
(1954), 423-462.

8. 0. Bratteli and D. W. Robinson, Operator Algebras and Quantum Statistical Mechanics
II, Springer, New York, 1981.

9. A. Connes, Une classification des facteurs de typelll, Ann. Sci. Ecole Norm. Sup. Sér.
4,6 (1973), 133-252.

10. S. Doplicher, D. Kastler and E. Stermer, Invariant states and asymptotic abelianness,
J. Funct. Anal,, 3 (1969), 419-434.

11. S. P. Gudder and R. L. Hudson, A noncommutative probability theory, Trans. Amer.
Math. Soc., 245 (1978), 1-41.

12. U. Haagerup, The standard form of von Neumann algebras, Math. Scand., 37 (1975),
271-283.

13. P. R. Halmos and L. J. Savage, Application of the Radon-Nikodym theorem to the
theory of sufficient statistics, Ann. Math. Statist., 20 (1949), 225-241.

14. F. Hiai, M. Ohya and M. Tsukada, Sufficiency, KMS condition and relative entropy in
von Neumann algebras, Pacific J. Math., 96 (1981), 99-109.

15. A. S. Holevo, Problems in the mathematical theory of quantum communication chan-
nels, Rep. Math. Phys., 12 (1977), 273-278.

16. , Investigations in the General Theory of Statistical Decisions, Amer. Math. Soc.,
Proc. Steklov Institute of Math., no. 124, 1978.

17. R. B. Israel, Convexity in the Theory of Lattice Gases, Princeton Univ. Press,
Princeton, 1979.

18. I. Kovacs and J. Sziics, Ergodic type theorems in von Neumann algebras, Acta Sci.
Math., 27 (1966), 233-246.

19. S. Kullback and R. A. Leibler, On information and sufficiency, Ann. Math. Statist., 22
(1951), 79-86.

20. O.E. Lanford III and D. W. Robinson, Statistical mechanics of quantum spin systems.
ITII, Comm. Math. Phys., 9 (1968), 327-338.




140 FUMIO HIAI, MASANORI OHYA AND MAKOTO TSUKADA

21. M. Ohya, Quantum ergodic channels in operator algebras, J. Math. Anal. Appl., 84
(1981), 318-327.

22. G. K. Pedersen and M. Takesaki, The Radon-Nikodym theorems for von Neumann
algebras, Acta Math., 130 (1973), 53-87.

23. R. T. Powers, Self-adjoint algebras of unbounded operators, Comm. Math. Phys., 21
(1971), 85-124.

24. W. Pusz and S. L. Woronowicz, Functional calculus for sesquilinear forms and the
purification map, Rep. Math. Phys., 8 (1975), 159-170.

25. D. Ruelle, Statistical Mechanics: Rigorous Results, Benjamin, New York-Amsterdam,
1969.

26. , Integral representation of states on a C*-algebra, J. Functional Anal., 6 (1970),
116-151.

27. E. Stermer, Large groups of automorphisms of C*-algebras, Comm. Math. Phys., 5
(1967), 1-22.

28. M. Takesaki, Tomita’s Theory of Modular Hilbert Algebras and its Applications,
Springer, Lecture notes in math., Vol. 128, 1970.

29. , Conditional expectations in von Neumann algebras, J. Functional Anal., 9
(1972), 306-321.
30. , Theory of Operator Algebras 1, Springer, New York, 1979.

31. J. Tomiyama, On the projection of norm one in W*-algebras, Proc. Japan Acad., 33
(1957), 608-612.

32. A. Uhlmann, Relative entropy and the Wigner-Yanase-Dyson-Lieb concavity in an
interpolation theory, Comm. Math. Phys., 54 (1977), 21-32.

33. H. Umegaki, Conditional expectation in an operator algebra, 111, Kodai Math. Sem.
Rep., 11 (1959), 51-64.

34. , Conditional expectation in an operator algebra, IV (entropy and information),
Kodai Math. Sem. Rep., 14 (1962), 59-85.

Received July 6, 1981 and in revised form November 11, 1981.

SCIENCE UNIVERSITY OF TOKYO
Nobpa City, CHIBA 278, JAPAN





