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ON SOME PROPERTIES OF EXHAUSTION MAPS
BETWEEN BOUNDED DOMAINS

Cu1-KEUNG CHEUNG

In this paper, we study the properties of exhaustion maps defined
on Thullen domains and piecewise smooth intersection domains. In
general, “exhaustion between two bounded domains” is a much weaker
condition than biholomorphism, but in the above two cases, we are
able to show that the two concepts are almost the same. In particular,
we generalize Pinchuk’s theorems to the case of exhaustion maps in
the domains mentioned above.

1. Introduction and statement of results. It is well known that two
bounded domains in C*, n > 1, are rarely biholomorphically equiv-
alent to each other. In 1907, Poincaré showed that the ball and the
polydisc in C2 were not biholomorphic to each other. This result was
strengthened by Henkin [7] and Pinchuk [10] to bounded domains
with various boundary regularity and convexity conditions. In partic-
ular, they have the following remarkable results:

THEOREM A ([10]). Let D be a convex but not strictly pseudoconvex
domain in C" with boundary of class Z*t¢, ¢ > 0. Then D cannot
be biholomorphic to any bounded strictly pseudoconvex domain.

THEOREM B ([7, 10]). Let D be a bounded pseudoconvex domain
in C", with piecewise €% smooth (see the definition below) but not
smooth boundary. Then D cannot be biholomorphic to any bounded
domain with €2 boundary.

By a domain D with piecewise Z% smooth boundary, we mean
that in some neighborhood U of D, there exist real functions p,

defined on it, where v =1, ..., m, such that

(a) 0D c U1’ S, , where S, = {z: p,(z) = 0};

(b) for any subset {i;, ..., i;y C{l,..., m}, dp,-l/\‘-~/\dp,‘q #0,
at every point where p; =--- = pi, = 0.

In this paper, we study the conditions when two domains are “al-
most equivalent” in the sense of exhaustion as defined below.

DEFINITION. Let D, G be bounded domains in C". We say that
“G can be exhausted by D”, or “D exhausts G”, if for every
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compact K C G there is a holomorphic imbedding F: D — G such
that F(D) D K. Since D and G are bounded domains, if D ex-
hausts G, one can always find a countable collection of exhaustion
mappings {F;: D — G}, where each Fj is a holomorphic imbedding
and for any compact set K C G, there exists a number N > 0 such
that F;(D)> K, forall K > N.

Obviously, “exhaustion between two bounded domains” is a much
weaker condition than biholomorphism. If D and G are biholomor-
phic, then they can be exhausted by each other, but the converse is
false. The above notion of “exhaustion” was studied extensively in
[1], [2], [3]. In some situations, exhaustion is almost the same as bi-
holomorphism. For example in [1], it is shown that the unit ball cannot
exhaust the polydisc, or more generally, if D exhausts G and D isa
homogeneous bounded domain, then G has to be biholomorphic to
D ([1], [2]). In the case when D is a strictly pseudoconvex bounded
domain with a &3 boundary, then G is either biholomorphic to D
or B", the unit ball in C" ([2]).

The purpose of this note is to extend the above results to some
weakly pseudoconvex domains and partially generalize Theorems A
and B to the case of exhaustion maps.

The first type of weakly pseudoconvex domains we study is the
Thullen domain, defined by D, = {(z;, z3): |z1> + |z2?/? < 1},
where 0 < p < 1. These domains interpolate between the unit ball
B? and the polydisc B! x B!, and the boundary points |z;| = 1 are
%2 weakly pseudoconvex. Moreover, it is well known that the Thullen
domain is never biholomorphic to the ball. We have

THEOREM 1. A Thullen domain cannot be exhausted by another
Thullen domain, unless they are biholomorphic to each other.

Since D, is a convex domain with boundary of class #2*¢, by
Theorem A, it cannot be biholomorphic to any bounded strictly pseu-
doconvex domain. For the exhaustion analogue, we have

THEOREM 2. A Thullen domain cannot exhaust any bounded strictly
pseudoconvex domain unless the latter is biholomorphic to the unit ball.

Theorems 1 and 2 can easily generalize to domains of the form
{(z1, 225 -os zn)t |z P+ 2P 4 [z [P+ 207 < 13

in C". However we would like to remark here that these theorems
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cannot be improved to the generalized Thullen domains:
{(z15 22, s Zn)t |21 P + 22|22 4 oo 2 |Pemr + |20 Pe < 13,

since, in general, the domain {|z;|> + |z2)¥2 + --- + |z, 1|*/Pr-1 +
|zn|*/P» < 1} can exhaust the domain {|z;|2 + 222 + -+ + |zp—1 > +
|zx|*/? < 1}, even though they are not mutually biholomorphic.

We would like to point out here that any Thullen domain can ex-
haust the unit ball. For example, consider

Dos ={(z1, z2): |z1]* +|z2|* < 1}

with the family of mappings F;: Dys — B2 defined by

(=D + 1k /=T]kz
Fk(zl’ZZ)—((zz—l)—l/k’(zz—l)—ll/k)’ k22

It is easy to check that D exhausts the unit ball through {F;}.

The second type of weakly pseudoconvex domains we consider are
piecewise Z? smooth intersection domains, that is, those obtained
from the intersection of two or more strongly pseudoconvex domains
in C" with &2 boundaries. Precisely speaking, such domains can be
represented as

D={zeC": pi(2)<0,..., pr(z) <0}, k>1,

where:

(a) for each j =1, ..., k, the inequality p;(z) < O defines a
strongly pseudoconvex domain with a 2 boundary, and

(b) the defining functions satisfy dp; A---Adp; #0 (¢ <k),at
every point where piy=-=pi = 0.

Obviously, a bounded piecewise %2 smooth intersection domain
satisfies the conditions of Theorem B, so it cannot be biholomorphic
to any bounded domain with %2 smooth boundary. We are able to
generalize this to

THEOREM 3. Let D be a bounded piecewise €2 smooth intersection
domain in C". Then D cannot exhaust any bounded domain in C"
with smooth %2 boundary unless the latter is biholomorphic to the unit
ball.

The proofs of these three theorems are similar. They are divided
into two steps. The first step is to use the rescaling method introduced
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in [S], [8] and [11] to construct a suitable limiting domain, with the
desirable exhaustion property. The second step is to use the normal
families argument [13] to obtain the biholomorphic map from the
exhaustion maps.

We would like to thank K.-T. Kim, W. K. To and H. Wu for many
helpful discussions.

2. Lemmas on exhaustion maps between bounded domains. First we
would like to recall the definition of Hausdorff convergence. Given a
set S in C", the Hausdorff distance from a point p to S is defined
as

dp,S)= ing {Euclidean distance between p and g},
qe

and the Hausdorff distance between two sets S;, S> in C” is defined
as
d(Sy, S2) = max {sup dp,S:),supd(q, Sz)}-

PES, ges,
The Hausdorff R-seminorm is

dR(Sl ’ SZ) = d(Sl nB(O’ -R)a S2 nB(()’ R))
and we say {S;} converges to S in the sense of Hausdorff if
VR >>0, dg(S;,S)—0.

In the language of Hausdorff convergence, the notion of D exhausts
G through mappings {f;} implies that f; (D) converges to G.

We need a lemma to transform the exhaustion properties into bi-
holomorphism. It is a simple generalization of Lemma 1.1 in [2] and
also Lemma 1 in [6].

LEMMA 1. Let D and G be two bounded domains in C". Let
{Cy} be a sequence of open sets in C" whose closure converges to the
closure of D in the sense of Hausdorff convergence. Suppose there
exists a sequence of mappings {F: C, — G}, satisfying the following
conditions:

(1) Fi: Cp — Fi(Cy) is biholomorphic for each k.

(2) {F,(Cy)} is a sequence of open sets that exhaust G (that is, for
any compact K C G, there exists a number N, such that Fi(Cy) DK
forany k> N).

(3) There exists a point q in G, such that the set {F]'(q)} con-
verges to a point p in D.

Then D is bilomorphic to G .
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Proof. The proof is similar to that in [2]; we will use the standard
normal family argument (cf. [3], [4], [10]). Since D is a bounded
domain, there exists open sets {U;} such that U; cc U, cC Us CC
...cc D. Since C; convergesto D, foreach i, there exists a number
ki, such that C;, D U; and F; is well defined on U;, if k > k;. Since
G is a bounded domain, {Fi|y }x>x forms anormal family. Through
an induction argument and by passing to a subsequence if necessary,
{F;} will converge uniformly on compact sets to a holomorphic map
F: D — G. In the other direction, let Sy = F;': F(Cy) — D. Since
D is a bounded domain and G is exhausted by {F,(Cy)}, the set of
mappings {S;} again forms a normal family. Now using a similar ar-
gument as above, one can conclude that {S;} will converge uniformly
to S: G — D. By Hurwitz’s theorem, F and S will either be non-
singular at every point, or their Jacobian determinants are identically
ZEero.

The remaining part of the proof is then exactly the same as that in
[2], in which one uses the decreasing property of the Kobayashi met-
ric to show that F(D) and S(G) contain open sets, and hence their
Jacobian determinant cannot be identically zero. So the mappings are
regular everywhere and we have

F:D—-G, S:G—D, with F o .S = identity on D.

It follows that D and G are biholomorphic to each other. This com-
pletes the proof.

In particular, if D exhausts G with a family of exhaustion maps
{F;}, then the first two conditions of the lemma are satisfied by letting
Cy = D, for all n. So we have

LEMMA 2 (Lemma 1.1 in[2]). Let D, G be two bounded domains in
C". Suppose D exhausts G with a family of exhaustion maps {Fy},
and there exists a point q in G such that the set {Fk“l(q)} converges
to a point p in D. Then D is biholomorphic to G.

3. Proof of theorems.

Proof of Theorem 1. Let {f;} be a family of exhaustion maps from a
Thullen domain D, = {|z;|?+|z|*/% < 1} to another Thullen domain
Dy = {|z1|* + |z2/*/* < 1}, where 0 < u, v < 1. We want to show
that D, is biholomorphic to D, . Consider the set { fk“(O)} in D, ;
there are two cases.
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Case 1. There exists a subsequence of { fk‘l(O)} that converges to
a point in D, . Then by Lemma 2, D, is biholomorphic to D, .

Case 2. There exists a subsequence of { fk‘l (0)} that converges to a
point p € 9D, . Denote such a subsequence by {(7;, s;) = fj‘l(O)}.
In D, , consider the following automorphisms:

_ (L= p(i =)
gf(zl””‘((l—szjl)’ (=7 Zz)’

where u = {

lSjl/Sj iij #0,
0 if 5; = 0.

Then g; maps (r;, s;) to (0, w;), where w; = |s;|(1 — |r;|*)7%/?* >
0. Now {fjo gj‘l} forms a new family of exhaustion maps from
D, to D,. Again, we consider the inverse image set of 0, that is,
{(fjo gj‘l)‘l(O) = (0, w;)}. There are two cases.

Case A. This set is relatively compact in D, . Lemma 2 then implies
that D, is biholomorphic to D, .

Case B. This set converges to (0, 1) € 0D, . In this case, we will
apply the scaling technique at the point (0, 1), to show that D, has
to be biholomorphic to the unit ball.

Consider the translation F(z;, z3) =(zy, zp — 1). We have

F(D,) ={(z1, z2): |z1P + |22+ 17" < 1}, F(0,1)=(0,0),
F(0,w;)=(0,w; - 1).
Define the linear scaling map L;: C2 — C? by

Lj(Zl,Zz)= (Lzl,l22) 5 where5j=1—wj>().

Vo 9
So 6; - 0" as j—o0o,and L;(0, w;—1)=(0, —1), for every j.
For any R > 0, let B(0, R) denote the Euclidean ball of radius R
with center at 0. Then L;(F(D,))NB(0, R) consists of all the points
(z1, z2) in B(0, R) satisfying the inequality

VoiziP + (1 + 8,22 < 1

(I1+9z)V  — 1
9;

& |z)? + <0.
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Since, for each fixed z,,

7o |2)1/u _
i QDL 2y

the set L;(F(Dy)) N B(0, R) converges uniformly on compact sets
to the domain {(z;, z3): |z1]> + 2Rez; < 0} N B(0, R). So we
have L;(F(D,)) converges (in the sense of Hausdorff) to the domain,
{(z1, z2): |z1|> + 2Re z; < 0}, which is biholomorphic to the unit
ball B2 through a linear fractional transformation H , defined by
2z1u -2z, —u
Hz1, ) = (_\/:1 2+l 2 ¥ :):

Also since Rez; < 0 for every point (z;, z3) in L;j(F(Dy)), {Ho
L;joF: D, — B?} is a biholomorphic embedding and (HoL;oF)(D,)
converges (in the sense of Hausdorff) to the unit ball. Now consider
the family of mappings

{fiocg;'o(HoLjoF)™': (HoLjoF)(Dy) — Dy}.

We note that:
(1) Since each mapping is a biholomorphic embedding, the compo-
sition map

fiogilo(HoLjoF)™': (HoLjoF)(Dy) = fj(Du)

is also biholomorphic.

(2) From the given assumption, {f;} is a family of exhaustion maps
from D, to Dy, so {fj(D,)} forms a sequence of open sets that
exhaust D, .

(3) By tracing through the defining maps,

(fiog ' o(HoLjoF)™)7'(0)
= H(L;(F(g;(f;'(0))))) = H(L;(F(g;(r;, )
= H(L;(F(0, wj))) = H(L;(0, w; — 1))

2—u 2

=H(0, -1)= (0, 2+u) € B-.
By Lemma 1, D, is biholomorphic to B?. This contradicts the fact
that any Thullen domain cannot be biholomorphic to the unit ball,
and hence this case is impossible. ]

Proof of Theorem 2. Suppose there exists a family of exhaustion
maps {fi} from D, to a strictly pseudoconvex domain G. Fix a
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point ¢ in G. Consider the set { fk“l(q)} as in the proof of Theorem
1. Replacing D, by G, and following a similar argument as above,
we see that either D, is biholomorphic to G or G is biholomorphic
to the unit ball. But D, cannot be biholomorphic to G (Theorem A),
so the result follows easily.

The above two theorems can be easily generalized to domains of
the form

{(z1, 225 ooy zn)i |z H | 22P + o+ | zpma P + | 2aPP < 1),

The proofs will remain the same, except one has to replace the auto-
morphism g by composition of automorphisms of the form:

(Zla-..,Zn)-—><_Z__1.£}L2)1/2 M

s v T gz

Zy (1= [nAHY2 p(1 - |7I|2)”/22n
1 -7z T (I =7z)P ’

in order to map the inverse points j}c‘l(O) to (0,...,0,wj), for
some w; .

Proof of Theorem 3. Let D be a bounded piecewise %2 smooth
intersection domain. By Theorem B, D cannot be biholomorphic to
any bounded domain with #? boundary. Now let us assume that D
can exhaust one such domain. Let {f;} be a sequence of exhaustion
maps from D to G, a bounded domain with #2 boundary. Again,
as in the above two proofs, we would like to consider the limit point
of the set {fk'l(q) = pr}, where ¢ is a fixed point in G. Let us
denote this limit point by p. If p isin D, then by Lemma 2, D is
biholomorphic to G, and this will contradict Theorem B. So p has
to be on the boundary. Now, denote the set of singular points on
the boundary of D by Syp = {q¢ € dD: D is not smooth at q}.
Following Kim’s work in [9], there are three different ways the sets
{px} can approach p € dD.

Case 1: when p, converges to p € Syp non-tangentially to 9D,
that is, there exists a constant C > 0 such that

dis(py , 0D)
dis(pk ’ p)

Case 2: when p; approaches p tangentially to Ssp, that is, there

exists a constant C > 0, such that

diS(pk s aD) =0 and dls(pk > aD)
k—oo dis(py, p) dis(px , Sap)

> C, forany k.

> C for any k.
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Case 3: when p € 9D\Syp , or when p; converges to p tangentially
to 0D away from Sjp, that is,

dis(py , 0D) —0 and lim dis(py , OD)

- —— = =0.
k—oo dis(py, p) k—oco dis(p , Sap)

For each case, we will use the scaling technique to produce exhaustion
mappings from D to a new bounded domain, and then use Lemma
1 to conclude that the new bounded domain is biholomorphic to G.
The scaling method in each case has been studied carefully in [9] while
investigating the asymptotic behavior of the curvature. Although in
that paper the domains considered are more restrictive, the general
argument using the scaling technique can be carried through without
any change. (A similar technique in dealing with piecewise smooth
domains can also be found in [11].)

In Cases 1 and 2, one can show that there exists U, a neighborhood
of p in C", and a sequence of holomorphic mappings L;: C* — C",
such that L, (DNU) converges (in the sense of Hausdorff) to a Siegel
domain D(s, n) of the form:

Imz; > ials+lzs+l|2 +-0 ‘alnznlzs
s>2,

Imz; > |ass+lzs+l|2 ++ |asnznl2 )

for some number a;;. Also Ly(py) — P, where p is an interior point
in D(s, n). According to [12], D(s, n) is biholomorphic to D, a %>
piecewise smooth pseudoconvex bounded domain in C”, via a linear
fractional transformation 7" . Let us consider the family of mappings
{fuo(ToLy)': ToLy(DNU) — G}. One can easily see that if
k is large enough, T is holomorphic on Ly(DNU), To L (DNU)
converges to D, and also (f; o (T o Ly)~!)"!(q) — T(p) € D. Now,
if we assume for the moment that the sequence of the image sets
{fi(DNU)} exhaust the domain G, then all the conditions in Lemma
1 are satisfied, so we have D is biholomorphic to G; this again con-
tradicts Theorem B.

For the third case, the scaling technique gives a limit domain defined
by

Imz, > |byzo)> + - + |buza)?,

which is biholomorphic to the unit ball. A similar argument as above

shows that it has to be biholomorphic to G and hence G is biholo-
morphic to the ball, which is exactly the statement of the theorem.
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To complete the proof, we have to show that (DN U) exhausts the
domain G under {f;}. Let {V;} be a sequence of open sets in G,
with

gehhcchcc---cca.

For each fixed i, consider the family of mappings { fk“1 lv: Vi— D}.
Since V; and D are bounded domains, this family of mappings is
relatively compact, and we can assume that fk‘1 converges uniformly
on compact sets to a holomorphic map g: V; — D, with g(q) = p.
Since p is a point on the boundary of D, by its definition, there
exists a strictly plurisubharmonic function p such that p(p) =0, and
DNU c{zeU: p(z) <0}. The function po g is plurisubharmonic
and is nonpositive; since po g(g) =0, it follows that po g =0. But
since p is strictly plurisubharmonic, one has g(z) =p e U, forall z
in V;. This implies that { fk‘l} converges uniformly to p, and hence
there exists a k; > 0, such that if k > k;,

Vil c U=V C fi[UL

The claim is then proved by following an induction argument. This
completes the proof.

Added in proof. After this paper was submitted for publication, it
came to the author’s attention that some of the results here (Theo-
rems 1 and 2 and the remarks after Theorem 2) had been discovered
independently by A. Kodama, S. Krantz and D. Ma (see their preprint
“A characterization of generalized complex ellipsoids in C” and re-
lated results™). The author would like to thank Professors Krantz and
Kodama for friendly communications on this matter.
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