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AN APPLICATION OF THE VERY WEAK BERNOULLI
CONDITION FOR AMENABLE GROUPS

Scot ADAMS AND JEFFREY E. STEIF

In this paper, we give an application of the recently developed Very
Weak Bernoulli condition for amenable groups. The setting for the
application is an attractive particle system with the usual lattice re-
placed by a general countable amenable group.

1. Introduction. We consider probability measures on X = {0, 1}6
which are invariant under the natural right action of the group G.
Two such measures y and v are isomorphic if there exists an
f: ({0, 139, u) — ({0, 1}9, v) which is bijective a.e. and measure-
preserving and which commutes with the action of G. A Bernoulli
Shift is a stationary process which is isomorphic to an i.i.d. process.
For the case G = Z, it was proven by Ornstein [6] that entropy is
a complete invariant for Bernoulli Shifts. In this work, a number of
important properties of a finite state discrete time (G = Z) station-
ary process were introduced, namely Finitely Determined (FD), Very
Weak Bernoulli (VWB), and Weak Bernoulli (WB). This work together
with [10] shows that FD and VWB are equivalent to being a Bernoulli
Shift. While these are also all implied by the WB condition, they do
not imply it. The fact that a Bernoulli Shift is not necessarily WB
might seem strange but is partially explained by the fact that WB is
not an isomorphism invariant. An example of such a process is given
in [13]. The equivalence of Bernoulli and VWB allowed researchers to
prove that a number of concrete systems were in fact Bernoulli Shifts.

After this, further equivalent but useful concepts were introduced,
namely that of Thouvenot’s extremality [11] and that of &-block inde-
pendence [12]. Later on, it was natural to extend as much as possible
the Bernoulli theory to the group Z¢ and ultimately to amenable
groups. Kieffer [4] succeeded in obtaining a Shannon-McMillan the-
orem in the amenable group setting. (This was later improved to a
pointwise theorem for certain Folner sequences in [8].) Recently, the
theorem that entropy is a complete invariant for Bernoulli Shifts was
generalized to the case where the group acting is a general countable,
discrete, amenable group [7]. (In fact, they handle the broader class
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of unimodular amenable groups “with a good entropy theory”; this
includes most naturally occurring unimodular amenable groups.)

It is fairly straightforward to extend the definition of VWB to the
group Z<. In [3], analogues of extremality and &-block independence
for Z¢ are used. The concept of extremality for an amenable group is
also used in [7]. The analogue of FD to Z¢ (and to amenable groups)
is obvious. However, it was not at all clear what the analogue of the
above VWB condition should be in this more general context of an
amenable group.

In [1], a natural notion called Folner Independence (FI) is intro-
duced. This condition makes sense for a general countable amenable
group and implies that the system is a Bernoulli Shift. In [1], it is
shown that the ferromagnetic Ising model on an amenable group in
either its plus or minus states are FI and hence are Bernoulli Shifts.
(This generalizes a result in [Ornstein and Weiss, unpublished].) How-
ever, even for the simple case of the group Z, FI is strictly stronger
than Bernoulli (see [9]).

In another recent paper [2], the notion of VWB for the group Z¢
is extended to a general countable amenable group. This condition.
although much more complicated than FI, is equivalent to Bernoulli
and moreover is similar in spirit to the VWB condition for Z4 . In this
work is the idea of ordering a series of blocks inside a larger Folner
block.

The purpose of this paper is to give an application of this new
VWB condition for amenable groups. We show that a large collec-
tion of Markov processes (whose state space is the collection of 0, 1
configurations on a countable, discrete, amenable group) are Bernoulli
Shifts. These results generalize the results in [14] to the amenable
group context providing at the same time an application of the new
VWB condition for amenable groups. In order to do this, we intro-
duce a condition called Time Folner Independence (Definition 2.5.1)
which is stronger than VWB, but weaker than Fglner Independence.
This condition makes sense only for amenable groups with a distin-
guished time direction (i.e., for groups of the form G x Z where G
is amenable).

An example of a discrete amenable group is the integer Heisenberg
group: the group of all 3 x 3, upper triangular, unipotent matrices
(with integer entries). This group is the same as Z3 with multi-
plication twisted by the Heisenberg cocycle: (a, b,c)-(x,y, z) =
(a+x,b+y,c+ay+ z). For this group, the Interacting Particle
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Systems defined below can still be thought of as being defined on the
usual lattice Z3. However, the usual additive translation invariance
is replaced by some more complicated notion of invariance.

We now introduce the specific processes which we will analyze. We
will consider Probabilistic Cellular Automata (PCA). These will be
discrete time Markov processes with state space X = {0, 1}9, the set
of configurations of 0’s and 1’s on a countable amenable group G.
The transitions will be governed by a family of functions

{e(x, n)}xeG,neX >

where

B= sup c(x,n)<1/2
xeG, neX

and c¢(x, n) is, for fixed x, a continuous function of n where X
is given the product topology. The reason for having the 1/2 bound
rather than the more natural bound of 1 is explained later.

The evolution of our process is defined as follows. If the state of the
system is 77, then at the next stage each lattice point x in G switches
its value independently with probability c(x, 7). In particular, this
yields a product measure at the next stage, which we denote by 773.
We can then evolve any initial distribution v, and we denote this
evolved measure by Tv where Tv = [, Tndv(n). The measure u
is called stationary if Tu=u.

We note that X has a natural partial order defined on it: # < ¢ if
n(x) <d(x) forall xeG.

DeFINITION 1.1. A PCA (IPS) is attractive if, whenever n < d,
then c(x, n) <c(x,d) if n(x) =d(x) =0 and c(x, n) > c(x, ) if
n(x) =6(x)=1.

Heuristically, one has that 0’s attract 0’s and 1’s attract 1’s. In this
paper, we deal exclusively with attractive systems.

There is another characterization of attractiveness which will be use-
ful for us later. We say that a function f from X to R is increasing
if n <6 implies that f(n) < f(d). Let .#Z denote the collection of
increasing continuous functions on X . This then allows us to place a
natural partial order on P(X).

DEFINITION 1.2. v < u if [, fdv < [, fdu for all functions f
in A .
The fact that < is a partial order on P(X) is easily verified, as is

the continuity of < with respect to the weak topology in that v, < u,
forall n, v, - v and u, — u imply that v < u.
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We now present an alternative definition of attractiveness in the
following proposition (see [5]).

ProPOSITION 1.3. A PCA (IPS) is attractive if and only if v < u
implies Tv < Tpu.

In the attractive context, there are two distinguished stationary dis-
tributions which might reduce to the same one. The next proposition
deals with one of these.

ProrosITION 1.4. lim,_,, T"dy exists and is a stationary distribu-
tion where &y denotes the unit point mass at the configuration of all
0’s. Furthermore, this limiting distribution is smaller than any other
stationary distribution with respect to the partial order defined in Defi-
nition 1.2.

The analogous result holds when O is replaced by 1. For the proof,
see [S]. We denote by v the stationary distribution whose existence
is guaranteed by the above proposition. Similarly, if we start with the
configuration of all 1’s, we denote the limiting stationary distribution
by 7. The reason why we take 1/2 as a uniform bound on the spin
rates is that Proposition 1.3 and 1.4 become false otherwise, which
one can see by taking c(x, n)=1.

We only consider spin rates which are translation invariant in an
appropriate sense. We first note that G acts canonically on itself by
right translations. Next, G acts canonically on X on the right by
(ng)(x) = n(xg~!). Finally, G acts on the collection of spin rates
on the right by c(x, n)g = c(xg, ng). We only consider spin rates
which are fixed under this action, i.e., are (right) translation invariant.

Letting 7 be the stationary process with stationary distribution v,
we have that © is a process indexed by G x Z which is (right) transla-
tion invariant whose proof we leave to the reader. Our main theorem
is

THEOREM 1.5. © is a Bernoulli Shift.

In §2 we develop the notion of Time Folner Independence and prove.
that it implies VWB (Theorem 2.5.2). In §3, we prove Theorem 1.5
using Theorem 2.5.2.

2. Time Feolner Independence implies VWB. In this section we prove
(Theorem 2.5.2) that Time Folner Independence implies Very Weak
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Bernoulli, which is equivalent to Bernoulli [2, Theorem 3.7 and 7,
1987, Theorem 8, p. 93].

2.1. Preliminaries. We recall the d-metric: Let X = {X'};c; and
Y = {Y'},cs be finite processes (i.e., processes with |I| < co) and let
m be any coupling of X with Y. We define

"X, Y) = l—}lEmn{i e I|X £ Yi}|].
We define d(X, Y) := inf,,d (X, Y), where the infimum is taken
over all couplings m of X and Y.

Recall [1, Definition 2.8] that if X and Y are coupled finite pro-
cesses, then Y is e-process independent of X if dxy(XVY, X||Y) <e.
The next lemma allows us to reformulate this definition using the or-
dinary d-metric instead of the d y-metric of [1, Definition 2.4].

LEMMA 2.1.1. Let X and Y be coupled finite processes. Let & (X)
denote the configurations of X of positive probability. For every x €
& (X), let Y, denote the process Y , conditioned on X = x .

(i) If Y is e-process independent of X, then there exists C C
& (X) such that
Pr{XeC]>1-+Ve
and such that, for all x € C, d(Yy,Y) < Ve.
(ii) Assume there exists C C & (X) satisfying

PriXeC]>1-c¢

and d(Y,,Y)<e, forall x € C. Then Y is [e+ (1 — &)e]-process
independent of X .

Proof. By [1, Lemma 2.6],

dy(XVY,X||Y)= ) PrX=x]-d(Yx,Y).
XEZ(X)

From this, the lemma is easily obtained. o

Recall [1, §3] that, if F C G is finite and if § > 0, then a finite
subset K C G is (F, d)-invariant if, for all f € F, |fKAK| < J|K]|.
We say that a property of finite subsets of G holds “for all sufficiently
invariant subsets” if: there exists (F, d) such that it holds for all
(F, d)-invariant subsets. Recall also that 9z K denotes the set of all
a€ G such that FankK # @ # Fan (G\K).
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The group G is said to be amenable if, for all finite F C G, for all
0 > 0, there exists a (F, d)-invariant (finite) subset of G.

DEerFINITION 2.1.2 [1, Definition 3.3]. Let ¢ > 0. A collection
Ay, ..., Ay of finite subsets of G is said to be a disjoint e-quasi-
tiling system if, for all sufficiently invariant sets F, there exist disjoint
subsets A4;, ..., A, € F such that

(1) each A, is a right translate of some 4;; and

(2) |F\U, 4p| < e|F]|.

If such sets exist, then we say that F is disjoint e-quasi-tilable by
Ay, ..., Ar and we say that A, ..., A, is a disjoint e-quasi-tiling
of F by right translates of Ay, ..., Aj.

DEFINITION 2.1.3 [2, Definition 3.1]. We say that a stationary G-
process X is Very Weak Bernoulli if, for all ¢ > 0, there exists a
disjoint e-quasi-tiling system A;, ..., 4, , such that for all sufficiently
invari:il_r_lt finite sets K C G, there exists an ordered disjoint e-quasi-
tiling 4;, ..., Ay of K such thatforall p=1, ... , m, the process
sz is g-process independent of X_,, , where P, := A U---UAp_;.
An ordered disjoint e-quasi-tiling with this property will be said to be
e-almost independent under X .

Let G be a countable, discrete, amenable group with identity ele-
ment e.

Let K C G x Z be finite and nonempty. For —oco < a < b < o0,
define
(1) zb:=Znla,b],

Zb  :=ZnNn (-0, b],
ZX:=ZnNla, x),
Kb :=Kn(Gx2zh,
K,:={g€G|(g,a)eK},
bot(K) := min{a € Z|K, # @},
top(K) := max{a € Z|K, # @},
: . 7top(K)
intvl(K) := Zbg‘t’( X) -
For N € Z{°, define
Slicey (K) := {t € intvl(K)|[t — bot(K)] € NZ}.
For N € Z{° and § C Slicey(K), define
Sizek ($) == 31KV,
seS
where |-| denotes cardinality.
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If A and B are sets, then we define 4 A B := (4\B)U (B\4).

2.2. Cylindrical sets. Let G be a countable, discrete, amenable
group with identity element e.

DEFINITION 2.2.1. Let L C G x Z be finite and nonempty. We say
that L is cylindrical if L; = L;, for all i, j € intvl(L). If { > 0,
then we say that L is {-cylindrical if |L; AL;| < {|L;|,forall i, e
intvl(L). :

LEMMA 2.2.2. Let { > 0 and let N € Z{® be given. Then, for all
sufficiently invariant K C G x Z: K is ({, N)-slice-cylindrical, i.e,
there exists S C Slicey(K) such that

(i) SizeX($)> (1 -0)|K]|; and
(ii) forall se€ S, Ks*N-1 is {-cylindrical.

Proof. We may assume that { < 2. Choose 6 > 0 such that
4V2Ns < {. Let K € Gx Z be ({e} x Z}3}, 6)-invariant. We
will show that X is ({, N)-slice-cylindrical.

Let

B:= |J {l(e, )K]AK}.
ez}
Then |B| < (2N - 1)8|K| < 2NS|K]|. Let
S := {s € Slicen(K)||BS*N 1| < V2NS|KSHN 1}
Then
Size§(S) > (1 - V2NS)|K| > [1 - (¢/4)]IK| > (1 - {)IK],

verifying (1).
Fix s € §. Fix i, j € ZS*N-1. To prove (ii), it suffices to show
that |K,‘AKJ‘| < C|K,| .
Since
BNl < V2NSIKTHY ! < (KN /4,

it follows that there exists ko € Z{*V~! such that |By | < {|Kj |/4.
Define

B :=K\[(e, kg —i)K] and B":=[(e, ko — )K]\K .

Then B'C B, B"C B, K, \K; C B, and K,~\K,Co C B} . Therefore
0 0 0
K; AKkO - Bllco U B/,clo - Bko . Similarly, Kj AKkO - Bk0 .
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Then |K; AKy | < |By | < {|Kj |/4. Similarly, |K;AK | < |By | <
(1K 1/4.
Now lKkol < |K,| + ‘Kko\Kil and Kko\Ki CK; AKkO , SO
Kl > Ky | - (CIK /4 > Ky /2,
since { < 2. Then
IK,'AK]'I < |K,‘AKk0| + |I<k0 AKj|
< (CIKi |/4) + (CIKi |/4) = CIK, |2 < CIKil. O

2.3. Localization of invariance. Let G be a countable, discrete,
amenable group with identity element e.

LEMMA 2.3.1. Let F C G be finite, let n > 0 and let N € Z*.
Then, for all sufficiently invariant K C G x Z, K is (F, n, N)-slice
invariant, i.e., there exists S C Slicey(K) such that

(i) SizekK(S)> (1 -n)|K|; and

(ii) for all s €S, there exists i € Z5™N~' such that K; is (F, n)-

invariant.

Proof. Let K be (F x {0}, n%/|F|?)-invariant. We will show that
K is (F,n, N)-slice-invariant. Let S consist of all s € Slicey(K)
such that K$*V-1 is (F x {0}, n/|F|)-invariant. We wish to prove (i)
and (ii) of Lemma 2.3.1.

We first prove (i). Assume SizeX(S) < (1 - 5)|K|. We aim for a
contradiction. Let S := Slicey(K)\S so that SizeX (S) > 5|K|. Then,
for all s €S, there exists f; € F such that

|(fs, QKT L AKTN > | KTV /|

For all f € F,let S(f) := {s € S|f; = f}. As SizeX(S) > n|K], it
follows that, for some f; € F,

SizeX (S(fo)) > n|K|/|F|.

Let
K:= |J K&V
seS(f;)
Then |K| = SizeX(S(fy)) > n|K|/|F|, so, by definition of S(fy),

(fo, 0K AK| 2 nIKI|/|F| 2 n*|K|/|F|*.
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Since K is a union of sets of the form K; x {i}, it follows that
(fo, 0K AK C (fo, O)KAK,

and hence |(fy, 0)K AK| > n?|K|/|F|*. But K is (F x{0}, n*/|F|?)-
invariant, a contradiction.

We now prove (ii). Fix s € S and assume, for all i € Z5+¥~! | that
K; is not (F, n)-invariant, i.e., there exists f; € F such that

|fiKi AK;| > n|K;].
We aim for a contradiction.
Let L := Ks*V-1_ For fe F,let I(f):={i € ZS*N|f; = f}.
Then there exists f; € F such that

S 1Kl > [LI/IF.
ieI(f,)

Let L :=Ujes(r)Li x {i}. Then
|(fi, O)LAL| > n|L| > y|L|/|F].
So, since L is a union of sets of the form L; x {i}, it follows that
(AL, 0LALC(f;,0LAL,

and hence |(f;, 0)LAL| > n|L|/|F|. However, since s € S, L =
Ks+N-1 is (F x {0}, n/|F|)-invariant, so |(f;, 0)L AL| < n|L|/|F],
a contradiction. o

2.4. Prolongation of tilings. Let G be a countable, discrete, amena-
ble group with identity element e.

By [1, Lemma 3.4], there exist disjoint &-quasi-tiling systems (Def-

inition 2.1.2) consisting of arbitrarily invariant subsets of G.
If &/ is a collection of subsets of G and if I C Z, then we define

I x1:={AxI|AeL}.
We call &/ x I the I-prolongation of </ .

LEMMA 2.4.1. Let N € Z° and A > 0. Then there exists { > 0
such that
if & is a disjoint {-quasi-tiling system for G,
if L C G xZ is finite and {-cylindrical,
if |intvl(L)| < N; and
if; for some ip € intvl(L), L; is disjoint {-quasi-tilable by < ,
then L is disjoint A-quasi-tilable by &/ x intvl(L).
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Proof. Choose { > 0 such that
Q2+ N1+ <A.

Let I:=intvl(L). Then |I| < N by hypothesis. Let ./ be a disjoint
{-quasi-tiling of L; by right translates of elements of &/ . Let

& ={AeF|AxICL}.
We wish to show that
1L\ U x 1)| < AL|.
Fix j eI. It suffices to show that
(L,\Us?] < ALj|.
By definition of A ,
U(F\&?) - {geuylg ¢ L, forsomeke]} .

But &7 C L;,so

U(,;Y\% clJLiALy.
kel

o~

Since L is (-cylindrical, it follows that || J(&/\&)| < |1 ICIL; | <
NC|L,~0|. Thus

LU | = [L\U# |+ U@\ < CIL, |+ NEIL |-

Since L is {-cylindrical, it follows that [L;\L; | < [L; ALj| <L, |,
SO

[LAUS | < IAL + L\ U+ | < 2+ N)IL .
Using {-cylindricity of L once more,
IL; | < |Lj| + 1L \Lj| < |Lj| + |Liy ALj| < (1 + §)|Ly].

Thus
'Lj\UJ| <@+ N+ OIL;| <AL O

2.5. Time Folner independence. Let G be a countable, discrete,
amenable group with identity element e. Let X be a right stationary
(G x Z)-process.

DEFINITION 2.5.1. We say that X is Time Folner Independent if,
for all ¢ > 0, there exists N € Z® such that, for any sufficiently
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invariant 4 C G:
A is (N, g)-wide, i.e., for all finite

S C(GxZX)\(4x 2Z]),

the process X|(4 x Z{) is e-process independent of X|S.

Recall (Definition 2.1.3) the definition of Very Weak Bernoulli. We
now come to the main result of this section:

THEOREM 2.5.2. If X is Time Folner Independent, then X is Very
Weak Bernoulli.

Proof. Let ¢ > 0 be given. We wish to find a disjoint &-quasi-tiling
system satisfying the condition of Definition 2.1.3.

Choose N as in Definition 2.5.1. Let 4 := ¢/3. Choose { as in
Lemma 2.4.1. We may assume that { <¢/3.

By [1, Lemma 3.4], we may choose in G a disjoint {-quasi-tiling
system &/ such that every 4 € & is (N, ¢)-wide (Definition 2.5.1).
We will verify that &/ x ZV is a disjoint ¢-quasi-tiling system, satis-
fying the requirements of Definition 2.1.3.

Choose a finite subset F C G and n > 0 such that any (F, )-
invariant subset of G is disjoint {-quasi-tilable by right translates of
elements of %/ . We may assume that 1 < /3.

By Lemmas 2.2.2 and 2.3.1, it suffices to show that if K C Gx Z is
(¢, N)-slice-cylindrical and (F, n, N)-slice-invariant, then K admits
an e-almost independent ordered e-quasi-tiling (by right translates of
elements of & x ZN). So fix such a K.

Then, by Lemmas 2.2.2 and 2.3.1, there exists S C Slicey(K) such
that

(i) Sizex(S) > (1-¢ = n)K];

(ii) forall s€ S, K5*V-1 is {-cylindrical; and

(iii) for all s € S, there exists i € Z5*N-1 such that K; is (F, n)-
invariant.

Fix, for a moment, some s € S. Let L := K{*V~!. Then there
exists i € ZS+N-1 = intvl(L) such that L; is (F, n)-invariant. By the
definition of F and 7, L; is disjoint {-quasi-tilable by right trans-
lates of elements of ./ . On the other hand, by (ii), L = K5*V-!
is {-cylindrical. We apply Lemma 2.4.1 and conclude that L is dis-
joint A-quasi-tilable by right translates of elements of ./ x intvl(L) =
& x Z5tN-1. Let &/ be such a disjoint A-quasi-tiling. That is,
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defining C; := UZG—: A, we have:

(a) every element of .7 is a right translate of some element of
& x ZS*N-1 (and is therefore a right translate of some element of
& xZNY;
(b) the elements of & are pairwise disjoint;
(c) Cs CKS*N-1; and
(d) 1G5l > (1 = DK
Now choose any ordering of the elements of
y = U y_g
seS
such that if s < §’, then the elements of .%/; precede the elements of
7.
Let S := Slicey(K)\S. By (i) above, SizeX(S) < (¢ + 7)|K|. Then

s+N—1
Uk
ses

< (CHMIK|+ Y AR,
seS

Then, since { < &/3, n < ¢/3 and A = ¢/3, we obtain |K\{J.¥| <
e|K]|.
The elements of .&/ are pairwise disjoint and contained in K .
Now, X is right stationary and each 4 € &/ is (N, ¢)-wide. There-
fore, the Time Folner Independence condition (Definition 2.5.1) im-
plies that ./ (with the chosen ordering) is e-almost independent, as
required by Definition 2.1.3. O

+

U] =

u<K5+N—l\cs>]

seS

3. 7 is Bernoulli. In this section, we prove Theorem 1.5. Most of
the proof follows that in [14], where the group G is Z¢ for some d .
We in fact sometimes simply refer to the proofs in this paper explain-
ing the necessary modifications. Let {Y;};cz denote the stationary
process with stationary distribution v. So Y;(x) is the value of the
process at time i and location x. Let {Y;'},5( denote the process
{Yi}i>o conditioned on 7 at time 0.

Let G be a countable, discrete, amenable group with identity ele
ment e.

LEMMA 3.1. If the spin rates are attractive, then given ¢ > 0, there
isan N and a set A C X of v-measure at least 1 — & so that for all
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n> N and forall ne A,
d({Yi(e)}iy, {Y](e)}})) <e.

Proof. This is proved exactly as is Lemma 4.2 in [14]. o

To prove Theorem 1.5, we first deal with finite range spin rates
(defined below) and then extend to infinite range spin rates. We prove
this by showing that  has the Time Folner Independent property and
then invoking Theorem 2.5.2.

PROPOSITION 3.2. Given ¢ > 0, there is an integer b such that for
all sufficiently invariant F C G, there is a set E C X (depending on
F) of v-measure at most ¢ such that

A Y] ()} x, nerxp, b1 LYi(X) e, nerxpn, py) < 864
forall n ¢ E.

Proof. This is proved exactly as is Proposition 4.3 in [14]. There are
three minor changes one must make. The place where the pointwise
ergodic theorem is used is replaced by the mean ergodic theorem which
is really all that is needed. (It is not known if every amenable group
admits a Folner sequence for which the pointwise ergodic theorem
holds. However, the mean ergodic theorem is valid. This also explains
why the statement here is slightly weaker than that of Proposition 4.3.)
One must also show that a d-limit of mixing measures is mixing and
that a direct product of two mixing measures is ergodic. However,
these facts are proved in the same way as they are for Z-actions. 0O

The next lemma shows that for finite range systems, the process
conditioned on # at time 0 in F x [1, b] is d-close to itself if we
further condition on elements in G x Z whose spatial coordinates
do not lie in F and whose time point is in [1, b] providing F is
sufficiently invariant (depending on b).

DEerINITION 3.3. The spin rates {c(x, n)} are said to have finite
range if there exists K C G finite such that if # = § on K, then
cle,n)=cle, d).

We can assume that ¢ € K and K = K~!. In the above case, we
say that {c(x, n)} has finite range K (although K is not unique).

If {{{,....In} CGxZ, welet o(l,..., 1) denote the sub
o-field on {0, 1}9%Z generated by these m points and let
& (a(ly, ..., ) denote the collection of 2™ atoms generating this
sub o-field.
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LEMMA 3.4. If'the spin rates have finite range, then given any b and
& > 0, one has that for all sufficiently invariant F , the following holds:
If ne X and
{ly, ..., In} C(G\F) x[1, b],
then forall Ae &/ (o(ly, ..., In))

dY ()} ox nerxp.o)s YD, nerxp,o/A) < E.

Proof. Let K be a finite set such that the spin rates have finite range

K. By [1, Lemma 3.2], let F be sufficiently invariant so that
[F\(Og»F)| >1_¢.

|F|
Now, letting S = F\(9;2F), we have K*’S\F = @, so K’Sn
KY(G\F) = @. Since the process has finite range K, it follows
from the translation invariance that the process restricted to a set
A up to time b only depends on the initial configuration on K%4.
Therefore for any n € X, {Y;(x)}, hesxi,p is independent of
{Y ()} x, hea\F)x11, b -

Therefore given {/i, ..., [,} C (G\F) x [1, b], the way we have
chosen S implies that, for all 4 € &/ (a(/;, ..., lm)), the processes
{x/ (X)}x, esxit, b and {Y(X)}x. hesxit, b]/A have exactly the same
joint distributions. Since

IS x [1, b]|
Ikl LTS | R
Fx[L, 0] >~
this clearly implies that
d{Y ()}, herxp b LX) e ieFxp by/A) < E. O

THEOREM 3.5. If'the spin rates are attractive and of finite range, then
({0, 394, p)

is Bernoulli.

Proof. This is proved along the same lines as Theorem 4.6 in [14],
but we provide the proof. We demonstrate the Time Folner Inde-
pendence property and then apply Theorem 2.5.2. Let ¢ > 0. By
Proposition 3.2, there is an integer b such that, for all sufficiently
invariant F C G, there is a set £ (depending on F) of v-measure
at most ¢ such that

dEY ()} e, nerxn. o> i) . nerxp. o) < 84
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for all n ¢ E. By Lemma 3.4, for all sufficiently invariant F, for all
n,if

{&i, ..., Im} C(G\F) x[1, b],
then forall A€ (a(ly, ..., In))

d{Y] ()}, nerxp, o> 1Y) e, erxqi, b1/4) < €.
Together this gives us that for all sufficiently invariant F, there is
a set E of v-measure at most & such that for all {/;,...,In} C
(G\F) x[1, b],

(3.1) d{Y ), ierxi, o/ Ay {Yi(X) e, erxp,pp) < 9&'/*
forn ¢ E,AeA(a(ly, ..., ). Weclaim that F is (N, &)-wide.
Let
D155V} C{weGXZ: wpyy <DBI\(F x[1,0b]).

Partition {y;, ..., y,} intotwosets {/;,...,In} and {/{, ..., l;n,},
where the [, ..., [, all have their time coordinate positive and the
li,..., 1, all have their time coordinate nonpositive. Then any ele-
ment in & (6(Y1, ..., Yr) is AjNAy where A € & (a(ly, ..., Im))
and A, e L (a(l], ..., l;n,)).

Now we let 04: denote the measure on X obtained by considering
the conditional distribution of Y, given 4,. By (3.1), if n ¢ E,
there is a measure P7-4 on {0, 1}F*[1.01 x {0, 1}F*[1.5] which is a

{Y ()} e, nerxp, 51/ A1 = {Yi(X) }x, e Fx1, b

coupling which gives d-distance < 9¢!/4. If n e E, we let P-4 be
any

{Y7 )} e, nerxp,p1/A1 — {Yi(%) }x, e =1, b)
coupling. It then follows that

PAx’Azz‘/);P”’Al dQAz(r,)

is a coupling of
{Yi(x)}x,ieFxp,p/(A1NAz) and  {Yi(X)}x,ieFrx(1,b]-

However, this is only a good coupling if Q4 does not give too much
measure to E . In particular, if Q4:(E) < /&, then

dpiy 4 {Yi(X)}x, nerxqn, b/ (A1 N A2), {Yi(X)}x, nerxp, b))
< 9e!/4 + /e < 10e!/4.
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Since
> Qhi(4r) =v

A, (oI, 1))
and v(FE) < ¢, it follows that

1 U Ay p S Ve

{4,e (a(l],....1L))) = Q(E)>Ve}

Hence for all 4 € & (6(yy,...,yr)) except for /¢ portion with
respect to 7,

A{Yi() }x, nerxqn s/ As {Yi() e, herxq . py) < 10674,

This, together with Lemma 2.1.1 demonstrates the Time Folner Inde-
pendence property. O

THEOREM 3.6. If the spin rates are attractive, then ({0, 1}9%%, i)
is Bernoulli.

Proof. This follows easily from Theorem 3.5 and is proved exactly
as is Theorem 4.7 in [14]. O
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