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RADON-NIKODYM PROBLEM FOR THE VARIATION
OF A VECTOR MEASURE

LlLIANA JANICKA

We consider the problem of representing the variation \m\ of a
vector measure m as an integral in the Dinculeanu sense with respect
to M.

Throughout this paper (S, Σ) denotes a measurable space. If X
is a Banach space, we write X* for the dual space and Kx for the
closed unit ball of X. We use brackets ( , ) for the pairing between
a Banach space and its dual. Let ra: Σ -» X be a vector measure
with finite variation \m\. Recall that a strongly measurable function
f:S-^X* is said to be integrable in Dinculeanu's sense if there exists
a sequence {fn}n>\ of simple functions converging |m|-a.e. to / such
that

nlfaoof\\fn-fp\\d\m\ = 09

i.e., the function | |/ | | is |m|-integrable. Further, Ό-fAfdm denotes
the Dinculeanu integral of the function / with respect to m over the
set A.

It was proved in [2] that for every ε > 0 there exists an X*-
valued strongly measurable function / defined on the set S such that
11/11 < 1 + ε|m|-a.e. and \m\(A) = Ό-fAfdm for each A e Σ.
We are interested in the following question: For which Banach spaces
may we obtain the preceding equality when we insist that | |/ | | = 1
a.e. |m|?

We begin our investigation by introducing the following property
of Banach spaces. The Banach space X has property (DV) if for
every equivalent norm on x, for every measurable space (S, Σ) for
every equivalent norm on X and every vector measure m: Σ —> X
with finite variation \m\ there exists a strongly measurable function
/ : S -• X* with 11/11 = 1 |m|-a.e. such that \m\{A) = Ό-fA f dm for
each AEΣ.

THEOREM 1. If both X and X* have the Radon-Nikodym Property,
then X has property (DV).
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Proof. Let (S, Σ) be a measurable space and m: Σ —• X be a
measure with finite variation \m\. Since X has RNP, there exists a
strongly measurable function f\S-+X such that m(A) = B- fA f dm
for each A e Σ. (B-/^ / d m denotes the Bochner integral of / with
respect to m over the set A.) For every x e X let

G(x) = {x* G A ^ : ||JC*|| = 1 and (x, x*) = \\x\\}.

Then G is a set-valued mapping, and G(x) is non-empty and i n -
compact for every x e X. We now see that G is upper semi-
continuous if X is endowed with the norm topology and Kx* is
endowed with the w*-topology. Indeed, let H be a to*-closed subset
of Kx*. It suffices to show that

{xeX: G(x)nHφ0}

is norm closed in X. Let | |x^-x|| —> 0, and suppose that G(xn)Γ)H φ
0 , i.e., for every n there exists x* e H such that ||x*|| = 1 and
\\Xn\\ — {χn, *Λ) . Let x* be any to*-cluster point of {x*}. It is not
difficult to see that for every ε > 0 we have | \\x\\ - (x, x) | < ε;
i.e. the set is norm closed. Following [7, Theorem 8], we see that the
set-valued mapping G has a selector which is of the first Baire class
when X* is equipped with the norm topology. Then using [1, Lemma
4.11.13] we see that the function h: S —• X* defined by h = g o f
is strongly measurable. (The preceding lemma and the fact that /
is strongly measurable ensures that h has essentially separable range;
the strong measurability of / and the fact that g belongs to the first
Baire class ensures that h~ι(u) is an element of the |m|-completion
of Σ for every set u which is open in the norm topology on x*.) But
for every A e Σ we have

\m\(A)= ί \\f\\d\m\.
JA

Therefore following [4, Theorem 3.4.II], we have

ι\(A) = ί 11/11 d\m\ = ί (f(s), h(s)) d\m\(s)
JA JA

= Ό- [ h df\m\ = Ό- [ h dm.
JA JA

PROPOSITION 2. If X has property (DV), then every subspace Y of
X has property (DV).

\m\
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Proof. Let m: Σ —> Y be a vector measure with |ra| < oo. Since X
has property (DV), there exists a strongly measurable function / : 5 —•
X* with ||/(jc)|| = 1 |m|-a.e. such that |m|(^) = Ό-fAfdτn for each
A e Σ. Define #: 5 -• 7* by g(s) = f{s)\γ* (the restriction of f(s)
to y ) . Of course g is strongly measurable and \\g(s)\\ < \\f(s)\\ = 1.
For every A e Σ we have D- /^ g dm =D- /^ / d m since m takes its
values in Y. But

|m|(Λ) = D- / fdm = Ό- f gdm< f \\g\\ d\m\ < \m\{A)
JA JA JA

therefore 11̂ (̂ )11 = 1 |m|-a.e.

PROPOSITION 3. Banach spaces l\ and CQ do not have property
V).(DV).

Proof. Let (/, 3S) be the unit interval with the Borel σ-algebra.
(1) For A ^33 define m by m(A) = (jA(\/2n)rn{t)dt)™_x, where

rn denotes the n th Rademacher function. Then m is a vector mea-
sure with values in l\ such that \m\ — λ, where λ is Lebesgue mea-
sure. (It is enough to verify this last equality on intervals of the form
[1/21', 1/21'"1).) Suppose there exists a strongly measurable function
/ : I-loo, At) = (/*(*)), such that | |/(ί)| | = 1 λ-a.e. and |m|(Λ) =
Ό-fAfdm for each ^4. Because of the definition of m, we have

/

oo

ΣMt)(l/2n)rn(t)dt.
An=l

In particular, for A = [0,l] we have Σ£Li /Λ(ί)(l/2Λ)rΛ(ί) = 1 A-a.e.
Further, it is easy to see that (fn(t)) = (rn(t)) is the unique element of
/oo which satisfies the preceding equality. But the function t —• (rn(t))
from / to /oo is not weakly measurable [9].

(2) For A e 38 define m by m{A) = (fA(n/n + \)rn{t)dt)™=x. It
is easy to verify that m is a vector measure with values in CQ and
|m| = λ. (The last statement follows from the equality supn(n/n + 1)
rn{t) =1.) Assume there exists a strongly measurable function / : / —•
/i, /(ί) = (Λ(ί)) with | |/(0| | = Σ~=ilΛ(0l = 1 *-*-e. such that

= D- fA fdm for every Ae3?. Then for A = [0, 1] we have

1 =
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i e > Σ ^ l i fn{t){n/n + \)rn(t) = 1 λ-a.e. But this is impossible since
for every n we have

fn(ή(n/n + l)rn(t) < \fn(t)(n/n + l)rn(t)\ < \fn(t)\.

REMARK 1. Propositions 2 and 3 show that none of the assumptions
in Theorem 1 can be omitted. Namely, l\ has RNP, Co does not have
RNP, and CQ does not have (DV). Similarly, l\ has RNP, l^ does
not have RNP, and l\ does not have (DV).

REMARK 2. Since CQ does not have property (DV) and l\ has RNP,
we note that (1) and (2) of the theorem in [3] are, in fact, not equiva-
lent. The difficulty with the proof of this equivalence occurs when the
author concludes that the w* -cluster point of a sequence of strongly
measurable functions is w*-measurable. Indeed, it is well known that
every pointwise cluster point of the sequence of Rademacher functions
is not Lebesgue measurable. We note that there is also a difficulty with
the proof that (3) => (1) in [3]. The author makes strong use of this
Lemma 1 in this proof, and in the proof of Lemma 1 he concludes that
if X* is not separable, then f\keτ{Xj} φ {θ} when the intersection
is taken over a countable set of indices. However, if X = lχ, then X*
is not separable, but it does have a countable total subset. In fact, we
note that this formulation of Lemma 1 is incorrect. To see this, let
X be separable and let B be a countable subset of smooth points of
the unit sphere which is dense in the unit sphere (Mazur's theorem
provides us with the set B). If there exist nets {xa}a<Ω C B and
{K}a<Ω c S(X*), with (xa 9x*) = l and | |xα -xβ\\>0 as required

in Lemma 1 of [3], then we contradict the smoothness of xa for some
a. Further, Theorem 5.6 of [8] shows that Lemma 2 is also incorrect
as stated.

We are able to deduce a weaker version of Debieve's conjecture,
however. Using the fact that X* has the weak RNP whenever l\
does not embed in X [6]—and the results of this paper—we obtain
the following result.

COROLLARY. If X has property (DV), then X* has the weak RNP.

Unfortunately, we are not able to decide if X* must have RNP
whenever X has property (DV).
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