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LOCAL SOLVABILITY OF NONSTATIONARY
LEAKAGE PROBLEM
FOR IDEAL INCOMPRESSIBLE FLUID, 2

W. M. ZAJACZKOWSKI

In this paper the existence and uniqueness of solutions of the initial
boundary value problem for the Euler equations for an incompressible
fluid in a bounded domain © C R is proved. As boundary conditions the
velocity vector and the pressure on boundary parts the fluid enters and
leaves the domain through are assumed, respectively. The existence of
solutions in Sobolev spaces for domains with dihedral angles =/n,
n=2,3,..., is shown.

1. Introduction. The existence and uniqueness of the initial
boundary value problem solutions for the Euler equations (for an in-
compressible fluid) in a bounded domain with impermeable boundaries
has been proved in [1], [2], [S], [10], [14], [16]. In this case, the only
admissible boundary condition is the vanishing of the normal component
of the velocity on the boundary.

The problems with a nonvanishing normal component of velocity on
the boundary, which correspond to the flow through ducts and tunnels,
have been considered in [8]-[11], [20], [21], [23], [24]. The investigations of
the above-mentioned leakage problems answer the question: What physi-
cal quantities (the velocity, vorticity or fluid pressure) should be known at
the inlet and outlet in order to determine the flow uniquely?

In this paper as a mathematical idealization, a leakage problem for an
incompressible ideal fluid described by the Euler equations is considered.
We consider the domains with the following parts of boundaries: S, — the
part through which the fluid enters the domain: S, — the part through
which fluid leaves; and S, — the part on which the normal component of
a velocity vector is zero. We assume S, N S, = J.

It has already been stated [8]-[11], [20], [21], [23], [24] that when only
the normal component of a velocity is given on the boundary, the leakage
problem is not well posed. The uniqueness and existence of solutions of
this problem when, additionally, the tangent components of the vorticity
vector were assumed on S, have been proved in [10], [11], [12], [20], [21].
In [8] the tangent components of the velocity vector on §, were addition-
ally assumed.
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230 W. M. ZAJACZKOWSKI

In this paper we prove the uniqueness and existence of the leakage
problem solutions for a given velocity vector on S, and a pressure on S,.

In §2 we introduce some notations about considered domains and
some Banach spaces. In §3 the leakage problem for the Euler equations is
determined, and a method of successive approximations, which is used to
prove the uniqueness and existence of solutions, is formulated. In §4 we
obtain some a priori estimates, and at last in §5 we prove the uniqueness
and existence of the considered leakage problem solutions. The author is
very indebted to Professor J. Heywood for fruitful discussions.

2. Notations. In this paper we shall consider the following two
kinds of bounded domains & C R*:

(I) nonsimply connected domains with a smooth boundary 0Q =
SSUS; §NS,=3; S, i=1,2, are smooth surfaces of class C*,
k = 1 an integer;

(II) simply connected domains with a nonsmooth boundary 98 =
SoUS,US,; S, »=0,1,2, are smooth surfaces of class Ck k=1 an
integer; S, N S, = @; the dihedral angle between tangent spaces TS,
and

T.S,xEL:=S8NS,i=1,2,

isequal tow/n,n = 2,3,....

In a neighbourhood U(g), g € S|, we introduce an orthonormal
curvilinear system of coordinates, (7,(x), 7,(x), n(x)), x € U(q). The
surface S| N U(q) is determined by the equation n(x) = 0. Hence, for
n(x) = 0, 7, 7, are coordinates on S,. (7,(x), T,(x), 7(x)) be the orthonor-
mal basis corresponding to the coordinate system such that for x € S|,
T,(x), T,(x) are vectors tangent to S,, and 71(x) is the outward vector
normal to S,.

We shall investigate the problem in Sobolev spaces. We denote the
norm of the Sobolev spaces W/(Q) and L(R) by || /.o and || I, q
respectively, and the norm of the space W,~'/"(S) by |||l ,,.,.s. Let B be
a Banach space, £ a nonnegative integer and 7 some positive constant.
L%(0, T; B) is the Banach space of functions f(¢) on [0, T'] which have
values in B for every fixed ¢ € [0, T'] and are k-times boundedly differen-
tiable with respect to ¢ € [0, T'] in the topology of the space B. Let us
introduce the space

/
I, (7)) = M L0, T; w(Q)),
i=k
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where Q7 = Q X [0, T'] (similarly, I1Y, (ST), I’ =1~ 1/r, where S =

k,r,0

S, X [0, T],» =0,1,2), with the norm
I
(2.1) lulokrar= sup 3 |D/ul;, 0,
t€[0,T] i=k

and the space I'; () with the norm

/
(2.2) ulikre = 2 |D/ 7|, 0
i=k

The index © will be omitted in notation of all norms.

3. Statement of the problem. Let us consider the Euler equations in
QT.

(3.1) o,+tv-vo+ vp=f,

(3.2) diveo =0,
with initial condition
(3.3) vl=0 = a(x), diva=0,
and boundary conditions
= chthatn-n= —d,d=d, = const >0,

(3.4) vls,_ n su atn - i 0

v-als,=0,
(3.5) pls,=w(x’,1), x' E€S,.

From (3.3) and (3.4) we have the following compatibility conditions:
(36) n|t=0 =a|S,, a- ﬁlso =0.

Our aim is to prove the existence and uniqueness of solutions of the
problem (3.1)—(3.5). As we do not know any method to solve our problem
directly from (3.1)—(3.5), we replace this problem by the equivalent system
of problems. At the beginning let us prove the following lemma:

LEMMA 3.1. Let v be a given function of class CH*(Q"), p € C*4(Q"),
n € CH%(SY), vectors 7,, 7,, i1 belong to C" in a neighbourhood of S, and
equation (3.2) is satisfied on S,.

Then the initial and boundary conditions (3.3), (3.5) and equations (3.1),
(3.2) determine the following well-posed elliptic problem for p:

A) (3.7 Ap = divf — vkois

x Tx"

(3.8) Pls=n(x,1), x €S,
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ap| _
(3.9) - § = Mt fils,
2
+ (TI,,TI”’,“ + n,m,divT, — nﬂn,fﬂ)
p=1
2 2
+ 2 g A, +nn( 207 A, tn,diva
por=1 r=1
=g(n,7,n),
(3.10 ap| _
) 8n So f;‘ISO 0o nxk’

where f, = f-n,m,=n-n,m,=n-7,» = 1,2. In the case of nonsimply
connected domains, condition (3.10) does not appear.

Proof. Using (3.1) and v - 7i]s, = 0, we obtain (3.7) and (3.10), respec-
tively [16]. It remains to obtain (3.9) only. Multiplying (3.1) by 7,
projecting the result on S, and using curvilinear coordinates we obtain

ap
(3.11) s

'——(f-ﬁ—v,'ﬁ——v"vxk-ﬁ)ls|
1

2
:f;1|S| - nn,t - 2 np.nn,‘r‘, _nnvn,nlsl + nkn : h_,xk’
p=2
where 1 = Zﬁzl n,7, T m,A. In (3.11) the unknown quantity v, ,|s ap-
pears. To calculate it we apply the operator div to (3.1), and using (3.7) we
obtain

0 ad .
(3.12) (E+vkw)dlvo=0.

Now we introduce curves determined by the equations

(3.13) L=o(ynns)s),  Hnnn=x

where s is a parameter, 0 <s <t We classify these curves into two
disjoined sets (a), (b):

(@) y(x, t;5) € Qforeverys € [0, 1),

(b) there exists a moment ¢,(x, t) € [0, ¢) such that y(x, t; t,(x, ?))
€ S

Equation (3.12) implies only that dive = const on curves (3.13).
However, according to (3.2), divo = 0 in €. (3.2) is satisfied on curves of
family (a) because the initial values are such that divv|,_, = diva = 0.
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Initial values for (3.12) for curves of family (b) are given by boundary
values on which (3.2) imposes the following restriction:

(3.14) diV Ult:t*(x,l) :diV 'DIS‘ = 0.

Using the curvilinear coordinate system, (3.14) yields

2
(3.15) sy = = 2 (M, + 0, divE,) — m,diva.

p=1

Using (3.15) in (3.11) we get

d 2 -
(3.16) & o Thls = Mt 2 (mm g+ mn, diva, —un, )
1 p=1

+nidiva +nfn - A,
which implies (3.9). This completes the proof.

Now let us consider the system of problems (A, B), where (B) is
defined as:

v,tv-vVo=—Vp+/f,
(B) oli=0 = a,

ols, =m, v,ls, =0.

Lemma 3.1 implies that problems (A, B) and (3.1)—(3.5) are equivalent.

To prove the existence and uniqueness of solutions of the problem
(3.1)—-(3.5), we use the following method of successive approximations for
the equivalent problem (A, B):

(As,) AD;p = D;(divf— bubk),

Sm
Dip| =Dm(x',t), x €S,,

2

0 m
E{Dfp

9 . .m
ED;P

= Dg(n, 7, 71),
S

=D;(f, + 55 7,4

SO SO
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where for nonsimply connected domains (I) the boundary condition on S,
does not appear, g(n, 7, 1) is determined by (3.9), and

(By) (3.17)
m+1 m m+1
(D,S v ) +o-VD' v
t
s—1 .m m+1 m
J=0

m+1
(3.18) D"

r=0
a fors =20,

= m m+1 m
—D,“'(U-V v +Vp—f) fors =1,
=0
m—+1
(319) D’s ) s :D[s«r”
1
0
where m =0,1,..., v =a and s=0,...,/— 1. For a given v the

problem (A°,) constitutes an elliptic problem on ;, and for a given r; the

. . +1 .0
problem (B;,) constitutes an evolution problem on "o Taking v, from

0 1

(A®,,) we can calculate p, then from (B}) we can calculate v, and so on.
On each step a solution of the problem (B?) is such that

(C) (3200 (3 +%- v)div "> =51 (4 =54,

m+1

(3.21) div™o'| =0,
=0
(3.22) div'o'| =0.

Problem (C,,) implies div © % 0 for each m > 0.

Now let us consider problems (A°,), (B;,) separately. We shall prove
existence and uniqueness of solutions of these problems.

LEMMA 3.2. Let us assume r > 3/1, 1= 1, f € T}T(Q), v € T[*Y(Q),

Lr

7 € I;F27V(S,), n € I11271/7(S,) and the smooth parts of the boundary
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are of class C'™3. Then for t € [0, T] there exists a unique solution p €
T3 7%(Q) of problem (A%,), s = 0,...,1, such that

2

m
=C, +Gjlv

1+2,2,r,Q

(3.23) ﬁ

+1,0,r,0°

where C, depends on I, r, &, |flioy 1,0 IMe2—1/m1rs0 1T hia—1 /0205, and
on bounds of (I + 3)th derivative of the boundary, and C, depends on r, Q.

Proof. The existence of solutions of problem (A ) for a domain with
edges was shown in [19]. For nonsimply connected domains the existence
of solutions of this problem is well known. Therefore, the following
estimate for these problems is valid:

. m. m
SC(‘dw/—l— v'xvk,

3.24 V
( ) 1P 1+22,r,90 1,0,r.2

m, m _
-1-|*77'|1-y-2—|/r,2,r,s2 +lov-nu+f-n
I+1—=1/r,1,r,8,

+

T’n,t + "";,L'nrt,‘r“l - T’n(nv,f, + m, le 1_-1/ + Nn leﬁ)
NN Rk —f' ﬁII-H—l/r,l,r,Sl)’

where C depends on /, r, Q. (3.23) follows (3.24). This concludes the proof.
LEMMA 3.3. Let the initial data functions satisfy the restriction

(3.25) a - nls, = a, = const > 0,
and

p € C(Q), fECAT), aeC(Q),
n e c2(sT), vecQn),
where Q7 = Q X [0, T). If |'3,|S C = const, m > 0, there exists a unique

solution of problem (B2) for t € [0, T\], where

4y

(3.26) =2,
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1 _ _
such that "o € C"QT). Moreover, if D°p € C>XQ"), Df €

C®T), Den € C¥(ST), D% € C4@T), D"s' € @), o=

0,...,5 — 1, and (3.26) is satiﬁfied, there exists a solution of problem (B;,)
+ —

for t €0, T,) such that Do € C Q™).

Proof. At first we have to show that the ﬂuic}n leaves the domain £
through S,. From the assumptions of the lemma v |5, = a, — ¢, so for

t=T, '3,, s, = 0. To show that problem (B2) is well posed, we introduce
the characteristic curves of (3.17) determined by the equations

d m
(3.27) T=00(x65)s),  ylnn)=x

where s is a parameter, 0 <s <. We classify these curves into two
disjoined sets (a), (b) (see the proof of Lemma 3.1). Then (3.17) can be
written as

(3.28) gg "o (y(x, 5 5),5) = — v,p (y(x,15),5) + f(y(x, t; 5),5).

For each characteristic curve (3.27), equation (3.28) represents a corre-
sponding ordinary differential equation. The initial values for (3.28) on
characteristic curves belonging to (a) or (b) are determined by (3.18) or
(3.19), respectively. This shows that (B?) is well posed. The existence and
differential properties of the solution of (BY) result from the expression
obtained by integrating (3.28) with respect to s using initial values
determined by (3.18) and (3.19). Similar considerations are valid for
problems (B ). This concludes the proof.

4. A priori estimates. In this section we obtain some a priori
estimates of solutions
m+1

Do € W/T(R), DipeE W/ TT(Q),

r>

3 — —_—
s =0, = Lm=0,...,1=2,
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of problems (A%)), (B;), respectively. We distinguish the case /= 2,
because then the solutions belong to the largest admissible Sobolev space.
Moreover, in this case calculations can be done explicitly.

LeEMMA 4.1. Let us assume:

@T=<T,r>3d=d,>0;

(b)n € IG(S), f € T (RQ);

(©) Sl lS of class C3;

(d) P P = r2 r(ﬂ), U € W2(9)9 m=1;

(e) (3 25) is satisfied.
Let v be a solution of (B2) then for t € [0, T,] the following inequality is
valid:

r r

r r

d || m+1 r m m—1
(4.1) I =C +G|p +C3p +Clp P
2,r 3,r 2,r 3,r 3,r
m m+1 m+1 ]!
+C5“v v .
2 2,r

where

Cl = Cl(dOa Sla |”I|2,0,r,Sn Iﬂz,l,r,sz), Cz Cz(do’ Sn |Tl|2 1,r Sl)
G= Ca(do’ Sy, “"I”Z,r»Sl)’ C,=C(S), C=C(r,Q), G :”fuz,r-

Proof. From (3.17) we have

+1 +1
(4.2) 2 > fpf('”o s+ 0k ;k+st—ff)
s=1]=<2"0
.m—+1 m+1 r=2
XD v *|D{ v =0,

where

) 9N 3~ 9h ) ] ) )

D} = ,  hthtia=l]

T T — —
ox{* dx4 0x4
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From (4.2) we have

r r

1 d||m+1)) 1 m | m+1 m+1 m+1 |2
(43) — = =——f v-A||l v o |+ v | |ds
r dt 2.r r Jaq
m m+1 || 1 o om|||m+1])”
+max|vx v | +—= max'dwv v
Q r r Q 2.r
m+1 ||| m m+1 |71
+max| v ||v,, v
Q r r
m m+1 r
+2 maxlvx v
Q r
m m+1 |
(5], +1ae. )]s
3,r 2,r

Using curvilinear coordinates introduced in §2 and boundary condition
(3.4), the surface integral in (4.3) is estimated by

m m+1]" m+1 |" m+1 r
—| v-n|| v v v | | ds
3Q
m+1|" m+1 m+1 r
= Sd v v o, v | |ds
1

= c(s) f [l +in.f +hn.
1

m+1
U

,nn

m+1

(% v

r m+1
v

r |m+1

)ds

,Tn AT \n

if

1.
From (3.17) restricted to S, for s = 0 we calculate

m+1 o m I
v ’"Sl_d 77,"1'77;[’1,7““" vp—fl=d A,
SO
+1 m+1
(4.4) "o | =—d?d Aa+da v
b l/Sl i 4 'y I S]
=—d?A+d'4,
m+1 _m_,m m+1 m m+1 m
U an = Uy vn,n v I+Dp. v ,T#+VP_f
m_ m+1 m m+1 m m+
- v, v n,—i—vwv’u%—v“v I M VA
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Knowing that
m 1 m—1
v’"s.Zd ntan, +Vvp —f1,
we obtain
m+1
v ,nn 281(71: 1’t> Nrs 71,:1-’ 7’,1’1” f,t’ f,'r’ f)
1
m m—1 m m m
+82("1a71,;,71,1af) px p x+px+pxx+pxt ’
where

:—nn:—n.h—’ 'nu:n
aﬂﬂ(x) :[h_’ ;.V] ) iz’ bll(x) :[ﬁ’

=

-7

and [7,, 7,] is the commutator of vector fields 7,, 7,. Substituting (4.4) into
I we obtain the estimate

el

r r

+ G
3,r

r r

m—1

(4.5) I=C + G ; r;t 4 ; p

b

3,r

2,r 3,r

where C,, i =1,...,4, are the same constants as in (4.1). Using the
Sobolev imbeddings in (4.3) and using (4.5), we obtain(4.1). This ends the
proof.

. m .
In estimate (4.1) the norm ||p ||, , appears, so we have to consider

problem (A')) and, consequently, problem (B}), also. Therefore, we
formulate

LEMMA 4.2. Let the assumptions of Lemma 4.1 be satzsfled Then for
+
t €[0,T,] the following differential inequality for solutions v, v €
W*(Q) of (B) is valid:

r r r

m+l m m
(46)— 4 =C+Glp + Gl p,
Lr 2,r 2,r
m m+1 || m m+1 m+1 |7}
+Cpolllv v, +|v, v v,
2,r 1,r 1 2,r 1,r
m m+1 |71
+1p) T Cu v, )
2,r 1r
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where

C7 - C7(d()a r, 2, S1>|71 I2,0,r,S,’ |f|2‘1,r,9)’
G = Cx(do’ r, 8,8, lnlz,l,r,sl)’
C = C9(do, r, S, “7’”2,r,51)’ Cyp=Cy(r,9), Cy :”fz”l,r'

Proof. From (3.17) of (B},) we have

3
m+1 m, m+1 m
@n 33 o+ v )
s=1],=1°9 Ri
Jm+1sm+1 r—2 _
XD! v v, dx=0,
which, after applying Holder’s inequality, implies
1 dilm+1 )"
4.8 ——I v
@8 -l
1 m _[|m+1 m+1 |
S——f v-n||l v, v | |ds
rJae
1 Com|||m+1 )" m+1 m m+1 || 1
+—max,d1vv‘ v || +max| v [|o|| ©,
r Q 1,r Q r r
m+1 m m+1 || m m+1 ||
+m§1x v, vx,r v o, +m§1x'vx v .,
r r
m m+1 m+1 || ! m m+1 ||
SR K e e | 3 R 17 | iy
Q r r 2.r 1,r

Using the curvilinear coordinates and (4.4), the surface integral in (4.8) is
estimated by

m m+1 | m+1 |
(4.9) - v-ﬁ( v, vx,)ds
02
r r m+1 "
=c(s) [ al il +in ) +]75 L] | as

r r

m

P,

sC7+C8$

b
1,r

2,
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where constants C,, Cg, C, are described in (4.6). From (4.8) and (4.9) we
obtain (4.6). This concludes the proof.

Lemma§n 3.2,m4.1, erlnnd 4';12 imply a priori bounds on elements of
sequences { v}, {v,}, {p}, { p,} of the solutions of problems (A%,), (B},),

s = 0, 1. These bounds are local in time and independent of m, which is a
consequence of the following theorem:

THEOREM 4.1. Let us assume S; € C*, i=10,1,2, n € II}] 1/ (ST),
g e 38, fell?, () and

2,r,00 1,r,00
(4.10) T < max min{-—%, t’(p)},
p>1 (pyy)
where

¥o =llall2.r +||—a*a .« + vp(0) + £(0)|,.,
r 2r r r
<l|lall2.r + a2 +p )], + O],
< C(llallz.rs [£O) o I O)2=1/rr.5,5 MOV 2= 1/ 0.r.5, )

, 1 Py, t1
t'(p) = In ,
() Y(P)’o) Yt 1

p>1,

and Y(y) = C(y* + 1). Moreover, we denote by p, > 1 the value for which
the function

T(p) = min{ t’(p)}

_ %
(P)’o)l/r
has a maximum. Then the solutions of problems (A°,), (B;,), s = 0,1 are

estimated in the following manner:

(4.11) |'3|2“S(poyo)’/’-

m
Moreover, from Lemma 3.2 we have the estimate of | p |,

< Cj + Ci(poyo)”
3,2,r

(4.12) ,?

where C/, i = 1,2, are explained in (3.23).
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Proof. From inequalities (4.1) and (4.6) we have, form = 1,

r

r r

d|m+1]| 1 1m ™ m—1
dr 2,1,r 32, 32.r 32.r
1 m m+1
+C4lv v
2,1,r 2,1,r
| m NEs r=1
32,r 2,Lr

where C!, i =1,...,6, are constants dependent on C,, k= 1,...,11.
Moreover, Lemma 3.2 implies

2| ™ 2
sd+QM ,
2,1,r

(4.14) H
3,.2,r

where C?, i = 1,2, are described in (3.23). Assuming ;(z) =| '3(z)|§),,,,
from (4.13) and (4.14) we get, form = 1,

d m+1 m m—1 m+1
(4.15) -EySﬂ%y)(y+¢
where y(;, m)jl) = C(;4 + m;l“ + 1) and C is the upper bound of all

constants appearing in (4.13) and (4.14). Using the method of induction,
we will show that y(¢) is bounded independently of m. We have to obtain

1
a differential inequality similar to (4.15) for the function v, knowing that

0
v = a. From (3.17) for m = 0 and s = 0, 1, similarly as in Lemmas 4.1,
4.2 we obtain

dit| 1y 1" 1} 1 | I
(4.16) i Sd o| +|v, +|v, +lo, | +lo,,l |ds
24y I
, 1| 0 S\t
+C,2"a||2,, 0 +1|p + Ci5 v )
2,1,r 3,1,r 2,1,r

where Cj, = C{)(r, ), C{; =|fl,o,- To estimate the surface integral I in
(4.16) we consider

i I 1 0
(4.17) v,= —a;‘[v,—l- av,+vp—fl, so

B 0
= —a, ][’Tr + am.., +vp —f],

S
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1 1
where a, = —d(0), and then v ,,, v ,, can be calculated. At last we can
get

1 1 1 0
(4.18) V= a;2an,n[v,t + a,v . +vVvp —f]

1 1 1 0
— -] _
a, [v,n,+aﬂ’nv,fu+aﬂv,w+ VP, fn]

Using (4.17), (4.18), the surface integral in (4.16) is estimated in the
following way:
3,2,r) ’

(4.19)  I=g(dy, lallh.rs Inl20.rss [flLors,)

2r

0
+p

3,2,r

0
+g2(d0’ ”a”l"’sl’ lﬂlvoarvsl)( p

0 0
Now we calculate the functions p, p, from (A%), (A}):

(AY) A?) =divf— a'«ak,
0
ap
pl =n(x,1), | =gnn7)
P s, m ’ ) an g "?> ) ’
S
0
ap
W —(f,,-l-aka nxk)ls,
So
and
1 0 .
(AY) Ap,=div,
0 0
o ap, Ip,
p’SZZ ,(x’,t), W :g(nt’n’T)7 on :ft'nlSO'
S So

From problems (AY), s = 0, 1, we have the following estimate:

0
(420) ,P - = C(”a“lr, 'ﬂZ,l,ra I7T|3_']/”2»’v52’ |7l|3—1/r,l,r,S|)-
Therefore, from (4.16), (4.19), (4.20) we obtain
dli| 1"
(4.21) E (% 2’1," S Clz + C13 (] 2’]”‘,
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where Cy,, Ci; depend on ||ally s |flhir |Th—1/r2r.55 1M5-1/r2rs, I0-
tegrating (4.21) with respect to time we obtain

r

1
(4.22) l v
2

< (1 + yy)elCutcr — 1,
1,r

1 . . ..
Demanding that y < py,, p > 1, we obtain the following restriction for ¢:

1 Py +1
< =
r=t(p) Cp + Cis tn Yo+ 17

(4.23)

Now we shall obtain the required estimate for m = 1. Assuming ;( 1) <
PYos m)j l(t) = py, (for m =1 it has been shown above), we shall show
that m; ! (1) = py, for a sufficiently small time interval which depends on
p. Indeed, from (4.15) we obtain m;l(t) < (1 + y,)e"®or0’ — 1 and

. +1 . ..
demanding that my = py,, we get the following restriction for ¢:

1 Pyt 1
4.24 t<t,(p)= n .
(4.24) 2(e) Y(Pyo, pyo) Yot 1
The function #,(p) has a maximum for p = p,, where p,, is a solution of
the equation
L+ Py, PYot1
n .
1+ oYy ntl

1= 493)’03

Let ¢(p) = min{¢,(p), t,(p)}. Then, assuming ¢ <¢'(p) and (3.26) is
satisfied, we conclude the proof.

Now we consider an a priori estimate for the solutions of problems
(B;,), s =0,...,1, where / = 2 is an arbitrary integer.

LEMMA 4.3. Let us assume
@T=<T,r>27,d=d,>0,1=2,
(b)n € T; (S)), f € T} (Q),

(c) S, is of class C"*!,

(d) p ETL(Q), © € TL(Q).

1
Then for t €[0,T\], an arbitrary solution "ol er LAQ) of (BY), s=
0,1,...,1 — 1, satisfies the following differential inequality:

r r

+1 +1
(4.25) d\m <I+C(r, l,sz)"é'l "o
dt L,r L,r I1,r
m m+1]"1
+ ((p +lﬂl,1,r) (Y )
1+12,r Llr
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where 1 is the following surface integral:

(4.26) 1= 3 do" 11 ds,
Sy i+j=I
j=<I—1
where
9" 92 b

4 0
Dl— i:i1+i2+i3,DI:5;.

x . . Y
0xj' 0x% 0x%

Proof. To prove this lemma we assume all derivatives of all functions
appearing in the problem are continuous. From (B}), s =0,1,...,/— 1
we have

3
. +1 +1
427y 3 3 fQD/D;(mv S0k 0 S+ vj—fs)
j<mT
oml | om+1 |72
xD/Di"o *|D/D"0 | dx =0,

From (4.27), using Holder’s inequality and the Sobolev imbedding theo-
rems, we conclude the proof.

Now we shall estimate the surface integral (4.26) which appears in
Lemma 4.3.

LEMMA 4.4. Let (a), (b), (c) of Lemma 4.3 be satisfied, and let
a € W!(Q). Then the surface integral (4.26) has the following estimate:

i
(4.28) I=sc(s)>r,
i=0

where
429 1= 3 cil...i,)ﬁ "p ,

it e =i 1+1,2,r,Q 1+12,r,9
where i’ = min(i, min(m, 1)) and

C,‘l...," = Ci‘.l.i’(l"I'l,O,r,Sp lfil,l,r,(h ”a”l,r,ﬂa do)

Proof. Using curvilinear coordinates, from (4.26) we have

(430) 1=c(s)3 3 | d‘Dg)D,fD;'"J !
i=0 |a]+j1$l-—i S
J=I—1

r /
as=cC(S) I,
i=0
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where a is a multi-index and D, denotes all possible derivatives of order
a, with respect to 7, m,, D, =9/0n. To estimate (4.30) we have to

consider the form of D; "o , 5 < 1. From (3.17) of (B2) we have

m+1 m_l[m+l m m+

(4.31) D,v =~v,| v, ,+vo, Ul,fu‘*‘ V;’,—f]~

Differentiating (4.31) with respect to n we obtain

+1 m m m+1 m m+1 m
amrtl_m_y
@) D' =%.%,,)" 48, vh— )
m_ m+1 m m+1 m m+1
-0, v ,”-f-ow, v O, 0 L.

m m m+1 m+1
+Vp,n—fn+v“( v ’,vayu+ v b)],

o

where a, (x) = [7,7] -7, b, =[#,7,] - 7 and '3’,, 1s described by (3.17)
of (BY_,). Hence it has the form

m—1 m m—1

(4.33) ’11)1 =—p n“[vt-f- v ”g,m-!— Vm];l—fJ.

At last the (s + 1)st derivative with respect to n has the form

s m—H_ im s—1 m+1 m m+1 m
(434) DS*''v = — ¥ Div, 'DS [ v, to, 0 Vp—f].

I=s
+1 . . . .
To obtain the form of D; +1"5" we shall use inductive considerations.
+1
From (4.31) we see that D, v has the olynomial form of degree two
" P g

m m+1 .
with respect to D/D{,,v, D/D{,, v , i+ j=1, and that it is linear with
+1 m
respect to D/ (fT)mv Jit+tji<1p.f.
+1
From (4.32) it follows that D? "o is the polynomial of degree four

with respect to D,"D(’T)m+1; at, where 6 = 0,1,2, i +j <2, and that it is
the polynomial of degree two with respect to D,’D(fx)mﬁ ’ DD/, f, where
i+j<2i<1,p=0,1,k+ 1=<1 Wesee that D,,zmtJ)rl depends linearly
on D/D{,, "o , where i +j < 2. .

Let us introduce the inductive assumption. Let D, "o bea poly-

ial wi 02,0, pipg,"p" and DD, f, wh
nomial with respect to DD/, v , D/D/, p and D/D,f, where
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itj<s50=0,...,50=0,...,5s— 1, k+ 1=<s— 1. Then from (4.34)
+1 +1 ..
we see that D! "o, comparing with D, b, contains additional terms

m— -s . . )
v’ mp , and the order of all derivatives increases by one. Moreover, the
. . m+1 m—s m m—s
degree of the polynomial with respectto v ,..., v and p,..., p ,f

. . . m+1
increases by two and one, respectively. At last, if s > m, then in D *! v
there appear the functions Dj},a, 0 < x <'s, in the power up to s — m.

. . . m+1
From the inductive assumptions we obtain that D:*' v is a poly-

. m+ o
nomial of degree 2(s + 1) and s + 1 with respect to D/D/,y, v ,i+tj=
s+1,0=0,...,s+1, and DD.,"p", DDf, i+j=s+1, iss,

p=0,...,5, k + 1 <s, respectively. We must underline that m;r l with all
its derivatives appears there linearly. Hence, using the fact that W/(Q),
r >3/l — 1, is an algebra, we obtain (4.28), (4.29), so we have proved the
lemma. e

Now we estimate the initial conditions D’ v |, appearing in
problems (B}), s =0,1,...,/ — 1,/ =2.

LEMMA 4.5. Assume
a€W/(Q), 10)ETL, (2), (0) € TLH=1/(S,),
8(0) € TS r> 12
Then for solutions of problems (A°,), (B;,), s =0,...,0l — 1, the following
estimate is valid:

3m+l
D’ v

t

(4.35)

t=0[l/—s5,r,Q

=< F*(llallir.g, [FO)]i=s.r.05 7O 1-1/m041-5r53

18(0)|141- 1/rl+1 7s,r,S|) s

where F° is a polynomial of degree s + 1 with respect to its arguments and
[=2.
. m+1
Proof. To obtain the form of Df v [_, s=0,...,/ — 1, we use
. . . . +1
inductive considerations. For s = 0 we have v li=o = a. For s =1 we

1 m m
have D,m:)r =0 = —a - va — v p(0) + f(0), where p(0) is a solution of
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problem (A°,) for ¢ = 0. Therefore, we have
P(0) = F(divf(0) — aluak, g(n(0), 7, 7),

(f(0) - 71 + a*a - it ) )|s,» 7(x’ O))

where ¥ is a 11near funct10nal which represents a solution of (A°,). Hence,
the function D, "y |, o has the polynomial form of degree two with

respect to D}a, i <1, and it depends linearly on £(0), g(0), 7(0). For s = 2
we have

2m+1
D7 v

m

m-+1
=——D,v‘ Va—a-vVD, v
=0

m
- VDtpl o +Dtﬂt:0’
t:

=0
m m+1 .
where D,v |- O, D, v |_, are calculated from the previous step (for

s=1),and D, p =0, calculated from (A')), has the form

m
D,p

= %‘(D,(divf— 5Lk
t

’ ngl,z()a
=0 =0

D,(f-ﬁ+’$k'3-ﬁxk)

D, _ )
Soﬂt:O’ ! It'o

+1
Therefore, Dzmv li=o 1s a polynomial of degree three with respect to
D/, 0a 0= z = 2 Moreover, it depends linearly on D;D/,, f|,—g, i + j =1,
D,p . |=o p L(0). At last, the first and third arguments of Dr D li=0o

constitute a polynomial of degree three with respect to D( a8, 0=i=2,

and they depend linearly on D/D/,, f|,—o, i +j =1, D(x) P =g i =1,2.

m+1
Now we shall consider the sth-derivativeof o :

s—1
.m _.m+1
:—E(D,fo- vD; ' )
t=0 j:O

m+1

(4.36) D"

t=0

Knowing th:it is a linear functional with respect to its arguments, we can
treat D" v |, as a polynomial with respect to a, £(0), 7(0), g(0) and

their derivatives. Moreover, the derivatives of f, 7, g, with respect to time
for t = 0, have to be considered also.

. m+1 . . _ym+l ...
The expression D v |,—,, comparing with D; ™! v |_,, addition-

. . _ _m _.om
ally contains the derivatives D~ 'f},_, and D" 'p |,_,, where D} ' p |,
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depends on D" 'w|,_,, D 'g|,—,. In the end, because of the bilinear and
linear dlfferentlal operators of the first order appearing in (4.36), the

expression D, v |, o has a polynomial form (with respect to a, f(0), g(0),
+
7(0) and their derivatives) of degree greater than D! v |, by one.
1
The order of derivatives of a, f, g, 7 appearing in D/ mg = 1S greater by

one also. Therefore, from induction considerations, D, "5 li=o 1s @ poly-
nomial of degrce s+ 1 with respect to a,...,D},a, Dj,D/fl|o
Dl D/m|,—o, D}, D/g|,—y, for i + j <5 — 1. At last, using Lemma 3.2 and
the fact that W/~!, r > 3 /(I — 1) is an algebra, we conclude the proof.

THEOREM 4.2. Let us assume

@n €M VS, fET, (@), m € TS, V/(S)), 1= 2, r>
3/(1— 1),

(b)a € W(Q),

(©) S,eC*?i=0,1,2,
and

(4.37) T < max min{ - o)‘ -, "(p)}

o

where p > 1 and y, is defined in the assumptions of Theorem 4.1. Let the
function t”(p) be a solution of

(4.38) e HPTONC,(pY(0))2 + Y7(0)] = (p¥(0))",
where

C(pY(0)) = C(r, 1,2)[p¥(0) + 1],
G(pY(0)) = W(p¥(0),...,p¥(0)),

where
W(a,,...,a;) = 2 Ci,u-i,alzri' eealth, i = min(m, [),
i+ i<
Cl..., = C,A".A.i,(do, Lr,Q, alir, 1nlei-1/00,s7,
Iﬂ,,l,,,gr, I‘TT|1+l~l/r,2,r,S2T),
and
!/ r
Y'(0) =3 b :
$=0 t=0ll{~s,1,r,Q
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which is estimated in Lemma 4.5. We denote a value for which the function
b a ’”

T(p) = min{ ——, 1"(p)

( /

PYo

has a maximum by p,. Then solutions of problems (A%,), (BS), s =0,...,
[ — 1, are estimated by

(4.39) 5] =eh¥(0),

1,1,r,Q -

and then, from Lemma 3.2 we have the estimate

m

(4.40) P

< ¢} + ¢)(ph¥(0))’,

[+12,r,Q
where C/, i = 1,2, are explained in (3.23).

Proof. Using the Young inequality in (4.25) we obtain

d m+1 r 2’ m r r
441) —- I+ — ’ + ,)
( ) dt iy ’ ( 4 iy lﬂz,l,
-I-(C(r,l,ﬂ)”{)'i +r_1)mf§l .
1,1,r r 11,r
Using (3.23) and (4.28) in (4.41) we have the inequality
d m+1|" m m—i
—_ <
(4.42) Zl e W(lv‘“’r,..., v “’r)
m+1]"

b
11,r

+C(r, 1,9)("5‘1 + 1)| 0
,r

where W is described above. Assuming |1i> 1., = 0Y(0), p > 1,i = m, then
integrating (4.42) over time and using (4.37), (4.38), we obtain

r

< AT, (p¥(0))r + ¥(0)'] = (p¥(0))".

1,1,r

m+1

(4.43) v

Therefore we have proved (4.39). This concludes the proof.

5. Unique solvability of the initial boundary value problem. In this
part we shall prove the existence and uniqueness of solutions of the
problem (3.1)—(3.5). At first we shall prove the main result:

THEOREM 5.1. Let the assumptions of Theorem 4.2 be satisfied. Then,
there exists a unique solution of the problem ( A, B) such that

(Q7),p ETILI (QT), fori=2,r> ——

2,r,00 I—1°

(5.1) ovell

1,r,00

where T is described by (4.37).
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Proof. We shall use the method of successive approximations. At first,
m m .
we show that the sequences { v}, { p} are strongly convergent in spaces
L (0, T; W'(Q)) and L (0, T; W,*(R)), respectively. Let us introduce
m m—1 m m—1

(5.2) d=0v— 0, ?P:f;— p, m=139"=aq.

Then, from problems (A°)), (B) we obtain

- m m m—1. m m a@
(5.3) A@ = ‘—ﬁ’xkvl;l - 0 ;kﬂxn, @ = 0, ——a——— = 0’
, s, .
S
8 %np _ mkm _ m—]km _
n S——t? v — 0 O,
0
and
dmt m+1 m m m  m+1
(5.4) 704-0 v ¢ +d¥voeo=—-vP, ¢ =0,
! =0
m+1
0] =0.
S

Using Lemma 3.2, from problem (5.3) we have the estimate

m m m—1 m
(5.5) P SC(“UI +H v ) |
2,r 2,r 2,r 1,r
where C is a constant. From (5.4) we get
m+1 m+1]" m+1 "
56 Ll =- ’S-ﬁ( 9|+ 0, )ds
dr Lr 20
m m+1 1
+1[P 0
2,r 1,r
m m+1 m m+171
+C”v| ( 9 +”ﬁ ) 8|,
2,r 1,r 1,r 1,r

where C is a constant. Using the boundary condition (3.4) in (5.4), the

m+1 m

estimate (4.39) and D, ¢ | = —d, 'D_ P ls,» the inequality (5.6) is re-
placed by
],r)

r—1

m+1

)

m—+1

9

m+1

)

57) =

7 =C|9 2J+C2( +| @

i,r

1,r 1,r
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At last, using the estimate (4.39) in (5.5), from (5.5) and (5.7) we obtain

1 +1
(5.8) amet 3"+ gy,
dt
where a, B are corresponding constants, m = 0 and o =e"y% o = ]|0||1 rs

=||all{ ,. Integrating (5.8), we have "o = e""fo’,Bo(t’)e_"" dt’, so
after the inductive considerations we obtain ¢ < e®(Bt)™/m!(»°), hence
the series 2% _, 0 converges. It means that the sequence {'1')1} converges
strongly in L_(0,7; W,/(Q)), and from (5.5) that the sequence {;}

converges strongly in L_(0, T; W?(Q)). Therefore, there exists the limit

functions v, p in these spaces, and from estimates (4.39), (4.40) it follows
I+1

that they belong to spaces IT{ , ("), II5"! (Q7), respectively. To show
that the limit functions v, p are solutions of the problem (A, B) instead of
the problem (A, B), we consider the following integral identities:

(5.9) —/T'”J'n,dxdz+fa(x)n(x,o) dx+fT$k'"$’xk-ndxdt
Q Q Q

:j;lr(f— V;)ndxdt,

where ; = @('3) is a solution of the problems (A%,) for every continu-

ously differentiable function 5 such that 5(x, T) = 0, 7|5, = 0. Passing
with m to infinity, we obtain the same identities for the limit functions.
Thus the limit functions are solutions of (A, B). This concludes the proof.
As problems (3.1)—(3.5) and (A,mB) are equivalent, it follows that the limit
function v of the sequence { v} satisfies divo = 0. Apart from this,

considering problems (C,,), one can prove that property directly:

LEMMA 5.1. Let v, p be a solution of (A, B) described by Theorem 5.1.
Then

(5.10) dive =0 inQ.

+1 m+1
Proof. Multiplying (3.20) by div "o |div "o [ integrating the
result over £ and using (3.22) we obtain

14 :—fleU

rodt
m, m, m+1 m+
+fvxk ve— o L)div v
Q

r

dx

m—+1

div v div v

r—2

dx.

m+1
d1v v
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Using Holder’s inequality, we get, for r > 3,

r

d . m+l1 r . m . m+1
—[ldiv v Smaxldlv v‘ div v
dt r Q r
m m+1 m . om+1 r—1
+rmax|o,||| v ,— o, [div v
Q r r
Therefore, from Young’s inequality we have
dll.. m+1|" m . om+1]|”
(5.11) —|div v | <rmax|o ||div o
dt r Q r
m m+1 m ||
+maxi{o,|lll v ,—v,
Q r

Integrating (5.11) with respect to time, using (3.21) and (4.11) or (4.35), we
obtain

r r

dt fort €[0, 7).

r

(5.12) 'div "5 (1) " - %,

t
= Cec’f
0

r

From the proof of Theorem 5.1, we know that v converges strongly in

L(0, T; WX(Q)). Then (5.12) implies lim,, ., div 0() = divo(z) = 0 a.e.
in ©. But from (5.1) it follows that divv is a continuous function.
Therefore divv = 0. This concludes the proof.

6. Remarks. In this paper the existence of solutions of (3.1)—(3.5),
local in time, (v(¢), p(?)) € T (Q) X TL1Y(Q), t €[0, T], r>3/(1— 1),
/ = 2, has been proved. The time T of the existence of these solutions is
determined in the assumptions of Theorems 4.1, 4.2. For / = 2 we have
solutions v, p of the smallest smoothness. However, in this case v,(1),
0,(1), Py, () belong to the class C*(§2), t € [0, T'], where a = (r — 3)/r, s0
the Euler equations are still satisfied in the classical sense.

Condition (3.25), which assures that a fluid leaves the domain §2
through S, for ¢ € [0, T'] (see the proof of Lemma 3.3), is necessary to
obtain Lemmas 3.3 and 4.1-4.4. Consequently, this condition is necessary
to prove the existence of solutions of (3.1)—(3.5). Knowing that v is at
least of class C"%(QT), condition (3.25) implies that the considered
domain £ must be either simply connected with edges or nonsimply
connected with a smooth boundary.

Let us note that the taking of pressure on S,, as it was done in this
paper, is not the only condition necessary for the uniqueness of problem
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(3.1)-(3.4). 1t is easily proved from (3.1)-(3.4) that the following inequal-
ity is satisfied:

d a2 2
(6.1) E||0|12_<_m§1x v,

1
19ll5 + fma - 7% ds —fmu - ald| ds,

2 i
where 4 = 113 - 12), o Z}—p and 11), p, i = 1,2, are two solutions of
(3.1)—(3.4). Hence, knowing

(6.2) 'ﬂls,:O, 0'5’5020, 19|,=0=0

and

(63) wv-@ <0, v-@ =0, vo-A| >0, i=1,2,
5 So S

we see that for a given normal component of the velocity on S,, there is
also a unique solution. Though the existence of solutions of this problem
in Sobolev spaces cannot be proved [24], it was done in Holder spaces [8].
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