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PAIRS OF POSITIVE SOLUTIONS OF QUASILINEAR
ELLIPTIC EQUATIONS IN EXTERIOR DOMAINS

TakaS1 KusaNo, CHARLES A. SWANSON AND HIROYUKI UsaMmi

Our main objective is to prove the existence of infinitely many pairs
(u;, u,) of positive solutions of quasilinear elliptic differential equations
(1.1) Au—q(|x))u=f(x,u,vu), xe€Q,
throughout exterior domains 2, C RY, N > 2, of the type
= {xeR:|x]>a}, a>0,

where x = (x;,...,Xy), V= (3u/3x,,...,0u/dxy), and A = vV - v.
Each pair has the property that u,(x)/u,(x) has uniform limit zero in
Q, as |x|{ — oco. In particular, if 4(¢) = 0 and N > 3, u;(x) has limit 0 as
|x]| = o0, and u,(x) is bounded above and below by positive constants in
Q

ot

1. The function ¢ in (1.1) is assumed to be nonnegative and locally
Holder continuous in R, = [0, c0), and f: 2, X R, X RY — R is locally
Holder continuous in £, X R, X R" and satisfies a Nagumo condition.
Detailed hypotheses are listed in §3.

Specific asymptotic estimates for the growth (decay) of the solutions
u,(x), u,(x) as |x| - oo follow easily from our construction. In particular
sufficient conditions are given for the quasilinear equation

Au—|xu=(x)ut +y(x)|vul’, xeq,,

for constants r > 0, y > 0, 0 < 8 < 2, to have positive solutions u,(x),
u,(x) in Q, such that u,(x) is bounded above and below by positive
constant multiples of

]xlwhexp[(~1)'lx|r+1/(r + 1)], x€Q,, i=1,2,

where A = (N +r —1)/2.
By a similar method we also prove the existence of infinitely many
positive solutions of the boundary value problem

(1.2) Au — ‘I(lx!)u = f(x, u, Vu), xeQ,

ulag, = 0

under the same hypotheses as for (1.1).
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The sharpness of our results is indicated by known oscillation criteria
for semilinear elliptic equations [6, 10]. For example, in the case ¢(x) = 0
in equation (3.26), our conditions (3.27)—(3.30) are all known to be
necessary and sufficient conditions for the existence of a positive solution
of (3.26), of the type described in Corollaries 3.8-3.11, in some exterior
domain [11].

Our procedure will be to construct solutions of (1.1) or (1.2) which are
squeezed between subsolutions and supersolutions. The latter are obtained
as spherically symmetric solutions of elliptic equations with f(x, u, Vu) in
(1.1) replaced by radial majorants. We therefore begin by proving global
existence theorems for quasilinear ordinary differential equations (2.1)
below. These results have independent interest, and in fact are of quite
general nature. The procedure will be to find solutions of integro-differen-
tial equations as fixed points of associated operators from closed convex
subsets # of C'[t,, o) into subsets of #with compact closure.

In the case of semilinear equations Au = f(x, u), in which ¢(z) = 0,
global existence theorems for boundary value problems in exterior do-
mains have been obtained by Kawano and Naito [2], Kenig and Ni [3],
and Noussair and Swanson [8]. Existence of positive bounded solutions in
the entire space RY, N > 3, have been proved by Kawano [1], Kusano and
Oharu [4], and Ni [5].

2. Positive solutions of quasilinear ordinary differential equations.
Existence theorems will be proved for quasilinear ordinary differential
equations of the type

(2.1) Ly=h(t,y,y"), t=1,>0,

where L is the linear differential operator defined by

1 df 1 d( z )] 5
2.2 Lz = — — R z€ Cty, ).
(22) pa(1) dt[pl(t) dt \ po(1) [t0, 20)
ASSUMPTIONS.

(A,) Each p,(¢) is positive in [z, ), p, € C*7[t,, ), i = 0,1, 2, and
P(t) = + o0, where

P(1)= | pi(s) ds.

lim,_,

(A,) h: [ty,0) X R, X R — R, R = [0, 00), is continuous and satis-
fies

(e, y, 2)| < H(z, |y, l21)
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for all ¢t € [ty), ), y € R,, z € R, where H(t, u,v) is continuous in
[t5, 0) X R, X R, nondecreasing in u for each ¢, v, and nondecreasing in
v for each ¢, u.

The notation below will be used throughout:

(2.3) p(t) = po(2) p,(2) /P(1) +|p5(1)].
For t > t,, (A,), (A,) and (2.2) show that the linear equation Lz = 0
has linearly independent positive solutions

z,(t) = po(2), z,(2) = po(2) P(2),

which are asymptotically ordered, i.e., lim,_, z,(t)/z,(t) = 0. The objec-
tive of this section is to establish sufficient conditions for equation (2.1) to
have solutions y,(¢) and y,(#) on the entire interval [¢,, c0) with the same
asymptotic behavior as z,(¢) and z,(t), respectively, as t — oo. We also
prove the existence of a positive solution y(¢) of (2.1) in (¢,, c0) satisfying
the boundary condition y(¢,) = 0.

It is well known [12] that every nonoscillatory linear differential
operator L of second order in (0, co) can be written in the factorized form
(2.2), where

(2.4) Po=2, P11 ™ (22/21),, P2 =1/pop;

for linearly independent, asymptotically ordered solutions z,(#) and z,(¢)

of Lz = 0, provided ¢ is large enough so that these solutions are positive

in [¢,, 00). The functions (2.4) are unique up to multiplicative constants.
The following hypotheses are used in the theorem below:

(2.5) 7 pa(0)P(0)H(1, apy(0). bp(1)) di < oo

(2.6) / " pa(t) H(1, ap(t) P(1), bp(t) P(1)) dt < o

for some positive constants a and b.

THEOREM 2.1. In addition to (A,), (A ,) suppose that A" *H(t, Au, Av) is
a nondecreasing function of A € (0, o) and

(2.7) lim A7 H(¢, Au,Av) =0
A0+

for each fixed (t, u, v) € [t,, 0) X R, X R,.

(i) Condition (2.5) implies that equation (2.1) has infinitely many
positive (negative) solutions y(t) in [ty, 00) such that lim,_  y(t)/z,(t)
exists and is positive (negative, respectively).
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(i) Condition (2.6) implies that equation (2.1) has infinitely many
positive (negative) solutions y(t) in (t,, 00) such that lim,_,  y(t)/z,(t)
exists and is positive (negative, respectively).

Proof of (i). Let m = min{a, b}. The nondecreasing hypothesis on
A"'H(t, Au, Av) shows that

(2.8)  Apy () P()H(z, Apo(2), Ap(2))

< m™'p,(t)P(¢)H(t, mp,(t), mp(1))

for 0 <A <m and for all ¢ €[ty 0). By (A,) and (2.5), the right
member of (2.8) is integrable in (7, 00), and by (2.7) the left member has
limit zero as A — 0 + at every ¢ € [¢,, o0). The dominated convergence
theorem then implies that

lim foo A p, () P(t)H(t, Apy(t), Ap(t)) dt =0,

A-0+ Yy

and therefore a sufficiently small constant £ > 0 exists such that

(2.9) ft°° p,(6)P(t)H(1,3kpo(1), 3kp (1)) dt < k.
With this choice of k we consider

(2.10) Y= {ye Cty,0): kpo(t) < y(1) < 3kp,(2),

v'(£)] < 3kp(2),t > 15},

where C![¢,, 00) denotes the locally convex space of all continuously
differentiable functions in [¢,, c0) with the topology of uniform conver-
gence of functions and their first derivatives on compact subintervals of
[¢4, ). It is clear that #is a closed convex subset of C'[#,, 00). Define the
integro-differential operator M by

(2.11) (My)(z)

=02k + [ ([ pilo) do ) pals)ls. »(s). y(s)) as |

t> 1.

Ify € %, (2.9—(2.11) show that

(My)(@) _

0 < j°° p,(5)P(s)H(s, 3kpy(s), 3kp(s)) ds < k

Iy
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and

[(My) (1)] <|po(1)]

2k + ftw Po(s)P(s)H(s,3kp,(s),3kp(s)) ds

+po(0)pi(1) " pa(s)H(s,3kpo(s), 3kp(s)) ds

Po(2) p1(1)
P(z)

< 3k|py(1)| + kpo(2) pr(1)/P(2) < 3kp(2).

Therefore M maps #'into %. The continuity of M follows from (2.9) and
the dominated convergence theorem. The fact that M% has compact
closure can be easily checked via Ascoli’s theorem. It then follows from
the Schauder-Tychonoff fixed point theorem that M has a fixed point
y € %. Differentiation of the equation y = My twice shows that y(#) is a
positive solution of (2.1) in [¢,, o), and clearly lim,_, _ y(¢)/py(?) = 2k
by (2.11). Since infinitely many distinct choices of k are possible in (2.9),
equation (2.1) has infinitely many positive solutions y(z) such that
lim,_,  y(¢)/po(t) exists and is positive. A slight modification establishes
the analogous statement for negative solutions.

< 3k|p}(0)] + [ 25 P(s) s 3hpo(5). 3k (s)) ds

Proof of (i1). It follows as in part (i) that
lim [ A"pa(e) H(t, Apo(t) P(2), Ap(1) P(1) dt = 0,
A->0+ to

from which a sufficiently small constant k > 0 exists such that

(2.12) /wpz(t)H(t,3kp0(t)P(t),3kp(t)P(t)) dt < k.

)

With k as in (2.12), we define analogues % and M of (2.10) and (2.11),
respectively, by

(213) F= (y € C1g, 0): kpo(1) P(t) < y(1) < 3kp,(2) P(1),

()] <3kp(2) P(1), 1 = 1o},
(2.14) (My)(2)

=p0<t>[zkp<z> [ ) [ pa(0)h(o, 3(0), (o)) dods),

1> 1.
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If y € %, one finds from (2.12) and (2.14) upon interchanging the
order of integration that

F)(0)

Polt)
< P(t)[o p,(0)H(a,3kpo(0) P(5), 3kp () P(0)) do
< kP(t),0
and
|(My) (1)]

<

Py() [sz(o + P(1) [ pa(0) H(o.3kp(0) P(0). 3kp(0) P(a)) do]

4

o002k + [ o) H(o,34p,(0) (o). 3k (o) P(o) do]

< 3k

po(1)|P(2) + 3kpy(1) py(2) = 3kp(£)P(1), 1> 1,.

This shows that M maps # into %. The remainder of the proof closely
parallels that of part (i) and will be deleted.

THEOREM 2.2. In addition to (A,) and (A ,) suppose that n~ 'H(t, pu, pv)
is a nonincreasing function of . € (0, 00) and
(2.15) lim p 'H(t, pu, pv) =0

p— o0

for each fixed (t, u, v) € (t,,00) X R, X R . Then both conclusions (1) and
(i1) of Theorem 2.1 hold verbatim et literatim.

Proof. Let C = max{a, b}. Then, in analogy with (2.8),

p='pa () P(2)H (e, ppo(2), pp (1)) < Clpy (1) P(2) H(2, Cpo(1), Cp(1))
for all p > C and ¢ € [1,, o0). It follows from (A,), (2.5) and (2.15)
exactly as in Theorem 2.1 that
Jim [ () P H(t, wpo(1), mp (1)) di = 0,

and hence there exists a sufficiently large positive constant k such that
(2.9) is satisfied. Proceeding exactly as in the proof of part (i) of Theorem
2.1, we obtain a positive solution y(z) of (2.1) in [z,, 00) with
lim,,  y(t)/py(t) = 2k > 0 as a fixed point of the operator M in the set
Y.
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To prove part (ii), it suffices to observe that

o0
#lirroxou‘lf po(2)H(z, ppo(2) P(2), pp(2) P(1)) dt = 0.
This implies that (2.12) holds for sufficiently large positive constants k,
and the proof is completed as in Theorem 2.1.
The proof of Theorem 2.1 (ii) also establishes the existence of in-
finitely many positive solutions of the quasilinear boundary value problem

Ly =h(t,y,y'), t>t,,

(216 (1) = 0.

THEOREM 2.3. Suppose that (A,) and (A,) hold. Let H be as in either
Theorem 2.1 or Theorem 2.2. Then the condition (2.6) is sufficient for the
boundary value problem (2.16) to have infinitely many positive solutions in

(29, 00).

In fact, for infinitely many admissible constants k in (2.6), Theorem
2.1 (ii) or Theorem 2.2 (ii) shows that equation (2.1) has a solution y € &
satisfying y(z) = (My)(t) for t > to. Since P(ty) = 0 by (A,), y(¢) is a
positive solution of (2.16) in (¢,, c0) by (2.13) and (2.14).

3. Pairs of positive solutions of quasilinear elliptic equations. The
radial component of the linear part of equation (1.1) (i.e., f replaced by 0)
is

(3.1) Lz = tl”Ng;(tN”I%) -q(t)z=0, t=a.
Since (3.1) is nonoscillatory at oo, there exist linearly independent positive
solutions z,(#) and z,(¢) of (3.1) on some fixed interval [¢,, o0), relabelled
as [a, o0), such that im,_,  z,(¢)/z,(¢) = 0. Then the operator L has the
factorized form (2.2) in [a, o0), where p,, p, and p, are defined by (2.4).

By applying the results of §2, we intend to find sufficient conditions
for equation (1.1) to have positive solutions #,(x) and u,(x) in the entire
domain 2, with the same asymptotic behavior at co as the functions
z,(]x]) and z,(]x]), respectively. The standing hypotheses on equation (1.1)
are listed below.

ASSUMPTIONS.
(B,) ¢(¢) is nonnegative and locally Holder continuous in R, and
f(x, u, p) is locally Holder continuous in 2, X R, X RY.
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(B,) For any bounded subdomain G of £, and any constant C > 0,
there corresponds a constant p(G, C) such that

£(x,u, p)| < (G, )1 +1pl)

forallx € G,0 < u < C, and p € R" (Nagumo condition).

(B,) There exists a continuous function F: R — R, such that
F(t, u, v) is nondecreasing in # and v and

[f(x,u, p)l < F(Ix|, lul, |pl), x€Q,ucR, peR

(B,) For each fixed (7, u, v) € [a, 00) X R, X R, A" F(¢, Au, Av) is
a nondecreasing function of A € (0, c0) with lim, _,,, A7*F(z, Au, Av) =
(superlinearity).

A companion theorem will also be proved with (B,) replaced by the
sublinear hypothesis (Bf) below:

(B¥) For each fixed (¢, u, v) € [a, 0) X R, X R, p~'F(z, pu, pv) is
a nonincreasing function of p € (0, o0) with lim, , , p™'F(1, pu, pv) =

The existence theorems below are proved under one of the following
hypotheses:

(3.2) [ P02 Et (1) bp(0) e < o,
(3.3) fa‘” pz(t)F(t,azz(t) ”"(Z’l)( ;(’)) dt < oo

for some positive constants @ and b, where z,(¢) and z,(¢) are positive
solutions of (3.1) as described above, and

P = [0 2) 0]

+ I 1(’)'
These forms of p,(¢) and p(r) follow from (2.3) and (2.4).

p(1) = 2(1) % 1og [ (1)

Z1

THEOREM 3.1. If (B,)—(B,) and either (B,) or (B}) hold, then (3.2) is a
sufficient condition for equation (1.1) to have infinitely many positive solu-
tions u(x) such that u(x)/z,(|x|) is bounded above and below by positive
constants in §2,,.

THEOREM 3.2. If (B,)—(B;) and either (B,) or (B¥) hold, then (3.3) is
sufficient for equation (1.1) to have infinitely many positive solutions u(x)
such that u(x)/z,(|x|) is bounded above and below by positive constants in
Q

a
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THEOREM 3.3. If (B,)—(B;) and either (B,) or (Bf) hold, then (3.3) is
sufficient for the boundary value problem (1.2) to have infinitely many
positive solutions in §,.

Proof of Theorem 3.1. Consider the ordinary differential equations
(3.4) Ly = F(t, 1), 1> a,
(3.5) LY = —F(1,Y,|Y’]), t=>a,

where L is the linear operator given by (3.1). Since (3.4) and (3.5) have the
form (2.1), Hypotheses (B,), (B;), and (B,) (respectively, (B¥)) show that
Theorem 2.1 (respectively, Theorem 2.2) is applicable. By (2.4), p, =
(z,/z,)  and P = z,/z, + constant. Then condition (2.5) reduces to (3.2),
and it follows from Theorem 2.1 (i) or Theorem 2.2 (1) that equations (3.4)
and (3.5) have positive solutions y(¢) and Y(¢), respectively, in the interval
[a, o0) such that

im 28 _or pm YO ok
t— o0 21( ) t— o0 Zl(t)

for all sufficiently small positive constants k£ and K (or all sufficiently
large £ and K in the case of hypothesis (Bf)). These constants can be
chosen so that

(3.6) 0 <y(t)<Y(z) forallt> a.

Indeed, in the case of hypothesis (B,), let Y(¢) be determined first
satisfying

Y()< > o
K<Ztip=>% ==

as in the construction of Theorem 2.1 (i). Then choose 0 < k < K/3 and

an associated y(7) = y(t, k) satisfying

(1) Y(1)
(3.7) k < ;1—(—7 <3k =<K<—+ Zl(t) 12 «.

The argument establishing (3.6) is similar in the case of hypothesis (B}).
We define functions w and v: &, — R by

w(x) =y(lxl), o(x)=Y(x)), xe€@
Then (3.1), (3.4), and (3.5) show that w and v satisfy

a

Aw — q(|x|)w = F(|x|, w, |vw|), xe€Q,,
Av = q(|x])v = = F(|x], v, |Vv]), x€Q,,
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respectively, and hence by (B;) they satisfy the elliptic inequalities
(3.8) Aw — g(|x])w = f(x,w,vw), xe€Q,,
(3.9) Av — g(|x|)v < f(x,v,vv), x€Q,.
Since 0 < w(x) < v(w) throughout &, by (3.6), it follows [7, p. 125] that
there exists a solution u(x) of
Au— q(|x))u=f(x,u,vu), x€Q,,

with locally Holder continuous second derivatives in £, such that w(x) <
u(x) < v(x) for all x € . As indicated by (3.7), this implies that

y(x) _ w(x) _ Y(lx)

< (xS 7 = a) = %

(3.10)
throughout Q.

This completes the proof of Theorem 3.1. The proofs of Theorems 3.2
and 3.3 are virtually the same by application of Theorems 2.1 (ii) and 2.2

(11).
ExaMPLE 3.4. If q(¢) is identically zero, (1.1) reduces to
(3.11) Au=f(x,u,vVu), xe€Q,.

In this case a fundamental set of asymptotically ordered positive solutions
of Lz = 0in [a, 0) is
z.(t) =1, z,(t) =log(t/e) ifN =2,
(3.12) (2) - 2(1) g(1/¢) .
()=, z,(t)=1 if N >3,

for 0 < ¢ < a. Condition (3.2) is equivalent to

f tlogtF(t,a, tlé’ t)dt<oo ifN =2,
(3.13) o &
f tNTUF(t, at* N, bt N)dt < 0 if N > 3,

and condition (3.3) is equivalent to

i tF(t,alogt, -’}) dt < oo ifN=2,

(3.14) . 5
zF(t,a,7)dt<oo if N > 3.

Then (3.13) implies that equation (3.11) has infinitely many positive

solutions u(x) in ©, for any a > 0 such that u(x)/z,(|x|) is bounded

above and below by positive constants in §_; and in particular u(x) — 0
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as |x| = oo in dimensions N > 3. Similarly (3.14) implies the conclusions
of Theorems 3.2 and 3.3, and in particular implies the existence of
infinitely many solutions of (3.11) in £, which are uniformly bounded
above and below by positive constants if N > 3, a > 0.

ExaMPLE 3.5. Consider the equation

(315)  Au= ol u=o(x)u +y()lvil’,  xeq,

where B, v, p, r are constants, y > 0,0 < 8 < 2, p > 0, 2r is a nonnega-
tive integer, and ¢, ¥ are locally Holder continuous functions in £, for
some a > 0. Equation (3.15) is an example of (1.1) in which g(¢) = p?¢?"
and f(x, u, p) = ¢(x)u” + ¢(x)|p|?. Define

¢*(1) = max [p(x)],  ¢*(r) = max | (x)],

(3.16) F(t,u,v)=¢*(t)u” + y*(t)vP, t>a,ucR,, veER,.
Then |f(x, u, p)| < F(|x}, |ul, |p]) for all x € Q,, uc R,, p €R", and
hypothesis (B,) holds for this choice of F.

In the case of (3.15), equation (3.1) becomes

(3.17) tl-N%(tN*lf‘;—j) — 07z =0, t>a,

which possesses linearly independent solutions with the asymptotic behav-
ior [9, p. 285]

r+1 r+1

_ t _ t
Zl(t)“‘t Aexp[‘“f_‘_l], ZZ(t)~t Aexp[f_’_ 1]

as ¢t — oo, where A = (N + r — 1)/2. Evidently these solutions are
asymptotically ordered at oo, and we assume that a has been selected
large enough so that they are positive in [a, 00). Using (2.4) one easily
verifies the asymptotic forms

pi(1) ~ 2pt’exp[2rpj_r+11] ast — oo;
p,(t) ~ t;p’ exp[— ft:rll] ast — oo;
p()z(t) 2 fprrt!
o) 2p exp[r+1] ast — 0.
We note from (3.16) that hypothesis (B,) holds if
(3.18) y>1 and B>1

and hypothesis (B}) holds if
(3.19) 0<y<1l and 0<B<1.
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In the present example, condition (3.2) is satisfied if both

(3.20) /w M=V "rexp B—(l;::_ziﬂ—+l}¢*(t) dt < o
and ) -
(3.21) fw t*=A=Pexp %]Jz*(t) dt < o,
and conditior: (3.3) holds if bot-h
(3.22) /°° tm‘”“’expr%ﬂ]q)*(t) dt < oo
and ) h

[ p(B— 1)1

P }x]x*(t)dt<oo.

We conclude from Theorem 3.1 under hypotheses (3.20), (3.21), and
either (3.18) or (3.19) that equation (3.15) has infinitely many bounded
positive solutions #(x) in €, such that

A pxr+1
R

(323) [ O Bexp

a

A plx r+1
< u(x) < ¢ylx| exp[— Tll_l}’

x € Q,, for some positive constants ¢; and c¢,. Furthermore, Theorem 3.2
shows that (3.22), (3.23), and either (3.18) or (3.19) imply the existence of
infinitely many unbounded positive solutions u(x) of (3.15) in £, such
that

r+1 r+1

4l x| )\exp[%] < u(x) < cylx| Aexp[p’!—ﬁl_—i—}, x € Q,,
for some positive constants ¢; and c,. Theorem 3.3 shows that the same
conditions are sufficient for the existence of positive solutions of (3.15) in
{2, satisfying the boundary condition ulyg = 0.

Example 3.5 can be extended to mixed sublinear-superlinear equa-
tions (3.15), in which y > 1 and 0 < B8 < 1, via the corollary below. More
generally we consider equations (1.1) with the structure

(3.24) Au— q(|x|))u = fi(x, u, Vu) — fo(x,u, Vu), x €8,
where each f; satisfies hypotheses (B,), (B,), f; satisfies (B,), ( f,) satisfies
(B¥), but (B,) is replaced by (Bf) below:
(B¥) There exist continuous functions F;: RZ—>R,, i=1,2, such
that each F.(¢, u, v) is nondecreasing in # and v and
0 < fi(x, u, p) < F(Ix], u, |pl)

0< _fz(x, u, P) =< FZ(IxIa u, |P|)
forallx € Q,uc R, peR"

(3.25)
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COROLLARY 3.6. Suppose that q and each f; satisfies (B,), (B,), (Bf),
and (3.2), and that f,, f, satisfy (B,), (BF), respectively,with F replaced by F},
F,, respectively. Then equation (3.24) has infinitely many positive solutions
u(x) such that u(x)/z,(|x|) is bounded above and below by positive constants
throughout 2.

Proof. Consider the elliptic equations

Aw — q(lxl)w =f1(x’ w, VW)
Av — q(IXI)U = "fz(x’ v, VU)

in Q. By Theorem 3.1, these equations have solutions v, w € C2:(Q,)

such that

kizy(x]) < w(x) < kyzy(|x]), x € Q,,
kyzi(|x]) < v(x) < kyzy(x]), x€Q,,

for all sufficiently small positive constants k,, k, > k; and sufficiently
large positive constants k,, k, > k. Since each f; > 0, w and v satisfy the
elliptic differential inequalities

AW - q(IXI)W Zfl(X,W, VW) _fZ(x’W’ VW)’
Av — q(|x[)o < fi(x, v, Vv) = fo(x, v, VD),

respectively, in {,. We can choose k; large enough so that 0 < w(x) <
v(x) throughout 2, and it follows [7, p. 125] as in Theorem 3.1 that
(3.24) has a solution u € CEINQ,) satisfying w(x) < u(x) < v(x)
throughout .

COROLLARY 3.7. Let q and each f; be as in Corollary 3.6 except that
(3.2) is replaced by (3.3). Then equation (3.24) has infinitely many positive
solutions u(x) such that u(x)/z,(|x|) is bounded above and below by positive
constants throughout 2 ,.

The proof, based on Theorem 3.2, is similar to that of Corollary 3.6.
These corollaries give new global existence theorems even for semilin-
ear equations of the type

(3.26) Au=o(x)uY —y(x)uf, xeQ,

where vy > 1, 0 < B8 <1, and ¢ and ¢ are nonnegative locally Holder
continuous functions in £, a > 0. Corollaries 3.6 and 3.7 and Example
3.4 imply the following additional corollaries.
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COROLLARY 3.8. Equation (3.26) has a positive solution which is bounded
and bounded away from zero in an arbitrary exterior domain Q C R* if both

(3.27) f tlogt¢*(t) dt < oo and foo tlogt Y*(t) dt < o0

a

for some a > 0.

For example, we can choose
a = inf{|x|: x € 3Q}

to obtain £ C Q_, and apply the earlier results to Q,,.

COROLLARY 3.9. Equation (3.26) has a positive solution which is bounded
above and below by positive constant multiples of log(|x|/¢€) in an arbitrary
domain @, C R?,0 < ¢ < a, if both

(3.28) fwt(logt)y¢*(t)dt<oo and fwt(logt)ﬁl,b*(t)dt<oo.

COROLLARY 3.10. Egquation (3.26) has a positive solution which is
bounded and bounded away from zero in an arbitrary exterior domain
Q c RM, N > 3, if both

(3.29) foo to*(t) dt < o and foo tY*(1) dt < 0.

COROLLARY 3.11. Eguation (3.26) has a positive solution which is
bounded above and below by positive constant multiples of |x|*~" in an
arbitrary exterior domain @ € RN, N > 3, if both

(3.30) fw 1°6*(1) dt < o0 and foo 124*(2) dt < oo,

wheres = (N — 1) — y(N — 2), p = (N — 1) — B(N — 2).

Theorems 3.1-3.3 also apply to quasilinear equations of the type

du 9
Au — g(Ix))u = ¢(x)u” + u? Z ¥, (x )az a;l

i,j=1

where ¢ and each y,; are locally Holder continuous in 2,, and the matrix
(¢,;(x)) 1s symmetnc and positive semidefinite in .
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