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SHEAVES AND FUNCTIONAL CALCULUS

G. DEFERRARI, A. LAROTONDA AND l. ZALDUENDO

Let A be a commutative Banach algebra with identity over the
complex field, C. Let a,,...,a, be elements of 4, and sp(a) their
joint spectrum. In this paper we seek to characterize the functional
calculus

T,: @(sp(a), A) — A

as part of a cohomology sequence of certain sheaves, and the algebra
A as the algebra of sections

H(sp(a),& ) = 4

of a sheaf ./, which is related to the Putinar structural sheaf. This
is obtained under certain conditions on a;,...,a,. The problem is
related also to the unique extension property and to the local analytic
spectrum o(a, x) of x with respect to a.

Section 2 is devoted to attacking this problem. In §1, some pre-
liminary results are obtained. We also prove that if g(a, x) is empty,
then x is nilpotent.

1. Let us start by briefly recalling (some details may be found in [2],
[5]) the construction of a holomorphic functional calculus morphism

T,: @(sp(a),A) — A.

Let U be an open neighborhood of sp(a), and u,,...,u,, ¥ infinitely
differentiable A4-valued functions defined on U and verifying:
(i) X, ui(z)(zi—ai)+w(z)=1,forall zin U.
(i) v has compact support contained in U.
(iii) ¥ = 1 in some neighborhood of sp(a).
Then

TY(f) = f(a) = n!(27zi)‘”/ fduydz,---du,dz,
U
defines a continuous A-linear morphism from #(U, A) to A. The com-
patibility of these morphisms as U varies over open neighborhoods of

sp(a) produces T,. We have the following theorem, where U denotes
a neighborhood of sp(a).
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THEOREM 1.1. Let f € @(U, A), and suppose there are g,..., 8, in
C>®(U, A) such that

f(z) = igi(z)(zi —a;) forall z in U.

i=1

Then there exists an A-valued differential 2n-form o over U, verifying:
(1) (zi—a))a=0fori=1,...,n;and fa=0.
(ii) For every h in & (U, A).

n!(27zi)‘"/ ha = f(a)"h(a).
U

Proof. Let uy,...,u,, ¥ be as above, and let f, = urf, qx = gV,
and rj, = gru; — Ui gj. Then

&k — fx = & (Zuj(zj —-aj) + '//) —ue Y gi(zj - a))

J=1 j=1
n
=D riu(zj—a)) + a.
j=1
Also
n
Y fizi—ap)=(1-w)f=f-yf
j=1
and therefore, differentiating and multiplying by dz; ---d z,,
n
Y (zj—aj)dfijdzy - -dzy = —d(yf)dz, - dz,.
j=1

Since supp(y f) and supp(g,) are compact sets contained in U, we
may proceed as in [5] (III, 4.9), and obtain an n — 1 differential form
7 with supp(7) contained in U and such that

(1) dtdzy---dz,=dgydz,---dg,dz, —dfidz,---df,dz,
=dg1 le “'dgndZn _fndul le "'dundZn

Now set

(2) a=dg dz,---dg,dz, and
(3) w=du1dzl~~~du,,dz,,.
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Differentiating f we obtain
n n
df=Zgjdzj+Z(zj—aj)dgj
j=1 j=1
and multiplying by d g, d z, @ dzy---dgydz,,
0= (Zk - ak)a.

Multiplying by g, and adding gives fa = 0 and so, (i) is proved.
Now let / be an element of @ (U, A). By (1), (2), and (3) we have

ho—hf'o=hdtdz,--dz, = d(ht)dz, - dz,.

Hence, by construction of the functional calculus,
n!(27zz')‘”/Uh — h(a)f(a)" = n!(27ti)“”/U d(ht)dz,---dz,
but this is zero by Stokes’ theorem, for supp(47) is contained in U.
COROLLARY 1.2. Under the hypothesis of the theorem, f(a)**t' = 0.
Proof. Simply put 4 = f.

COROLLARY 1.3. Let U be an open neighborhood of sp(a), and f €
@(U, A). Suppose that for every z° in U, there are fi,..., f, infinitely
differentiable functions near z° such that

f(z)= Sn_:ﬁ(z)(z,- —a;) for z near z°.
i=1

Then f(a)"+! = 0.

Proof. A partition of unity will put us in a situation where the
theorem is applicable.

Now suppose x is an element of 4 and consider o(a, x), the local
analytic spectrum of x with respect to a ([1], [4]). Putting f = x, we
obtain that if g(a, x) is empty, then x"**! = 0. The conclusion x = 0
is known only under additional hypotheses [4].

2. Let @ be the sheaf of germs of holomorphic A-valued functions
over C". If a = (ay,...,a,) € A", the morphism A,: (¢4)" — &4
defined by

la(fla-":f;l) = Z(Zi - ai)ﬁ
i=1
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induces an exact sequence of sheaves
0— M = (@Y - 01 - —0.

Here the stalk of ., over z9, Na,,, consists of germs of n-tuples
(g1,...,8&n) of functions analytic near z° and verifying Y (z;, —a;)g; =
0 in some neighborhood of z°. &, = @4/.%., where # C &4 is the
sheaf of ideals generated by (z; — a;) for i = 1,..., n. Note that if z°
is not in sp(a), %o = @7, and therefore %0 = 0.

Z
Clearly, if U is an open, holomorphically convex subset of C”, then

HO(U, ;) = #(U)

n
= {(f],,f;l) Eﬁ(U,A)nZ Z(Z,' —a,-)fi =O} .
i=1
On the other hand, if I(U) denotes the ideal generated by (z; — a;),
i=1,...,nin @(U, A), then I(U) c H(U, #), but the equality does
not, in general, hold.
Suppose U contains the joint spectrum of a;,...,a,. Since
TY(z; —a;) = 0 for i = 1,...,n; we have the inclusion I(U) C
Ker TY. The following proposition shows that the ideals are the same.

PrOPOSITION 2.1. Let U be a holomorphically convex open neigh-
borhood of sp(a). Then Ker TV = I(U).
Proof. The ideal of #(U x U, C) generated by the functions
(z,w) > z; —w,, i=1,...,n,

is the ideal of functions analytic on U x U and zero on the diagonal
A c U x U, for both ideals are closed, and they coincide locally.
Since #(U x U, A) = @#(U x U,C) ®; 4, it follows from [3] that all
g: U x U — A null over A belong to the ideal generated by (z; — w;),
fori=1,...,n.
Therefore, it f € @(U, A), there are analytic g;: U x U — A, such
that

f(2) = flw) =) g(z, w)(zx — wp).
k=1

Applying the functional calculus morphism in the w-variable,
n
12) - fl@) =" &u(z,a)(zi - &),
k=1

Hence, if f(a) =0, f € I(U).
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Now we can relate this fact with the homological approach of
Putinar ([7]; see also [6]); to do this we consider the presheaf . over
C" defined by

PU)=c(U)&®scnd (U open,UeC"),

and let ¥ be the sheaf defined by &. The standard definitions ([6])
give the identification

(%) 2(U) =a4(U)/I(V).

Hence looking at the germs we have

LEMMA 2.2. The sheaf &/ is the sheaf ¥ defined by the presheaf
g@ == ﬁ®(ﬁ(€ﬂ)A.

We also have the following fact:

ProrosiTION 2.3. Let U be a holomorphically convex open neigh-
borhood of sp(a). Then
(i) The functional calculus induces a topological isomorphism

PU)~ A
(ii) The kernel of the canonical map
PU) — & (U)

consists of nilpotent elements.

Proof. The first assertion follows easily from Proposition 2.1 and (x)
above, since I(U) is closed in #(U, 4). For the second, let f € #4(U)
and assume that the image of f is zero in &/ (U); this means that the
class of the germ of f in & is zero for every z € U.

Then for every z° € U we have an n-tuple (g2, ..., gZ ) of functions
analytic near z° such that f = Y (z; — a,-)gf0 in some neighborhood
of z0.

Using a partition of unity we are in the situation of Corollary 1.3;
hence f(a)"*! = 0. But this implies f/”*! € I(U) and this means that
S =0in 2(U).

We shall now study, for a neighborhood U of sp(a), the cohomology
sequence resulting from the exact sequence of sheaves

07 -0 -0.
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Note that when U is holomorphically convex, H?(U,&#4) = 0, for all
p > 0, due to [3] and the well-known case 4 = C. We have then the
commutative diagram

0 - IU — eUu4d = A—=0

! H L
0 - HYH,7) — o(U,A4) - H (U ) - H(U,F) -0
The ideal Ker L is isomorphic, because of the snake lemma con-
struction, to the 4-module H%(U, #)/1(U). In fact, H(U, #) ~
Ker L ® I(U). We obtain also the exact sequence,
0 T 4L o 1
0—-I(U)—-H(U,f)>A>H (U¥)—H (U, /%)—0
and therefore, H!(U, #) ~ HO(U,«)/Im L.
On the other hand, the exact sequence of sheaves
04— (@1)" % 7 -0
produces the exact cohomology sequence
0— A(U) —»2(U,4) > H'U, #) —» H' (U, A;) > 0 — - -
.._,0_,1.117—1((],}) — HP(U, W) = 0— ---
We then have
HYU,4;) ~ H(U, #)/I(U) ~ Ker L

and
HP (U, ;) ~ H~Y(U, #), forp>1.

We have proved:

PROPOSITION 2.4. The morphism L: A — HO(U, ) is
(i) a monomorphism iff HY(U, #) =0 iff H' (U, #;) =0
(ii) an epimorphism iff H'(U, #) = 0 iff H*(U,.#;) = 0.

Note that Ker L consists of the elements x in 4 whose local analytic
spectrum is empty. Therefore, L(x) = 0 implies x"*! = 0. If 4 has
no nilpotent elements, Ker L = 0 and H(U, #) = I(U).

DEeFINITION. We shall say that A is a-representable if
(i) sp(a) is holomorphically convex, and
(ii) H'(sp(a), %) = 0, H*(sp(a), %) = 0.

Note that the first condition ensures the existence of a basis for
neighborhoods of sp(a) made up of holomorphically convex open sets,
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while the second says that L is an isomorphism for a basis of neigh-
borhoods of sp(a). Hence, 4 = H(sp(a), & ).

If n = 1, and sp(a) has no interior, 4 is a-representable: in this
case, #, = 0, for if g € #4(V), then g|ync—spa)) = 0, and hence,
g=0.

Finally, we wish to compare a-representability and the unique ex-
tension property [4].

THEOREM 2.5. Suppose that sp(a) is holomorphically convex, and
that the n-tuple a = (ay,...,a,) (considered as a family of opera-
tors from A to A) has the unique extension property. Then A is a-
representable.

Proof. Consider the sheaf complex K = K(#,a), where, for each
open set V,
K'(V)=0(V,A,;(4"))
consists of analytic 4-valued r-forms over V', and
ar: KT — K1

is induced by the exterior product n — ;;1(2]- —aj)dz; A n. For
n — 1, a may be written as

Qp_ (Zf,dzl d21d2n>
=1

=Y (1) fi(zi—a)dz, - dz,
i=1

so that Kera,_(z) is the stalk .7, (save a sign), and Kera,_; = /.
Now the unique extension property expresses that cohomology
H'(K) =0, for r =0,...,n — 1, that is, the sequence of sheaves

is exact. Since the sheaves K are acyclic, that is, H'(U,K") = 0 for
holomorphically convex U and i > 0, we obtain H?(U,.#,;) = 0 for all
p>0.
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