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ABOUT COMPRESSIBLE VISCOUS
FLUID FLOW IN A BOUNDED REGION

GERHARD STROHMER

This paper deals with the question of existence for all times of the
solutions of a certain class of differential equations for small initial
values, and with the asymptotic behavior of these solutions. This class
of equations contains different models describing the flow of viscous
compressible fluids, even under the influence of a magnetic field.

1. Introduction. We consider the initial-boundary value problem
on a bounded domain Q C R” with Dirichlet boundary conditions
(8Q € C3). The solutions of our equations are functions X: Q x
[0, c0) — R™! (X = X(x,t), m > n) representing the relevant
physical variables in their dependence on space and time. For the
sake of simplicity we assume that Q; Cc R”*! is a convex domain
containing all physically reasonable values of X . The set might, e.g.,
include only positive values for density (which is usually the (m+1) st
component of X), and temperature. Then our equations have the
form

(E) X'+7//x,vX)=L\X+g'(x,) (=1,...,m),

n
Xtm+1 + Z(Xm+lXi)x, =0
i=1
with sufficiently regular functions f: Q; x R*™+D) _ R™ and
g:Qx [0, ) — R™, and an elliptic operator Ly X given by

m n
Lhx=% % a{.‘J’(Y)X;ka_ (I=1,...,m)
i=1j, k=1

with a,’.” '€ C3(Q,). The solutions we obtain are small in the sense
of being close to a constant state H,, € Q;. The most important
hypothesis we need for our result is expressed in Condition C, which
states roughly that the linearization of our equation at H,, generates
an analytic semigroup with exponential decay for ¢ — oo on a product
of L,-based Sobolev spaces for some p > n. This decay is the most
important factor in the proof of a priori estimates for solutions of
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(E) in Chapter 2, and their differences in Chapter 3, which enable us
to prove the existence of a solution of E if g is sufficiently small
and the initial values are sufficiently close to H,, and to describe its
asymptotic behavior.

In contrast to the situation in one (see, e.g., [4]) and two space di-
mensions (in the latter case there are at least global weak solutions for
isothermal gas flow in R2, as is shown in [8]), the only known results
about existence for all times of solutions for the equations of viscous
compressible fluid flow in higher dimensions impose smallness con-
ditions on initial and boundary data, and the exterior forces. They
were proved by Matsumura and Nishida ([S], [6], [7]) for domains
with and without boundary. These papers also contain results about
the asymptotic behavior of the solution; here a smallness condition
for exterior forces and boundary values seems to be necessary, as tur-
bulence is bound to occur at some point, preventing convergence as
t — oo. For bounded domains our results go beyond those of Mat-
sumura and Nishida. We give a rather general sufficient condition for
the existence of a small solution for all times, we do not require the
exterior forces to be conservative, nor the boundary values to be con-
stant, and we do not need to confine ourselves to three dimensions.
(For the incompressible case see, e.g., [12].)

Let us now discuss some examples of systems of equations accessi-
ble to our method. In [10] Condition C is verified for compressible,
viscous, and heat conducting flow. The system of equations

pe+div (pu) =0,
1
ut+(u~V)u+;V(p(p,9))

%(u x B) x B + /1) [div (uVu) + V (& + u) diva)]
(- 4 000 (P, 0)
pc

. 1 .
V)6 divu = e (div (kVO) + y)

with '
v = %(uﬁck + uﬂ‘cj)2 + 4/ (divu)® + o |u x B)?

which describes the flow of an ionized gas with density p, tempera-
ture 0, and velocity u (u, u! viscosity coefficients, ¢ heat capacity,
o electric conductivity, p = p(p, ) pressure) under the influence of
a magnetostatic field B(x) € C3(Q), which is assumed not to be per-
ceptibly influenced by the currents in the gas, is another example (see
[2], [9]). (Note that B is not required to be small.) The proof that
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this system fulfills C parallels [10] closely. For the analog of Lemma
3.5 use

(ux B)x B)- = (uxB)(Bxu) =—(uxB)-(uxB)=—|uxB*.

The magneto-fluid-dynamic system obtained by adding B as an un-
known function, and completing the system by the equation

B, =0 'u,'AB — curl (u x B)

(4, magnetic permeability) also fulfills condition C if the part of
H,, corresponding to B is zero. Dirichlet boundary conditions for
B seem, however, not very suited to this problem, as they usually
interfere with the condition divB =0.

Now we make our statements precise. (For the definitions of some
of the objects mentioned here see 1.3.) We denote the two groups
of variables of f by H and P (f = f(H, P)), with H = (H', .
H™H) e Rt P = (PO € R"7H1 . Then we suppose f € C3
f(Ho,0) =0, fymi(Hy,0) =0, and finally n,H, = 0, which is
reasonable if the first #» components of X represent the velocity of
the flow. We also assume the ellipticity condition

Z“k” ynimés; >0 (HeQ,neR™,EeR", n#0#C).

As a final step we make a number of definitions needed to state Con-
dition C. For technical reasons the Sobolev spaces in the following
section are complex, although our solutions are real. We first define

the linear operator
Ay (HH™ x HY — (Ly)™ x H}
by

( ) fH( 00 5 O)Xl"‘ZZf[lw Hoo; O)X'u "LH X

u=lv=l1
(Il=1,...,m),

and (A4;X)™*! = H?+1 Y | XL . Now we need two spaces defined
in analogy to [10]:

B, = {X:Q—»C’"“IXG(LP)'"XHP‘,/Xm+‘dx=0},
Q

D = B, N {X € (H})" x H} |7 X|0Q = 0} .
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These sets are Banach spaces with respect to any norm of (L,)™ x Hl}
and (Hg)’" X Hx} , respectively. We choose one of these in each case
and denote them by | -||p and |- ||pz. Then let 4 = 4,|D%; note
that A(D%) C B, . This allows us to formulate

Condition C. The operator A: DY — B, is closed, and there are
numbers 7 > 0, and K, < oo such that the resolvent (4 + zI)~! of
A exists at least for all elements z of

K = {zeC[RezZ—-Zq, or Rez > —|Imz| and |z| 2;1‘1} ,

and
|4+ 207" x| <Ko +12)7t X5,

for all X € B,, z € % . In addition,
1Xllp, < K2 ll(A+ 21) X1l .
”X“(H;)mxyj <K (1+ lzl)_l/z (4 + zT) X“(H;)mxH;

and
“X“(H,f)'”xH; <K, (1+z)Y?||(4+ ZI)X”(H,')"‘xHj

forall ze#, X € D%, and X € (H3)™ x H? in addition for the last
two inequalities. Now we can state our two theorems.

1.1. THEOREM. Assume the system of equations (E) together with
H,, € Q fulfill Condition C, and the other hypotheses stated as yet.
Then there are numbers &, > 0, and K, < +oo such that if X, € Hg,
(B, g) e # (see 1.3) with B(0) = Xp|0Q, n,f =0, and

| Xo — HOOHH; +|(B—7amHs, &)llg < &1,
then there is exactly one function X = X(x, t) belonging to
CY([0, c0), H})NC([0, ), Ly) N C'((0, 00), Hy)

with n,X € C%((0, 00), Hj3), and solving (E) in the classical sense
for t >0, such that n,,X|0Q = B, and X(x, 0) = Xo(x) for x € Q.
For t > 1 this function fulfills the inequality

1 (x, )l + 12mX (5, Dl

< K1 (X0~ Haoll gz + (B = TomHoo , 8)l15) -
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1.2. THEOREM. There is an &, > 0 such that if
| Xo — HOOHH; + (B =7mHx, 8)llz < &

in addition to the assumptions of 1.1, and B(t) — B in H.(0Q),
Bt — 0 in Ly(0Q), and g(t) — & in L, (¢t — o00), then the solution
X(x, t) mentioned in 1.1 converges weakly in Hg t0 a function X,
and n,X(x,t) even converges weakly in Hg as t — oo. Also X is
a time-independent solution of (E) with boundary values B and right
side g. It is the only such solution fulfilling the inequality

IX ~ Hooll g2 + 1m(X — Hoo) | 2 < K2

1.3. Notation. In the symbols used for function spaces the set on
which the functions are defined is often omitted, this means usually
that the set is Q, except in statements like f € C3, where f, and its
domain, have been given before. In general we take over the notation
of [11], with the exception that X represents here what would have
been X + H,, there. Let

#={(8,8)|8:0Q—R", g:Q—R", B C'([0, c0) , H} (09))
nC? ([0, ) , Hy (6Q)) , and
0 2 1 1

g€ ([0, x), H)nC' (10, 00), H})},

for (B, g) € # we define
(B, &)lle= “ﬁ“C‘([O,oo),H:(aQ)) + ”ﬂ"cZ([o,oo),H;(ag))
+ ”g”c"([o,oo),}{;) + “g”c‘([o,oo),yp‘) .

For 4 >v let n,: R* - R” be defined by n(xy, ..., xu) =(x1, ...,

x,). For h: Q—=R™1 helL; let

M (h) = (o,...,o,mr‘/hm“dx) and
Q

Hy () = (anoo, M (h)) .

All constants in this paper are independent of 7 unless otherwise
stated.

2. Existence of a global solution. We begin this chapter by stat-
ing an easy consequence of the local existence theorem proved in
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[11]. Then we show that every solution of (E)—expressed in Lagrange
coordinates—solves the equation X; + 4; X = G(X) with the G(X)
defined in 2.2. We use this information to prove an a priori estimate
which—together with the local existence result 2.1—then gives the
existence of a global solution.

2.1. LEMMA. To every T > 0 there is a 6, > 0 such that if
(B,8)e®, Xoe H,, Xo|0Q = B(0), n,8 =0, and

108 = nHoo s &)l + 1 Xo = Heol 2 < 01,

then there is exactly one function X € C°([0, T], H?) with nm,X €
Cco((o, 17, Hg’) which is a classical solution of (E) for t > 0 with
X(x,0)=Xo(x) for xeQ, X(x,t)=B(x,t) for x€dQ, and X
Sfulfills the inequality

l7tm (X — Hoo)”Hp3 Vi+ lX — HOOHH:
< K5 () (I8 = TmHo &)y + X0 ~ Hoollye) -

Proof. This can be obtained by repeated application of Theorem
1.1 and Theorem 5.2 of [11].

By Lemma 2.6 and Theorem 2.7 of [11], it is clear that X (x, ¢) can
be transformed into Lagrange coordinates in all of [0, 7] if

(B —mmHs, g)“ga + ”XO - Hoo“H;

is small enough, and that the transformed solution X(y, ¢) has the
property

1X 0, 1) = Hooll o7y < Bs (T) (108 = m oo, &)l + 1Ko ~ Heol2)

with a suitable constant K3(7'). (For the definition of #(T) see [11],
Def. 3.1.)
The following definitions will be applied to such solutions.

2.2. Definition and Lemma. To every T > 0 thereisa d, > 0 such
thatif X —Hy, € #(T), | X —Hwll s (1) £ 02, and n,X|0Q = 0, then

t —
If‘(y)=y+/nnX(y,r)dT (yeQ)
0
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is an admissible family of transformations on Q (see Chap. 2 of [11]).
With x = T¥(y) we then define G(X) as follows: For / =1, ..., m
let

G'(X) = a (X (v, )X} (L)% 05 ) + [y (Hoo, 0)X

+ > Sp(Heo, 00X}~ F(X, X (TF) DY)

v=1pu=1 '
+ 1 (V)T () - e (H)IX]

+8(r¥ W), 0,  (F(H,P)=f(H,P)-HP)),
and, completing the definition,
G"HX) = (HEH = X" (v, )X + X" e = (TF) 751X,
Now we estimate G(X) in terms of X .

2.3. LeEMMA. For T >0 thereisa d3 > 0 and a constant K4(T) <
oo such that if X € Z(T), n,X|0Q =0, and | X — Hull5(1) < 02
then G(X)e€ C°(0, T, (H))™ x H?), and

”G”CO([t,T],(Hp')’"xH;) + ”G“C‘/"([t,T],(Lp)'"pr')
<17 1PK (1) (X = Hool ) + 10, ©)lls ) -
Proof. This is an easy consequence of Lemma 3.5 of [11].

2.4. LeEMMA. The operator —A generates an analytic semigroup on
By, and there is a number Ks < +oo such that for X € B, we have

(1) le=X|lp, < Kse™"||Xl|s, ,

(2) le™X||pr < Ks(1+ ¢ He || X][5,,

and if X also belongs to (H})™ x H} the additional inequalities
3) ||€_tAX||(H;)mxH; < Ks(1+ f‘l/z)e—m“X”(H;)mxH;,

(4) ||€’—IAX||(1L1;)"1><Hpz < Ks(1+ 1_3/2)€—ml|Xﬂ(H;)mxH;,

() lle™ Xl < Kse™ (1 Xllg, (1427 + X[ oy 21+ 712,

(6) le= X, < Kse (1 + ™)Xz (X € HY)

are valid.
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Proof. The inequalities (1)—(4) are easily obtained from Condition
C using the integral representation from p. 103 in [3] for 4 — 5I.
These then imply (5) as

llnme"AX”H: <G+ e ™| X|p, and
e )™ e < Cole™ 72 4 D™ X gy
(6) is just a weakening of (5).
2.5. Lemma. If X(y,t) € L#(T) is a solution of (E) in Lagrange
coordinates on [0, T], if ¢ € C!([0, 00), HJ) N C%([0, ), H)}),

=0 forve{l,...,n,m+ 1}, and 1,¢|0Q = 7, X|0Q, then
for t [0, T] we have X; + A1 X = G(X) and

Xy, H=MXy,t)+¢(y,1)
Le (X (v, 0)—$(y, 0) = M(X (v, 0)
t
+ /0 e~=94 (G (X) — M (G (X)) — ¢ — A1 §) di.

Proof. Using Theorem 2.7 of [11], we see that X (y, ¢) fulfills the
equation X; + 41X = G(X); but X does not usually even belong to
B, . However, X — ¢ — M(X — ¢) € D% for ¢t >0 and

(X—¢-M(X-9),+AX-¢-M(X-9))
=GX)-M (X —¢)) - AM(X - ¢)— 419 — ¢r.

Now M¢ =0 as ¢"*! =0, 4;MX = 0 because fyn.(H,0) =0,
and

Q| (MA X)) = Hg’,f“/ divr,Xdy = Hoo/ (myX,n)do=0,
Q aQ

so MX;=-MAX+MG=MG, and
X—¢p-MX),+AX-¢p-MX)=G(X)-MG(X)—-A1¢— ¢,.

As the right side of the above equation belongs to C/4([§, T}, B,)
for all 0 > 0 we get the desi{ed representation from Theorem 3.2 (p.
109) of [3] for the interval [0, T], and can then let ¢ go to zero.

2.6. LEMMA. Thereis a constant K¢ <+oo such that if h(t): (0, T]
— By, fulfills the inequality

< (t>0),

e

”h”C'/“([z,T],Bp) + ”h”CO([t,T],(Hp')'"xH;)
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then for t > 2 we have
h(t)= /Ote‘("s)Ah (s) ds € H?
and ||iz(t)||H: < Kga.
Proof. We can write A(f) as the sum of the two functions

t
hy (1) :/ e~ =94 ds h(¢)
0

and .
hy (1) = / e==4 (1 (s) = (1)) d.
0
As
% (a7lem™h (1)) = —e~*h (1)

we have h(f) = A7 h(t) — A~ 'e~*1h(t) ; therefore
Vs ()l < C b Ollgpymr < Coa (£22).
Using 2.4 we also obtain
12 (Ol 2
t
<Gy [ e [ (9) = )l (1s =7 + 1)
0 P
1 () = B Ol gy (|s T2y 1)] ds
t)2
<G [ e [l + 18 Ollge] ds

t
+ C5a/ e~ M=s) (|s —t7¥ 4 1) ds
1/2
12
< C6a/ e =91 +57Y2)ds
0

t
+ C7a/ e nt=5) (1 +|s - t|'3/4) ds
1/2

< Cga fort>2.
This immediately implies our assertion.

2.7. LEMMA. For every T > 0 there are constants K7, 127(T ),
and a 65 € (0, 61) such that if Xo, B, g fulfill the conditions of 2.1
and

max (||Xo = Hooll 2 » (B = mHoo , &) = & < s,
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then for the solution X of (E) corresponding to Xy, B, g proven to
exist in 2.1 we have the inequality

X (e 6) = Hoo (X0)

H,
gK7(1+1?7(T)a)

x [e‘”’ HX (x,0) — Hy (Xo)l

2
HP

+ By (1) (108 = oo, @) + 1o — Hcly) |
(tel2,T1]).
Proof. First we choose d5 > 0 so small that the solution obtained
in 2.1 can be transformed into Lagrange coordinates over the whole
interval [0, 7] by means of an admissible family of transformations
T,(y). Let X(y, t) be this solution written in Lagrange coordinates.
Note that there is a constant C; depending solely on the geometry of
Q such thata ¢ € C!([0, 00), H)NC?([0, o0), H}) can be chosen
with 7,6|0Q =B, ¢"*' =0, and

|7Tm (¢ — Hoo)HH; + ||<15t||Hp3 + ||¢tt||le < Ci (B —nmmHy, 0)| 5 -
Using 2.3, 2.4, 2.5, and 2.6, we get
X, 0- e (X, )|

< Cre ™ (lIX (x, 0) — Hoo (Xo) g2 + 17 (¢ (x , 0) = Hoo)||H:>
+17m (& (v 1) = Hoo)ll 2

/ "o~ (=94 (G (X) = MG (X) - ¢, — 419) ds

HZ

+

HZ

4

< Cre ™| X (x, 0) — Hy (Xo) ||H; + C3(T) (B —tmHx , 8)llg
+ Ca (T) IX = Hool| %7 -

As X(x,t)=X(T; (x),t) we also get

X, 0 - e (X 0, 1)

2
HP

<A+ G (M) | X0, 1) = Hoo (X (v, 1)

2
HI’
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and, using the time-independence of Hy(X(x, 1)),
Q- [Hoo (X (v, 1)) = Hoo (Xo)

= -/X”’“(y,t)—H;,’}“afy—/X”’“L1 (x,t)——Ho’Z,’“a’xl
Q Q

= [ (xmt o0 - ) (1= ) dy

<G|t 0~ Hal, - [ VA1, do

SGMIX(y,t)- Hoo“;(r)
By 2.1 we have
| X = Hool| (1)

< Gy (T (nXx 0) = Hooll 2 + (8 = tmHoo, )ll)

which implies our claim.
Now we can prove Theorem 1.1.

First we choose 7 > 2 large enough so that K7e~ T < % . Once this
is done, we need no longer indicate the dependence of our constants
on T. With o; = min(ds, (4K7)~!, (K7K78)~!) we obtain from
Lemma 2.7 that if

max (|| Xo — Heoll 8 = oo, &)11) < a1
then there is a solution X of (E) on [0, 7] fulfilling the inequality
IX (x, T) = Hoo (Xo) IIHz

- Ao,

+C (nw ~ tmHoo , 8 n; +|Hoo — Heo (X0) |)
+ K7K74a1 “X x, 0) - (Xo)[ ”

< 31X (x, 0) = Hoo (Xo)

+C1 (0B = tmHeo , &)l + | Hoo — Hoo (X0) ).

This immediately gives us
X (x, T)- 00“1-]2 = 2“X 0) - HOOHH;
+C (Il(ﬂ ~ tmHoo, &)1 + | Hoo = Hoo (Xo) )
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If we choose ¢; small enough to assure
C2 (I(B = 7mHoo » )y + | Hoo = Hoo (X0) |) < 01/2,

then ||[X(x, 0) — Heolly2 < o implies || X(x, T) — Heol| 2 < 1. So

we can continue our solution to [0, 27]. As H.(X(x, t)) is con-
stant and ||(f — 7nHw, &)|l# cannot be larger for these new initial
value problems than it was for the original one, this can be repeated
indefinitely.

3. Asymptotic behavior. In order to prove Theorem 1.2 we consider
solutions X; and X, of (E) with right sides g;, &, and assume
these, and the initial and boundary values fulfill the conditions of
Theorem 1.1. We define X;(x,?) = Xi(x, 1+ 1), Xi|0Q, and
gi(x,t)=gi(x,t+1) (x€Q,t>0,i=1,2). We shall derive some
estimates for Z(x, t) = Xl(x, t)—Xa(x, t) assuming M (X (x, t)) =
M(Xy(x, t);i.e, M(Z(x,t)) =0. With

w:_‘i(ux (x, 0) = Hooll g + || (mm (Xil0Q - Heo), &) )

i=1

then we have

2
Z(ux X, 0l + IlmXi (%, z||H;) <Ko

i=1

by Theorem 1.1. For given 7 < +oo the transformation of any func-
tion into Lagrange coordinates with respect to X; on the interval
[0, T7] is therefore possible by means of an admissible family of trans-
formations x = T,(y), if w is small enough. In what follows we
always assume this to be the case. Then we have

3.1. LEMMA. The transformation Z(y,t) of Z(x,t) into La-
grange coordinates with respect to X, fulfills the equation

Zy, 0+ A OZ, )=y, )+BOZ Y, 1)
(ry=(gl—&,..., 8" —g",0) on [0, T] with linear operators

Ay (8): (H)™ x H} — (L,)™ x H} and
B(t): (H))" x Hy — (L,)" x H)
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having the property that

(1) B(t)h € CO([0, T1, (Lp)™ x H})

) WA = A()hlls, < Ke(Dolt = I 1Al gy
(3) I(41(6) = AD)Alls, < Ks(T)@lhll gymey

(4) 1By < Ks(T) @[]l

for t,s €0, 1], h e (H)™ x Hy with n,h|dQ =0.

Proof. In the Euler coordinates we have for /=1, ..., m,
Z{+ (X0, VX)) - 1 (Xa, VX)) = Ly Xy — Ly o+
With X; = (2 - 1)X; + (7 — 1)X; we then obtain

2 onom )
z,’+/ fhi(Xe, VXo) er'+ZZ/ fo (Xe, VX:) diZ
1 L

v=1u=1
2 Aul
=Lk Z + /1 (@) (Xo) dTZ" (X)) xx, + 7'

Transforming this into Lagrange coordinates we see that

A (0Z = [ (Ho, 00 Z'+ 35" fpu (Hoo, 0) Z

v=I1 u=1
- g () (LY (ITVE 2
and the B!(¢) determined thereby for / =1, ..., m fulfill our condi-

tions. For the (m + 1) st component we have in Euler coordinates
X4 (XX =0 (i=1,2)

which implies

Zr + X{Zp 20X, + X020+ X 2 =0,
so in Lagrange coordinates with respect to X; we get
0=2z""(y, )+ Z"™ NI X XY,
+ XN 20+ X Z) (T
With
A"NZ = XpHZ) (L7 - M((0, ..., 0, X5+ Z] (T7)%))

J
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and the B™*1(¢) thus determined our claims are easily verified as
H! Jo Zy dy = 0 by Gauss’s theorem, and therefore

HM(O, s 0, X Z) (T )

|, <GD)olZ].

p

3.2. LEMMA. There is a constant Ky < +oo such that to every
T > 0 there exists a d¢ > 0 having the following property: If w < d,
then the fundamental solution I'(t,s) on B, (see [3], part 2, chap.
4-6) of the equation

he+A(t)h=0 (éi(z) = 4 (t)|Df1)
exists for t, s€[0, T], t > s, and we have the inequality
IT (2, $) Al < Koe ™ "=)/2 ||hlp (142 —s|7"/?)
’ p(heB,,;t,se[O,T],tZs).

Proof. From Theorem 3.1 (p. 109), Lemma 7.1 (p. 127), and Theo-
rem 10.1 (p. 27) of [3] it is clear that the fundamental solution exists,
and the estimate is valid for #—s < 2. Also we can obviously assume

le™Ohll5, < CLe™7 B Ik, (1€[0, o))

with a suitable constant Cy < 4o00. As I'(¢, s) =T(¢, t—=DI(t—1, s)
for t —s > 1 we only need to prove

IT (2, 5) Allp, < Cre™™||All5

which can be done using equation 4.8 (p. 111) of [3] and the method
employed to obtain 13.15 on p. 154 of [3].

3.3. LEMMA. There are numbers Ky, 07, T € (0, oo) such that
w < &7 implies the inequality

”Z (x’ T)”Hp'
<5 1Z (<, 0l
+ Ko max [Ilg1 (1) = & (D, + 1181 () = B2 (290
+1B1: () — B (T)IIprg)] ,

Proof. We start out by deriving an estimate for fixed arbitrary T .
There is a constant C; only depending on the geometry of Q such
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that we can always find a ¢ € C'([0, 00), H3)NC?([0, oo), H}) with
the properties

¢l 2 + gl < Co (1181 = Ballgz + 11 = Barly, )

and 7,,4|0Q = B — B, ¢! = 0. In Lagrange coordinates with
respect to X; now Z is easily seen to fulfill the equation

(Z-¢p-MZ),+A(t)(Z-d—-MZ)
=y+B()Z -4, () — &
+ (-4 () MZ(y,1)-MB(1)Z,
as AMZ = MA,Z = My = 0. This gives us the representation
Zy,)=0¢(, )+ M(Z(y,1))+T(t,0)(Z(x,0)-¢(x,0)
+/()tr(t,s) [+ B($5)Z-MB(5)Z - 4, ()6 - &

+ (Al — 4, (s)) MZ(y, s)] ds,
from which, using 3.2, we can derive the inequality
Vie" | Z (v, )l
S Ve |MZ (v, Dll gy +2Ko 1 Z (x, O)ll

+Co(T) sup_ (17 @z, + 190Dz, + 12 Dl )

T€[0

+C (Mo sup (Ve |Z v, ).
t€[0,T) P

As in the proof of Theorem 2.7 we see that

IM(Z(y, D)= C(T)@|Z]

so taking the supremum on both sides of the inequality for ¢ € [0, T]
we get

sup (Vie"|1Z (v, Dl )

t€[0, 7]
< GI1Z (x, 0)l
+Co(1) sup_ (17 Oz, + 160 (Olz, + 16 Ol )

with a Cs independent of T, provided w is small enough. To obtain
our statement we now choose T so large that e—"7/2 C5\/LT < %, and
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then J, small enough to make the above estimate true for w < J;
and in addition

1Z (e, Dl S 21Z 05 Dllyr s Ny 05 0l <207 (x, 9l

for t€[0, T].

Now we can prove 1.2. First consider the solution X (x, t) of the
problem with B(¢) = B, g(t) = £, and a suitable initial value, and
let X, =X, X,(t) = X(t +At) with a Ar > 0. We choose & > 0
small enough to be able to apply 3.3 starting at any point ¢ € [0, c0)
instead of 0. This gives us

”f(T+t+At)—f(T+t)“ <

s % “X’(z +A) — X’(z)“Hl

(t€[0, 00)),

as our equation is autonomous in this case. Dividing by A¢ and letting
At — 0 we get

~ 1 ~
| X (T + t)||le < EHXt(t)“le ,
so X;(1) — 0 in H} and [° ||/?t(l)“1-[‘ < 4o0.

So X converges in HI} , and its limit X must belong to Hg and

nm/? € Hp3 .As X isa stationary solution of (E), it is also unique by
3.3.

For arbitrary B(f), g(f) we apply 3.3t0 X; = X, X, = X, and
obtain

1X (e, T+ 1) = X (%) [l
< 31X G, 1) = X (x) Iy

+Kio_sup (Ilg ()= &l +11B(2) = Blly + 118l )
T€lt, t+1] ’ 4 P
Taking the limsup on both sides this implies X(x, ) — X(x) in
HI} , from which the remainder follows easily.
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