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FINE STRUCTURE OF THE MACKEY MACHINE FOR
ACTIONS OF ABELIAN GROUPS WITH CONSTANT
MACKEY OBSTRUCTION

SIEGFRIED ECHTERHOFF AND JONATHAN ROSENBERG

Let G be a locally compact group, w € Z?(G,T) a (mea-
surable) multiplier on G, and denote by C*(G,w) the twisted
group C*-algebra of G defined by w. We are only interested in
multipliers up to equivalence, so we always tacitly assume that
one is free to vary a multiplier within its cohomology class in
H?(G,T). In this paper we are basically concerned with the
following two problems: the first is to determine the struc-
ture of C*(G,w), where w is a type I multiplier on the locally
compact abelian group G, and the second is to describe the
crossed product A x, G of a continuous-trace C*-algebra A by
an action of an abelian group G, such that the corresponding
action of G on A has constant stabilizer N, and the Mackey
obstruction to extending an irreducible representation p of A
to a covariant representation (p,U) of (4, N,ay) is equal to a
constant multiplier w € H2(N,T) for all p € A. The second
of these problems is the obvious starting point for the study
of the “fine structure of the Mackey machine”, for actions
of abelian groups on continuous-trace algebras with “contin-
uously varying” stabilizers and Mackey obstructions.

In case where all Mackey obstructions are trivial, i.e. if « is pointwise
unitary on the stabilizer subgroup NV, these systems have been investigated
extensively in the literature (see for instance [18; 22; 24; 27; 28]), and
there are also some results for the case of continuously varying stabilizers [6;
26]. But in recent years there has been almost no progress in the investiga-
tion of crossed products with non-trivial Mackey obstructions. However, it
turns out that many techniques for the investigation of crossed products by
pointwise unitary actions can be used also for the case of non-trivial Mackey
obstructions.

Let us explain our results in more detail. In Section 1 we start with
investigation of the twisted group algebras C*(G,w) of an abelian group
G and a multiplier w € Z?(G,T). Recall that C*(G,w) can be realized in
different ways. It is possible to write C*(G,w) as a completion of L'(G,w),
the L'-algebra of G with convolution and involution twisted by w, or we
can write C*(G,w) as the Green twisted product C %, G(w), where G(w)
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is the central extension of G by T defined by w, and 7, : T — T = U(C) is
the identity (see [14] and [20, Appendix 1] for more details). A multiplier
w of G is said to be type I if C*(G,w) is a type I C*-algebra. It is a
classical result by Baggett and Kleppner [1] that if G is abelian, then w is
a type I multiplier if and only if the homomorphism h, : G — G defined
by h,(z)(y) = w(z,y)w(y,z)~" has closed range and is open as a map onto
its image. Now let S, := ker h,, denote the symmetry group of w. Then
it is well known that Prim(C*(G,w)) is always homeomorphic to S,. Our
main result in Section 1 is now the fact that in the case where w is type
I, C*(G,w) is always Morita equivalent to Co(gw). In fact, if G is second-
countable and we exclude the case where S, is of finite index, C*(G,w) is
isomorphic to Co(gw) ® K. As a consequence we will also see that for any
type I [FC]~-group G the group C*-algebra C*(G) is Morita equivalent to
Co(G), which is interesting since these groups are the only known locally
compact groups with Hausdorff dual space, and are all such groups if G is
connected or discrete [2].

In Section 2 we investigate crossed products A x, G such that A has
continuous trace, the abelian group G acts trivially on E, and all Mackey
obstructions are similar to a constant multiplier w € Z?(G, T). It was shown
in [15] that for these systems Prim(A x, G) is always homeomorphic to
(A X4, S)7 and we will see that in the case where w is type I, A x, G also
has continuous trace. The results in Section 1 may lead to the guess that in
this case A X, G is Morita equivalent to A x,, S, but we will see that this
is not true in general, by computing explicitly the Dixmier-Douady class of
A %, G in terms of a and the Dixmier-Douady class of A, at least if G/S is
compactly generated.

Crossed products with constant stabilizer N and constant Mackey ob-
struction w are investigated in Section 3. If the resulting action of G/N on
A is proper, i.e. if the map G/N x A = A x A : (£,7) = (7 0 ag—r,7) is
proper in the sense that the inverse images of compact sets are compact,
then, just as in the case where ay is pointwise unitary [18], we will see that
Prim(A4 », G) is a proper S-space, where S denotes the symmetry group of
w. In fact this result is also true under the more general assumption that all
Mackey obstructions of the system have a common symmetry group. If in
addition A is a principal G/N-bundle (which is automatic if G/N is a Lie
group) and the action as of S on A is locally unitary (which is always the
case if S is compactly generated), then we will see that Prim(A4 x, G) is a
principal S-bundle over A /G, and we will also describe how to construct a
representative for this bundle in Z 1(21\/ G,8) (Cech cohomology), where S
denotes the sheaf of germs of continuous S-valued functions on E/ G.

Having done this, we go back to the investigation of crossed products
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with continuous trace. Extending a similar result of Green [13] to covariant
systems (4, G, a), where A has continuous trace and the abelian group G
acts freely on A, Olesen and Raeburn have shown [18, Theorem 3.1] that
A %, G has continuous trace if and only if G acts properly on A. As a
first step we will generalize this result to arbitrary A by showing that if an
abelian group G acts on A so that G acts freely on Prim(A), then the crossed
product A %, G has continuous trace if and only if A has continuous trace
and G acts properly on A. Using this and the Packer-Raeburn stabilization
trick [19] (which will also be used extensively in Section 2), we will then
see that if A has continuous trace, a crossed product A x, G with constant
stabilizer N and constant Mackey obstruction w has continuous trace if and
only if w is type I and G/N acts properly on (A x,, N)~ The last statement
is always true if the action of G/N on Ais proper, but it turns out that the
converse is not true in general. In fact we will construct a covariant system
(A4, G, a) with constant stabilizer N such that ay is pointwise unitary, A and
A %, G have continuous trace, but the action of G on A is even not smooth.
This example shows that Williams’s description of transformation group
algebras with continuous trace [33] cannot be extended to actions of abelian
groups on continuous-trace algebras, even if all Mackey obstructions vanish.
Finally, we will discover that it is also possible to construct a covariant
system (A4, G, a) with G abelian, such that A and A x, G have continuous
trace, but where the stability groups do not vary continuously, thus showing
also that the other necessary condition for transformation groups having
continuous-trace transformation group algebra does not apply for actions on
continuous-trace algebras.

For any C*-algebra A we will as usual denote by M(A) the multiplier
algebra of A and by U(A) the group of unitaries in M(A). If X is a locally
closed subset of A (i.e. X is open in its closure), then there exist two ideals
Ix and Jx of A such that X = m For simplicity we will denote the
quotient Iy /Jx always by A|x. If a is an action of the locally group G on A
and X is G-invariant, then Ix and Jx are G-invariant, too. Thus « defines
canonically an action of G on A|x, which will also be denoted by a. Finally,
if H is a Hilbert space, then we denote by K(H) the algebra of compact
operators on H.

This work was begun while the first author was visiting the Department
of Mathematics of the University of Maryland at College Park. He wants
to take this opportunity to thank the members of the Department for their
warm hospitality and the stimulating working atmosphere.
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1. Decompositions of multipliers and the structure of C*(G,w).

We start our investigations with a study of decompositions of multipliers on
G. To fix notations: if w is a multiplier on G and H a closed subgroup of G,
then we denote by wg the restriction of w to H. Furthermore, if G = G, X G,
and if w; and w, are multipliers of G; and G3, respectively, then we denote
by w; ® wy the multiplier on G defined by

w @ w2(($1’$2)7 (yl, yz)) = wl(wlayl)w2($2ay2)a

Z1,y1 € Gy and z,,y; € G,. Let us also recall that a multiplier w on the
abelian group G is called totally skew if (and only if) the symmetry group
S, is trivial. If w is totally skew, then it is type I if and only if h, maps G
isomorphically onto G [1].

Lemma 1. Let w be a multiplier on a locally compact abelian group G.
Suppose G has a closed subgroup H such that wy is totally skew and type I,
and such that the group eztension

1 H->G—->G/H—->1

splits. Then there is a complement L to H in G (i.e., a subgroup with
G = H x L) such that (after perhaps replacing w by a similar multiplier) w
splits as w = wy @ wr.

Proof. Choose any splitting ¢ : G/H — G for the group extension. Let us
denote by A, : G — G the canonical homomorphism defined by k., (z)(y) =
w(z,y)w(y,z)~!. Since wy is totally skew and type I by assumption, it
follows from [1] that h,, : H — H is a homeomorphism. Thus we can
define ¢ : G/H — G by

h(2) = p(@)hg, [(ha(0(2))|m) 7).

This is again a splitting for the group extension, and we let L denote its
image, so that G = H x L. Furthermore, for each h € H and z € G/H, we
have

ho ($(2))(h) = ho(@(2)) (W)he © hg, [(he (o(z | )7'1(R)
= ho(¢(2)) (B)[hu (@(2)) (W] =
This implies that there exists a similar multiplier w’ such that w'(z,h) =

w'(h,z) = 1 for each z € L and h € H. It follows easily from the cocycle
identities that ' has the decomposition given in the lemma. 0
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The next lemma shows that the answer to the question of whether a
totally skew multiplier w on a compactly generated abelian Lie group G is
type I only depends on the structure of G. Recall first the structure theory
of compactly generated abelian Lie groups: any such group can be written
in the form G =V x Z x T x F, where V is a vector group, Z is finitely
generated free abelian, T is a torus, and F is finite abelian. The dimensions
of V and of T, the rank of Z, and the isomorphism class of F' are a complete
set of isomorphism invariants for G.

Lemma 2. Let w be a totally skew multiplier on a compactly generated
abelian Lie group G. Let n be the dimension of the maximal torus T of
G, and let | be the rank of a mazimal free abelian quotient of G (this may
be computed as dimg(G/G,) @z Q, where G, is the connected component of
the identity in G). Then l > n, and | = n if and only if w is of type L
Furthermore, if w is type I and V is a mazimal vector subgroup of G, then
wy s also totally skew and type L

Proof. The assumption that w is totally skew means that A, is an injection
with dense range, from the abelian Lie group G to the abelian group G. Let
Gy be the connected component of the identity in G, let K be the maximal
compact subgroup of G, and let V' be a maximal vector subgroup of G, so
that Go = T x V. The connected component of the identity in G is K*.
Since G has dimension n + dimV and G has dimension ! + dim V, the fact
that h,, is an injection with dense range forces | > n, with equality if and
only if h, induces an isomorphism of Lie algebras. If this isn’t the case, h,
is clearly not an isomorphism, while if it is, h, has closed range and thus w
is type I. Furthermore, in this case, h, gives a non-degenerate pairing of V'
with itself, since if h, (v) annihilates V for some v € V, then since h,(v) lies
in the connected component of the identity in G', it also annihilates K and
thus lies in (V - K)*, which is compact, hence (since h,, is an isomorphism)
h,(v) = 1. Thus wy is also skew and type L O

The following lemma is crucial for the proofs of several of our main re-
sults. It shows that for any type I totally skew multiplier w on a compactly
generated abelian group G there exists a decomposition G = H X L such
that wy and wy, are trivial.

Lemma 3. Let w be a totally skew type I multiplier on the compactly gen-
erated locally compact abelian group G. Then there exists a splitting G =
Vi X Vo X Z xT X Fy X Fy such that V; and V, are isomorphic vector groups, Z
s a free abelian group of rank n, T is a torus of the same dimension n, and
F, and F; are isomorphic finite abelian groups. We can choose the splitting
such that
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(1) f H=Vi; xT x F, and L =V, x Z x F,, then wy and wy, are trivial;
2) f V=VixVoyM =27ZxT, and F = F, X F,, then w is similar to
wy @ wy Q@ wr and all these multipliers are totally skew and type I.

Proof. Since w is totally skew and type I, it follows that h, is an isomorphism
between G and G. Thus G is also compactly generated, which means G is a
Lie group. Let V be a maximal vector subgroup of G. By Lemma 2, wy is
also totally skew and type I, and furthermore, by Lemma 1, after replacing
w by a similar multiplier, we may write G =V X G’ and w = wy Q wg'. (A
special case of this was pointed out in [1, p. 316].) Since wy is totally skew,
we may assume that wy is a “Heisenberg multiplier” of the form e*/, where
J is a symplectic form on the vector space V. By existence of polarizations
for symplectic vector spaces, there exists a splitting V' = V; x V; such that
wy, and wy, are trivial.

Thus for rest of the proof, we may and do replace G by G' and assume that
the maximal torus 7' of G is also the connected component of the identity
in G. By Lemma 2, the dimension n of T coincides with the rank of a
maximal free abelian subgroup of G/T. Let K be the maximal compact
subgroup of G, so that K = T x F for some finite abelian group F. Note
that h, must map 7" isomorphically onto the maximal torus in é’, which is
K+, and must map K isomorphically onto the maximal compact subgroup
of é, which is T+. Let Z be any complement to K in G, so Z = Z". Let
F = KnhjY(Z4), so h,(F) = T+ N Z+. Then F is a complement to T
in K, and for z € F, h,(z) must be non-trivial on F' since it annihilates T’
and Z. Thus wp is totally skew (and of course type I). By Lemma 1, we
may assume w = wr Q@ wrz. It is thus enough to prove the lemma for two
remaining cases: when G is a product of a torus and a free abelian group,
and when G is finite.

First consider the case where G = T" x Z™ We prove the existence of
the splitting by induction on the dimension n of the maximal torus 7. If
n = 0, there is nothing to prove. So suppose n > 0. Choose an infinite cyclic
discrete subgroup Z; of G whose image in G/T = Z™ is a direct summand.
Let G, = h;'(Z{) and w; = wg,.- Then G = G; x T} where T} is a one-
dimensional torus. By [1, Lemma 3.3] we know that the symmetry group S,
of w, is equal to Z; and we can write G; = Z; x G, where G = Tr~! x Z"~ 1.
It is clear that wy, = wg, is totally skew and it is one consequence of Lemma 2
that ws is also type I. Hence by induction there exists a splitting G, = Z' xT"
with the properties as in the Lemma. If we now define Z = Z' x Z; then the
splitting G = Z x T also has the desired properties.

Finally let us consider the case of finite groups. This is certainly well-
known, but for completeness we prove it anyway. So let w be a totally skew
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multiplier on the finite abelian group F, and let F' be a cyclic subgroup
of maximal order in F. Then we can find a splitting FF = F' x F"”, and
since wp is trivial (since F” is cyclic) it follows that Af  induces a surjective
homomorphism from F"” onto F'. This implies that we can split F' = F; X Fy
such that F, is the kernel of this homomorphism. It follows now easily for
N = F; x F' that wy is totally skew and we can assume by Lemma 1 that
w = wy ® wp,. By induction on the order of F we get a splitting for F; as
in the lemma and we are done. O

We are now ready to prove the main result of this section.

Theorem 1. Let G be a locally compact abelian group, w a type I multiplier
on G with symmetry group S. Assume G/S is compactly generated. Then
C*(G,w) is strongly Morita equivalent to C*(S) = Co(S). In fact, unless
G/S is finite, C*(G,w) is isomorphic (non-canonically) to Co(S) ® K.

Proof. Since G /S carries a totally skew type I multiplier, it is self-dual, hence
is a compactly generated abelian Lie group. First, let’s simplify the S. The
group G/S must be of the form R?” x T™ x Z™ x F, for some finite group F.
Thus there exists a group G’ = R?"*™ x Z* (for some k > m) such that G/S
is isomorphic to G'/D for some finitely generated torsion-free abelian and
discrete subgroup D of G'. Now if ¢: G - G/S and ¢ : G' - G'/D =2 G/S
denote the quotient maps, we define

G ={(z,9) €Gx G :q(z) =q'(y)}.

Then G is a locally compact abelian group with G /D = G, where we identify
D with its canonical image in G. Thus we may lift the cocycle w to a cocycle
& of G with symmetry group S = S x D. However, G' may be identified
with the quotient of G by the canonical image of S in G, via the projection
on the second factor. Since every quotient of the form R2"t™ x Z* of an

abelian locally compact group splits, we may write
G=28x (R"™™ x 7%, SC8S.

Note that, since D C S, C*(G,w) is a quotient algebra of C*(G,®). So if
the latter is Morita equivalent to an abelian algebra, or a tensor product of
an abelian algebra with K, so is C*(G,w). By [1], C*(G,w) has Hausdorff
spectrum S , so this will prove the theorem. But since S lies in the symmetry
group for @ and also splits as a direct factor in 6,

C*(G, D) = C*(S) ® C*(R*™™ x ZF, res of &)
= Co(5) @ C*(R*™™ x Z*, res of @).



24 S. ECHTERHOFF AND J. ROSENBERG

The abelian factor is clearly harmless, so this shows that after replacing G by
R2tm™ x Z* and S by D, we may assume that G is a torsion-free compactly
generated abelian Lie group, and S is a free abelian group sitting discretely
in G. We assume this hereafter.

In making the above reduction, we haven’t changed the fact that G/S is
a self-dual compactly generated abelian Lie group, and we may suppose w is
lifted from a totally skew bicharacter on G/S. By Lemma 3, there is an open
subgroup G, of G, of finite index, such that G;/S is isomorphic to R** x
T™ x Z™ and such that the restriction w; of w to Gy still has symmetry group
S. (Fix any splitting of G/S as G’ x F with F finite, G’ = R*" x T™ x Z™,
and such that after replacing w by a similar multiplier, w splits as wg @ wp.
Then let G; be the inverse image of G' in G.) G, is an open subgroup of G
of finite index, so that C*(G,,w;) is a hereditary subalgebra of C*(G,w) of
finite index, and they have homeomorphic spectra (since w and w; have the
same symmetry group S). In fact, any irreducible representation of C*(G,w)
restricts to a multiple of an irreducible representation of C*(G;,w; ), since in
both cases there is one and only one irreducible representation inducing any
given character of S. We will first show that C*(G,,w,) is strongly Morita
equivalent to an abelian algebra, then deduce the same fact for C*(G,w).

By Lemma 3, we may choose a decomposition G;/S = H' x L' such that
the image of w,; is trivial when restricted to either H' or L' and such that
H =2T" xR, L' 2 7™ x R". Let H be the inverse image of H' C G;/S in
GG;. Since any locally compact abelian extension of Z™ x R" by some other
locally compact abelian group must split, there is a subgroup L of G; such
that L maps isomorphically onto L' in G;/S and such that w, is trivial when
restricted to either H or L.

Consider the central extension G;(w;) of G, by T associated to w;. Since
w; is trivial on both H and L, the normal subgroup H(w;|g) is just T x H,
and we have a nilpotent extension

1> (TxH)— G(w,)—> L1
which must split both algebraically and topologically, so
Gl(“)l) = (T X H) x L

(with the copy of T central and the whole group nilpotent). By definition,
C*(G,,w;) is the quotient of C*(G;(w,)) corresponding to the identity char-
acter of T. So C*(G,w,) is a C*-crossed product C*(H) x L and thus
isomorphic to a transformation group C*-algebra

-~

C()(H) x L.
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Since L has trivial intersection with S, the action here of L on H is free, with
Hausdorff quotient isomorphic to S. By Green’s Theorem [13], it follows that
C*(G1,w,) is strongly Morita equivalent to Cy(S).

It remains to show that C*(G,w) is also strongly Morita equivalent to
Co(S), and in fact isomorphic to C,(S) ® K unless G/S is finite. Since
C*(G,w) is already known to have continuous trace ([16], but see the cor-
rected proof in [9, Lemma 6]) with spectrum S, which is a torus, we only have
to show that its Dixmier-Douady class vanishes. (For the result on isomor-
phism, we are using [4, Théoreme 14], which says that an Rgo-homogeneous
continuous-trace algebra over a finite-dimensional compact metrizable space
is necessarily locally trivial.) We will use the fact that the integral cohomol-
ogy and K-theory of a torus are torsion-free, together with the transfer on

Ky. Let v : C*(Gy,w;) < C*(G,w) be the inclusion. It induces a map
Lt Ko(C™(G1,w1)) = Ko(C*(G,w)),

and since C*(G,w) is a finitely generated free (left) C*(G,,w;)-module, there
is also a transfer map

v Ko(C (G, w)) = Ko(C* (G, wr)),

such that ¢* o ¢, is multiplication by [G : G4]. Since the Dixmier-Douady
class vanishes for C*(Gy,w), Ko(C*(G1,w;)) = K°(S), which is free abelian
of rank 27*"%S-1_ Hence ¢, is injective and K, (C*(G,w)) has rank > 2rank -1,
But by [29, Theorem 6.5], if the Dixmier-Douady class of C*(G,w) were non-
zero, the d, differential in the Atiyah-Hirzebruch spectral sequence for its
K-theory would be non-zero, and so its K-theory would have rank < 2rankS—!
(the rank of the F, term), a contradiction. This completes the proof. U

Remarks. If G/S is finite, say of order n?, then C*(G,w) is homoge-
neous C*-algebra locally isomorphic to Co(S) ® M,,(C), but it is known that
C*(@,w) need not be isomorphic to Cy(S) ® M,(C) in general, even if G
is free abelian (the case of a “non-commutative torus” or “rational rotation
algebra” — see [3] for further information about this case). So our result is
best possible.

An important special case of our results is thus that any type I non-
commutative torus is strongly Morita-equivalent to the continuous functions
on an ordinary torus. This fact was known before (see for instance [3] for
the two-dimensional case), but the argument above is new. If one is willing
to assume the result in this case, then one can avoid the K-theoretic part
of the above argument, as follows. By the reductions which have been made
before, we may split both G and the multiplier w to get G = H x Z and
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w = wy Quwgz, where Z = Z", and where the quotient of Z by the symmetry
group of wy is just the finite part of G/S,. Then the result follows for G,
if it follows for H and Z. Now the arguments used for G; in the original
proof give the result for H, while the result for Z follows by the fact that
non-commutative rational tori are Morita equivalent to C(T").

Finally, one can give an independent proof (not using K-theory) of the
fact that non-commutative rational tori are Morita equivalent to C(T") via
our Theorem 3 below. See §2 below for further details.

Recall that a locally compact group G is called an [FC]~-group if for all
z € G the conjugacy class of z is relatively compact. It is well known [16;9]
that the group C*-algebra C*(G) of an [F'C]™-group has continuous trace
if and only if C*(G) is type I, i.e. G is a type I group. It is also known
[2] that any connected or discrete group with continuous-trace group C*-
algebra must be an [F'C]~-group. We will see that the group C*-algebras of
these groups are always Morita equivalent to commutative C*-algebras. At
the same time we will show that the conclusion of Theorem 1 also holds for
arbitrary locally compact abelian groups. .

Theorem 2. Let G be any type I [FC|-group. Then C*(G) is strongly
Morita equivalent to CO(CAJ). Simalarly, if w is a type I multiplier on a locally
compact abelian group H, then C*(H,w) is strongly Morita equivalent to
Co(S), where S is the symmetry group for w. Furthermore, if H is second-
countable and H/S is not finite, then C*(H,w) = Cy(S) ® K.

Proof. First of all, if G is a type I [FFC]~-group, C*(G) has continuous trace,
and in particular has Hausdorff spectrum, by [9, Lemma 6]. Furthermore,
we claim G has a compact normal subgroup K such that G/K is locally
compact abelian. The argument for this is sketched in [16]: indeed, by
[17, Theorem 2.2], there exists a compact normal subgroup K’ of G such
that G/K' = V x D for a vector group V and a discrete [F'C] group D. Since
G is type I, the same is true for D, hence by Thoma’s Theorem we know that
D contains an abelian subgroup of finite index, thus (since D is also [FC])
it follows that the commutator subgroup of D is finite. Taking the pull-back
of this finite subgroup in G' we obtain a compact subgroup K of G such that
G/K is abelian. (For the central extension G = H(w) of a locally compact
abelian H by T associated to a multiplier, it is already clear that one has
such a structure.) Without loss of generality, we can enlarge K if necessary
and assume that G/K is an abelian Lie group, though possibly with a very
large group of components. Since K is discrete, the orbits of G on K are both
open and closed, and it is easy to see that C*(G) decomposes as a C* (cp)
direct sum of subalgebras associated to the various orbits. By the Mackey
machine (e.g., [14, §84-5]), these subalgebras are strongly Morita equivalent
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to the C*(G,/K, w™!), where we choose one p € K from each orbit, G,
is the stabilizer of p in G, and w is the associated Mackey obstruction.
Furthermore, if G is type I, this means all these multipliers w are type 1.
Let us note also that the central extension G = H(w) of a locally compact
abelian H by T associated to a type I multiplier w is not necessarily a type I
group (see counterexample below), but at least the direct summand of C*(G)
corresponding to the identity character of T is type I, and the argument to
be given below will apply locally to this portion of the algebra. It is therefore
not necessary to give a separate argument for this case.

We may therefore assume we are looking at a type I multiplier w on G,
where G, is the stabilizer in G of some p € K , and where G/K is an abelian
Lie group. So G,/K is also an abelian Lie group. The quotient of this group
by the symmetry group S for w is now an abelian Lie group admitting a
type I totally skew multiplier, so it is compactly generated. The statement
of the theorem now follows from Theorem 1. (The fact that C*(H,w) is
stable when H is second-countable and S is not of finite index again follows
from [4, Théoréme 14].) O

Remark. It might be of interest to see an example of a type I multiplier
on a locally compact abelian group H such that the corresponding central
extension G of H by T is not type 1. Since the portion of C*(G) living
over the nth power of the identity character of T can be identified with
C*(G,w™), it’s enough to give an example where w is type I but w™ is not.
Now, to see whether it is or isn’t, one can assume w is totally skew, so h,
is an isomorphism H — H. But hy» = hy o B, where B, : £ — z", by an
easy calculation. So for h,~ to have closed range (which is the condition for
type I-ness, at least in the separable case), it’s necessary and sufficient for G,
to have closed range. There are groups where it doesn’t; for example, take
n > 1 and let H' be the restricted direct product of countably many copies
of Z/(n?) with respect to the open subgroups of order n,nZ/(n?) = Z/(n).
For this group, 3, kills the compact subgroup [];2, Z/(n) and so the range of
B, can be seen to be a countable dense subgroup of this compact subgroup.
This group H' doesn’t have a type I totally skew multiplier, but H = H' x H
does, and the nth power of its canonical totally skew multiplier isn’t type L.

We take this opportunity to point out a correction: in §2 of [10], it was
asserted that if w is type I, so is w™ for any n. This is true when H/S is an
abelian Lie group, which was the case needed there, though as we have seen
it is false in general.
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2. The structure of crossed products in the case of trivial action
on the spectrum.

We are now going to investigate the structure of crossed products A x, G
of separable covariant systems (A, G, o), where A has continuous trace, G
is abelian, the action of G on Ais trivial, and the Mackey obstruction at
each point p € A is similar to a constant type I multiplier w € Z2%(G, T).
These systems play a crucial role in the investigation of the Mackey machine
for certain group extensions (see for instance the discussions in [31] and
[18, Section 3]). If S denotes the symmetry group of w, then it is well known
that (A, G)"is homeomorphic to (4 X, §)"[15], which is a proper S-space
[18], and we will see that A x, G is always a continuous-trace algebra (here
as denotes the restriction of a to S). The preceding results about C*(G,w)
may lead to the guess that A x, G is always Morita equivalent to A X, S,
but by computing explicitly the Dixmier-Douady class of A %, G in terms
of the Dixmier-Douady class §(A) of A and the action of G, we will see that
this is not true in general. However, it is true for the very simplest such
systems, the projective unitary actions.

Let (A, G, a) be a separable covariant system such that A is of type I and G
acts trivially on A. If w is the Mackey obstruction for the action o at p € A,
then there is an w-representation U : G — U(H,) such that U implements
a at p, which means that p(a;(a)) = U,p(a)U; for all a € A and z € G.
The action o of G on A is called pointwise unitary if U can be chosen
as a homomorphism, or equivalently if all Mackey obstructions are trivial.
We say « is unitary if there exists a strictly continuous homomorphism
u : G — U(A), the group of unitaries in the multiplier algebra M(A) of
A, such that « is implemented by u, which means that o,(a) = usau
for all z € G and @ € A. Similarly, a is called locally unitary if, for
each p € A, there exists an open neighborhood U of p € A and a strictly
continuous homomorphism u : G — U(A|y) such that v implements « in
a neighborhood of p, which simply means that 7(a;(a)) = 7(uzau}) for all
7w € U, £ € G and a € A. This condition is equivalent to saying that for each
pE A there exists a closed two-sided ideal I C A such that I & ker p and the
restriction of a to I is unitary. Locally unitary actions have been studied
extensively in the literature [22;24] and there are also some remarkable
results concerning pointwise unitary actions [18]. If (A, G, a) is separable
and A has continuous trace, then it is known for large class of groups G that
pointwise unitary actions o of G on A are automatically locally unitary.
This is for instance true for all compactly generated abelian and compact
groups, but also for many other groups (see [30, Corollary 2.2]).
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In the sequel it will be necessary to decompose a given crossed product
A x, G with respect to a normal subgroup N of G, at least modulo Morita
equivalence. Hence, before we start with the investigation of crossed prod-
ucts with constant Mackey obstructions let us recall basic ingredients of the
stabilization trick of Packer and Raeburn [19]. (For another approach, see
also [8].) For this let us start with a separable covariant system (4, G, &) and
suppose that N is a closed normal subgroup of G. Then there is a canonical
action v of G on A x,, N which is given on the dense subalgebra C.(N, A)
by the formula

(1= () (n) = Ag,n(z)as (f (27 nT))
z € G, n € N, where Ag v : G = R* is defined by the formula

/ g(n) dn = AG,N(w)/ g(z™'nz) dn
N N

for all g € C.(N). Now suppose that ¢ : G/N — G is a Borel cross-section
with c(é) = e. If we define u: G/N x G/N = U(A x,, N) by

u(#,9) = in(c()e(@)e(E) ),

where iy denotes the canonical embedding of N into U(A X,, N), then
(yoc,u) is a twisted action (in the sense of Packer and Raeburn) of G/N
on B := A X4, N such that A X, G = B X, G/N [19, Theorem 4.2].
Furthermore, if (w,U) is a covariant representation of (A4,G,a), then the
corresponding representation of the twisted covariant system (B,G/N,~y o
c,u) is given by (7 x U|n, U oc).

For the next step let us denote K(L?(G/N)) simply by K. It was shown
in [19, Theorem 3.4] that there exists an ordinary action 8 of G/N on BQK
such that [ is exterior equivalent to the twisted action ((yoc¢) ® id,u ® 1).
This means that there exists a Borel map v : G/N — U(B ® K) such that

(1) B: = Adv; o (1) ®id), and

(2) viy = vi(Ye() ® id)(vy)u(Z, 9),
for all 2,y € G/N. As a consequence {19, Lemma 3.3] we know that
(B®K)»G/N is isomorphic to (B®K) X (yocgid,ue1)G/N, which in fact is iso-
morphic to (A®K) X,gia G. The covariant representation (w,U) of (4, G, a)
now corresponds first to the representation (7®id, U®1) of (A®id, G, a®id),
which by the isomorphism above corresponds to the covariant representation
(r x Ulny ®id, V) of (B® K,G/N, 8), where

V:;; =7 X UIN ® ld(’Uz)Uc(x) ® 1.

If A is stable, we may identify A ® K with A, o ® id with o (at least modulo
exterior equivalence by [24, Lemma 1.14]) and (7 ®id, U ® 1) with (7, U). In
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the same way we may suppose that 3 is an action of G/N on B rather than
on B ® K. Hence in this case we have an isomorphism between A x, G and
B x5 G/N, and if (m,U) is a covariant representation of (4, G, a), then the
corresponding representation of (B,G/N, ) is given by (7 x Ul|x, V) such
that

Vi =7 x UlN(vz) Uiy,

where v : G/N — U(B) implements the exterior equivalence between (7 o
¢,u) and 8. We need the following Proposition:

Proposition 1. Let (A,G,a) be a separable covariant system such that A
is stable. Furthermore, let N be a closed normal subgroup of G and let B
be the action of G/N on B := A X4, N as constructed as above. Then the
following is true:

(1) If H is any closed subgroup of G containing N, then A X,, H =
B xp,  H/N, and the restriction of any representation (m,U) of (A, H,an)
to B = Ax,, N is equal to the restriction of the corresponding representation
Of (B,H/N,,BH/N) to B.

(2) IfmxV € B‘, and if v denotes the canonical action of G on B, then
(m x V) ory, is equivalent to (1 x V) o B; for allz € G.

Proof. Part (1) follows immediately from the construction above and the fact
that By, is just the action of H on B which comes from the same procedure,
if we start with the restriction of the Borel cross-section ¢ to H/N.

In order to prove (2) let v : G/N — U(B) be the map which implements
the exterior equivalence between (v o c,u) and B. Then B; = Adv; o V).
Hence, if r x V € Band be B we get:

(m x V) o B;(b) = (m x V) o Adv; 0 7z (b)
= (7 x V)(vsVe() (b)v3)
= (m x V)(va)(m x V) (7e(2) (0)) (m X V)(v3),

which proves the claim, since (7 X V) 04 is always equivalent to (7 x V) o

Ve - O

Proposition 2. Let (A,G,a) be a separable covariant system such that G
is abelian, A is stable and of type I, G acts trivially on A and all Mackey
obstructions of the system are similar to a constant multiplier w € Z%(G,T).
Moreover, let S denote the symmetry group of w and suppose that w is lifted
from & € Z*(G/S,T), that is, &(z,9) = w(z,y) for all z,y € G. Then, if
B is the action of G/S on B := A X4, S coming from the Packer-Raeburn
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stabilization trick, all Mackey obstructions of the system (B,G/S,[3) are
similar to @.

Proof. Since the action of S on A is pointwise unitary, we can write every
irreducible representation of A 4, S in the form px V', with p € A. Now let
U : G — U(H,) be an w-representation such that U implements « in p. Since
Ul|s is a homomorphism we have px U|s € B, and it follows from the general
theory that we find a character x € G such that (U®x)|s = V. Hence we
may as well assume that U|s = V. Now let us define W : G/S — U(H,) by

Wi = p x Ul|s(v:)Ugs),

where C and v are as in the constuction of 8 above. Then, if v denotes
the canonical action of G on B and u : G/S x G/S — U(B) is given by
u(z,y) = is(c(z)c(y)e(zy™')), is denoting the canonical embedding of S
into U(B), we get:

Wiy = p X Uls(sy)Ucay)
= p X Uls(viYe(s) (Vg)w(Z, 9))Ue(ay)
= p % Uls(vsYe(s) (v3))Ue(a)e(@re(zn) - Uetan)
= p x Uls(vs)p x Uls(Ve(z)(vy))
- Uea)Ue(g)Ue(zny -1 Ue(anyw(c(2), c(9))w(c(£)e(9), c(29) ™)
= &(z,9)p X Uls(vs)Ue(zyp X Uls(vy)Uey)
= w(z, Y)W W.

Here we used the relation p X Uls(Ye(z)(vy)) = Uesyp x Uls(v3)Ug), which
follows easily from the fact that U implements a in p. Furthermore, we
have also used the fact that &(z,9) = w(z,y) for all z,y € G, from which
in particular follows that w(c(z)c(y), c(z9)™!) = w(c(2y), c(y)™?t), and the
fact that U} = w(z,z~')U,-1, which implies that

w(c(@)e(®), c(@9) ) Ueagy-1 Ueagy = 1.

The proposition follows now from the fact the W implements 3 in p x Uls,
which can be shown exactly as in the proof of the correspondence of the.
covariant representations of (4, G, a) and (B,G/S, 3) given in [19]. O

If G is abelian, H is a closed subgroup of G, and «a is pointwise unitary,
then there is a well-defined map

res$ : (A Xy G)"— (A Xy H)®
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which is just given by the usual restriction of representations. If H is the
trivial subgroup, then we will denote this map simply by res®.

Proposition 3. Let (A,G,a) be a separable covariant system such that A
has continuous trace, G is abelian and « is pointwise unitary. Suppose fur-
ther that N is a closed subgroup of G such tha G/N is compactly generated.
Then
~ Tesgy ~
(A xaG) — (A Nay N)

is a principal CT/J\V -bundle.

Proof. By passing from A to AQK and from « to a®id we may assume that A
is stable. Let (3 be the action of G/N on B := AX,, N as in the constructions
above. Then it follows from Proposition 1 that resl‘g, : (A%, G)"— B
is identical to the map res®/N : (B x3 G/N)~ — B. In particular, this
implies that 8 is pointwise untary. By [18, Theorem 1.10] we know that B
is isomorphic to (res)*(A4) = Co(B) ®c(4) A, the pull-back of A along res™.
Since A has continuous trace by assumption,.the same is true for (res™)*(4),
since this algebra is by definition a quotient of the continuous trace algebra
Co(B) ® A (see [25] for the definition of pull-backs of C*-algebras). Hence,
since G/N is compactly generated, it follows from [30, Corollary 2.2] that
B is locally unitary. Thus the results in [22] imply that res®/V, and hence

also res%, is a principal G/N-bundle. d

Let us now recall from [24] a certain pairing in Cech cohomology. For this
let X be a locally compact space and G a locally compact abelian group.
Furthermore, let G and G denote the sheaves of germs of continuous G- and
G-valued functions, respectively. Then there is a natural pairing

(-, : HY(X,G) x H'(X,G) — H*(X,Z)

(Cech cohomology) which is given in the following way: If c € H 1(X,G) and
d € H'(X,G) are represented by cocycles

Cij : Nij — G and d,;j ZNij — é
with respect to an open cover {N;} of X, then we can define a cocycle
v € Z*(X,T) by
Yijt * Niji = Ty %ijn(z) = (ci(z), djr(z))-

Here 7 denotes the sheaf of germs of continuous T-valued functions on X.
The class (c,d) is now defined as the image of [y] under the natural isomor-
phism H*(X,T) — H*(X,Z). Recall also that there is a canonical one-to-one
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correspondence between the classes in H* (X, G) and the isomorphism classes
of principal G-bundles over X. We are now ready to state the main result
of this section.

Theorem 3. Let (A,G,a) be a separable covariant system such that A has
continuous trace, G is abelian and the action of G on A is trivial. Suppose
further that all Mackey obstruction are similar to a fized type I multiplier w €
Z%*(G,T). Then Ax,G has continuous trace and (Ax,G)" is homeomorphic
toY := (Ax,, S),, where S denotes the symmetry group of w. Furthermore,
if G/S is compactly generated, then there exist closed subgroups H and L of
G containing S with the following properties:

(1)  The actions ag and ay are pointwise unitary, G/S = H/S x L[S,
and h¥ the composition of h, with the projection from G onto H , maps
L/S isomorphically onto IT/\S.

(2) Ifc denotes the class in H' (Y, E//TS') corresponding to the L//TS'-bundle
res%, and d denotes the class in H' (Y, L/S) corresponding to the fﬂ\ S- and
hence L]S-bundle res¥, then

§(A » G) = (res®)*(6(4)) + (c, d).

For the proof we need the following lemma, which gives a very weak form
of the decomposition results of Section 1 for multipliers on arbitrary locally
compact abelian groups. For this let us introduce the following notion: If w is
a multiplier on the locally compact abelian group G, then a closed subgroup
H of G is called maximally w-trivial if H is a maximal subgroup with
respect to the property that wyg is trivial.

Lemma 4. Let w be any multiplier on the locally compact abelian group G.
Then there exists a mazimally w-trivial subgroup H of G. Moreover, if w
is type I and totally skew, and if H is mazimally w-trivial, then hH the
composition of h, with the projection from G onto H, factors through an
isomorphism between G/H and H.

Proof. Let M denote the set of all closed subgroups L of G such that w;
is trivial, ordered by inclusion, and let £ be a chain in M. Then it follows
easily from the continuity of h, that the restriction of w to the closure K of
UrecL is trivial, too. Hence by Zorn’s lemma there exists a maximal element
H in M, which just means that H is maximally w-trivial.

Finally suppose that w is type I and totally skew and H is maximally w-
trivial. Since h,, is an isomorphism G — G, composition with the projection
G- H gives an open and surjective map h¥. Clearly H is contained in
the kernel of h¥. Assume that there exists z ¢ H such that h,(z)(h) =
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ho(h)(z) = 1 for all h € H. Then h,(z")(h) = (h,(z)(h))® = 1 for all
n € Z, and we have also h,(z")(z™) = (h,(z)(z))"*™ =1 for all n,m € Z.
The continuity of h, in both variables now implies that wy, is trivial, if L
denotes the closed subgroup generated by H and z. But this contradicts the
maximally w-trivial property of H and we conclude that H is the kernel of

hA O

Proof of Theorem 3. It was already shown in [15] that (A4 x,; S) ~is
homeomorphic to (A @, G)" Since all assertions in the theorem are invariant
under passing from A to A®K and a to a®id we may asume that A is stable.
We start the proof for the case where w is totally skew, and hence S is trivial.
By Lemma 4 we find a maximally w-trivial subgroup H of G. Since wy is
trivial it follows that oy is pointwise unitary. Hence by [18, Theorem 1.3]
we know that the dual action of H on the Hausdorff space (A X o, H) is free
and proper. Since A X,, H = (res?)*(A) by [18, Theorem 1.10] it follows
also that A x,, H has continuous trace. Now let 8 denote the action of G/H
on Ax,, H defined by the Packer-Raeburn stabilization trick. We show that
the corresponding action of G/H on (A x,, H) is free and proper. Then it
follows from [24] that A X, G = (A X4, H) x5 G/H has continuous trace.
Hence, let z € G and p X V € (A X, H)™ By part (2) of Proposition 1
we know that (p x V) o §B; is equivalent to (p x V) o +y,, where y denotes
the canonical action of G on A x,, H. Now let U : G — U(H,) be an
w-representation of G which implements a in p. Since wg is trivial, we
may assume that U|g is a homomorphism, which implies that (p,Ul|y) is
a covariant representation of (A, H,ay). Hence, by multiplying U with an
appropriate character of G, we may assume that V = U|y. Then, for all f
in the dense subalgebra C.(H, A) of A x,, H, we get:

(pxV)or(z)= pxUIH)(%(f))
_/ (e (f(R)))Un dh
=/ U,p(f (R))U* U dh
— U, (/ p(f () ho () (R) U dh) h

=U(p x (Ulu ® hy(2)))()U;
= U,(p x (V ® ho(2)))(f)U;

where we have easily verifiable equation

U:U; = h,(z)(h)U,U;, for allz € G and h € H.
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Thus, since (p x V) o7y, is equivalent to (p x V) o 8;, it follows that the latter
is also equivalent to p x (V ® h,(z)). Since the composition of h, with the
projection from G onto H is an isomorphism G/H — H , we see that this
isomorphism carries that the action of G/H on (A x,, H) onto the dual
action of H on the same space. But we have already mentioned above that
this action is proper.

Now suppose that G is compactly generated, still assuming that w is
totally skew. Then it follows from Lemma 3 that G has a splitting H x L
with wy and wy trivial. Since G splits topologically we can write A x, G
as the iterated crossed product (A X4, H) %, L, where now -y denotes the
restriction of the canonical action of G on A X, H to L. Since h, defines
an isomorphism between L and H , the calculations above show that this
isomorphism carries the action, say 4, of L on (A %,, H) onto the dual
action of H on this space. The description of the isomorphism between
(res”)*(A) and A x,, H given in [25] (note that ay is locally unitary since
G is compactly generated) shows that +y is in fact the diagonal action y® ay,.
Hence it is now a consequence of [24] that

5(A %, G) = 6(A) + {c, d).

Now let us finally assume that S is nontrivial. Then there exists an @ €
Z*(G/S',T) such that w is lifted from & (modulo similarity). Let 3 be the
action from G/S on B := A X, S coming from Packer-Raeburn stabilization
trick. By Proposition 2 we know that all Mackey obstruction of the system
(B,G/S,B) are similar to @. Finally, if H and L are as in the theorem,
then we know that Wy s and @ s are trivial, and by part (1) of Proposition
1, we see that the maps resf and res} are identical to res”/S and res’/s.
Hence, the equation for the Dixmier-Douady class of A x, G follows directly
by applying the second part of this proof to B x5 G/S. ]

Remark. One possible application of Theorem 3 is to give a new proof of an
important special case of Theorem 1, that any type I non-commutative torus
is strongly Morita-equivalent to the continuous functions on an ordinary
torus. (This fact was not used in the proof above.) Namely, apply Theorem
3 with G free abelian, A = K, and o an action of G on A with type I
obstruction cocycle w. Then as we’ve seen, S is of finite index in G and
the space Y in the theorem is just S , which is a torus. Since G/S is finite,
the classes ¢ and d in Theorem 3 are necessarily torsion elements. Since the
cohomology of a torus is torsion-free, they must vanish and hence 6(A X,
G) = 0, proving that A x, G is Morita -equivalent to C(§) However,
as proved below in Proposition 5, A %, G is also Morita-equivalent to the

non-commutative torus C*(G,w™?).
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We are now going to show that the pairing (c,d) may be nontrivial. In
order to do this we need the following lemma. Recall that two actions o and
o' of G on A are called exterior equivalent, denoted o ~ ¢/, if there exists
a strictly continuous function z — u, from G into U(A) such that

(1) Uzy = uma(w)(uy))

(2) o'(z) = (Adu,)a(z) for all z,y € G. It is well-known that the
crossed products A X, G and A X, G are isomorphic if o and o' are exterior
equivalent, and that conversely, if G is abelian and there is a @'—equiva.riant
isomorphism of A X, G and A X, G compatible with the injections of A
into the two multiplier algebras, then o and o' are exterior equivalent (see
(24, Theorem 0.10]).

Lemma 5. Let G be a locally compact group and A and B C*-algebras.
Suppose further that o and o' are actions of G on A and that B and (' are
actions of G on B such that a is exterior equivalent to o' and (3 is exterior
equivalent to B'. Then the diagonal actions a ® 8 and o' ® ' on any C*-
tensor product A @ B, in particular on the minimal tensor product, are also
exterior equivalent.

Proof. We show first that a®8 ~ o’ ®3. For this we define v : G - U(A®B)
by
Ul‘ =u:c ®id, T EG.

Straightforward computations show that v satisfies the conditions (1) and
(2) above, and hence that a® 3 is exterior equivalent to o’ ® 5. The Lemma
follows now easily from the symmetry of this result and from the fact that
~ is an equivalence relation. O

Now let X be any second-countable locally compact space, H a second-
countable locally compact abelian group, andlet p: E -+ X andg: F =+ X
be any principal H- and H -bundles, respectively. Then it was shown in [22]

that there exist locally umtary actions ,6 and v of H and H on A = Cy(X, K)
such that the bundles res” : (A x5 H)"— X and res? : (A x, H)"— X
are identical to the original bundles p and ¢ (these actions are actua.lly given
by the dual actions of H and H on the stabilized transformation group C*-
algebras defined by p and g, respectively). Now let G = H x H and define
actions 3 and 5 of G on A = Co(X, K) by B(z,y) = B(z) and F(z,y) = v(¥),
for all z € H and y € H. We define a multiplier w on G by

w((z1,91), (T2, 92)) = (21, 92),

where here (-,-) denotes the natural pairing of H with H. Then w is easily
seen to be totally skew and type I. Let U : G — U(H) be an w-representation
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of G, and let § = AdU denote the corresponding action of G on K. We are
going to define the action a of G on Cy(X, K) in the following way: First of all
let o' be the diagonal action 3®7 of G on Cy(X, K) ® Co(X, K). This action
induces an action o” of G on the balanced tensor product Cy(X, K) ®cy(x)
Co(X,K), which is canonically isomorphic to Cy(X,K). Then we define
a = a" ®J as the diagonal action of G on Cy(X,K) ® K = Cy(X, K).

It is easy to check that the Mackey obstructions associated to the system
(Co(X,K),G, ) are similar to w. Furthermore, if we identify Cy(X, K) with
Co(X,K) ® K ® K coming from the above procedure, then we see easily
that ay = f ®1d®Jy and a; = v ® id®d;. But éy and d5; are exterior
equivalent to id and we see from Lemma 5 that therefore ay ~ S ® id®id
and ag ~ v ®id®id. Since the isomorphism which comes from exterior
equivalence intertwines the dual actions by [24, Theorem 0.10] this implies
that the bundles res : (A x5 H)”— X and res? : (A x,, H)~™— X are
the same, and an analogous result is true for the actions of H. Hence with
Theorem 3 we get the following:

Proposition 4. Let X be a second-countable locally compact space and H
a second-countable locally compact abelian group. Suppose further that c €
HY(X,H) and d € H*(X,H). Then there exists an action o of G = H x H
on A = Cy(X,K) such that all multipliers associated to the system (A, G, a)
are similar to a constant totally skew type I multiplier w on G and

8(A x4 G) = (¢, d).

Corollary 2. Let X be a second-countable locally compact space. Then every
class in H3(X,Z) (Cech cohomology) which can be written as a cup-product
of classes in H*(X,Z) and in H*(X,Z) arises as the Dizmier-Douady class
of Co(X,K) % (Z x T) for some acton a of Zx T on A = Co(X,K) which
is trivial on X and for which the Mackey obstruction is constant, type I,
and totally skew. In particular, if X is any compact orientable 3-manifold
with non-zero first Betti number, every class in H3(X,Z) arises as such a
Dizmier-Douady class. Ezcept in the case of the 0-class, A is therefore not
Morita equivalent to A x, G.

Proof. The first statement is immediate from the fact that if H = Z, then
H is the constant sheaf Z and H(X,H) = H+(X,Z) for j'> 1. The
second statement about compact orientable 3-manifolds follows from the
non-degeneracy of the cup-product pairing between H' and the torsion-free
part of H2, which in turn follows from Poincaré duality. O

Locally projective unitary actions. Now we discuss the special case
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of projective unitary actions and locally projective unitary actions. For the
moment we drop the requirement that our groups be abelian.

Definition. Let (A4, G, a) be a covariant system. Then « is called projec-
tive unitary (resp. locally projective unitary, pointwise projective
unitary) if there exists an action 3 of G on K, the algebra of compact oper-
ators on the separable Hilbert space #, such that the diagonal action o ® 8
on A ® K is unitary (resp. locally unitary, pointwise unitary).

Remark. (1) The pointwise projective unitary actions on a type I C*-
algebra A are just actions where all Mackey obstructions are similar to a
constant multiplier w € Z2(G, T). In order to see this, let w be the multiplier
defined by the action B of G on K and let w, be the Mackey obstruction of
the system (4,G,a) at p € A. Then the Mackey obstruction for the action
a®f at the representation p®id € (A®K)"is just given by w,w. Hence a®f
is pointwise unitary if and only if w, is in the class of w™! in H?(G,T) for
allp e ﬁ, which clearly means that the Mackey obstructions are constant.

(2) It follows directly from the definition above, that for the same class
of groups for which pointwise unitary actions on separable continuous-trace
are automatically locally unitary, pointwise projective unitary actions are
automatically locally projective unitary.

Crossed products for covariant system (A, G,a) such that o is projec-
tive unitary have a very simple description in terms of A and the Mackey
obstruction w.

Proposition 5. Let (A, G, a) be a covariant system such that « is a projec-
tive unitary. Furthermore, let w™! be the Mackey obstruction of an action 3
of G on K such that a®f is unitary. (Thus w is the Mackey obstruction of
at each point of A.) Then Ax,G is Morita equivalent to C*(G,w™) @ maz A.
In particular, if G is abelian and w is type I with symmetry group S, A %, G

-~

is Morita equivalent to Cy(S) ® A.

Proof. Since a ® (3 is unitary, it follows that the action a® S of Gon AQ K
is exterior equivalent to the trivial action id. Let 8 be an action of G on
K with Mackey obstruction w. Then by Lemma, 5, the action o ® 8 ® B of
G on A® K ® K is exterior equivalent to the action id®8 on (A ® K) ® K.
By the proof of [14, Proposition 14] we know that (A ® K) ® K X455 G
is isomorphic to (A ® K) ®maz (K X7 G), which is clearly Morita equivalent
to C*(G,w™) ®maz A by [14, Theorem 18]. (The appearance of w™! in
place of w is due to the fact that the irreducible representations of (KX Xz G)
are obtained by first extending the standard representation of K to an w-
covariant representation of (K,G), and then tensoring with arbitrary w™!-
representations of G to get genuine covariant representations.) On the other
hand it is clear that the Mackey obstruction of the action 5 ® 8 on K ® K



FINE STRUCTURE OF THE MACKEY MACHINE 39

is trivial, hence this action is unitary and exterior equivalent to the trivial
action id. Hence, by Lemma 5 we see that the action a ® id of G on A ®
(K ® K) is exterior equivalent to id ®3 on (A ® K) ® K. Hence we find that
(Ax,G)RK = (AQK®K) X i G is Morita equivalent to C* (G, w ™) ®mas A.
The last statement now follows from Theorem 1. O

3. The structure of certain crossed products with constant
Mackey obstruction.

In this section we want to investigate certain crossed products A x, G such
that A has continuous trace, G is abelian, and such that the stabilizer for
each p € Ais equal to a fixed subgroup NV of G. We will refer to such systems
as systems with constant stabilizer N. If in addition the Mackey obstructions
of the system (A, N, ay) are constant, we will say that (4, G, ) is a covari-
ant system with constant stabilizer and constant Mackey obstructions. Such
systems are the main object of this section. However, as we will see later,
some of our results are still true for systems with the weaker assumption that
all symmetry groups of the Mackey obstructions are constant, rather than
the more restrictive assumption that all Mackey obstructions are constant.
We will refer to these as systems with constant stabilizer N and constant
symmetry group S. If not otherwise stated, we will assume through-
out this section that (A, G, o) is always separable, A has continuous
trace, and G is abelian.

If (4, G, ) has constant stabilizer N and symmetry group S, then we
know from [15] that the map ind$ : (A %, S)"— Prim(A x,, N) defined
by p — ker(indf, p) is a G- and @-equivaria,nt homeomorphism with respect
to the canonical actions of G and G on these spaces. It follows from this
and [12] that

ind : (Axa,) ~— Prim(4 x4 G);p — ker(ind§ p)

is well defined surjective map. Hence, if Q(A) denotes the quasi-orbit space
for the action of G on A, we get the following commutative diagram of maps:

(A xgy §)” —2L5 Prim(4 x, G)

~

A — Q(A)

where ¢ : A — Q(K) is the quotient map. The definition of p is a little
bit more complicated: If J € Prim(A4 %X, G) and 7 X U € (A X, G) such
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that J = ker(r x U), then there exists a unique quasi-orbit O € Q(A)
such that ker 7 = N o ker p. The image of J under p is exactly this quasi-
orbit. All maps in the diagram are continuous, open and surjective, which
follows by routine arguments from the continuity of restricting and inducing
representations. They are also equivariant under the various actions of G
and G on these spaces, which follows for instance from [24, Lemma 2.3].
Now suppose that the action of G/N on A is proper. Then Q(A) = A/G is
Hausdorff, and we can prove the following theorem:

Theorem 4. Let (A,G, ) be a covariant system with constant stabilizer
N and constant symmetry group S. Suppose further that Aisa proper
G/N-space. Then induction induces a homeomorphism (A %o, S}/G —
Prim(A x, G), the action of G on Prim(A %, G) has constant stabilizer S+,
and Prim(Ax,G) is a proper S- (= G/S*)- space. Furthermore, the actions
of G and G on W = (A Moo S)" make W into a proper S- and G /N -space,
respectively.

Proof. Using the same arguments as in the proof of [18, Corollary 2.1], we
see the actions of G and G on (A X, S) factor through commuting free and
proper actions of G/N and S on (4 X, S)" By continuity of induction, ind
gives a continuous open surjection from (A X,, S) " to Prim(A x, G), and
since the action of G on (A %, S) factors through a proper action of G/N,
the quotient space is Hausdorff and ind factors through this quotient space.
The induced map (A x4, S)/G = (AXq4y NJ/(G/N) — Prim(A x,G) is then
a homeomorphism by [14, Theorem 24]. Since res and ind factor through
homeomorphisms between (A X,, SJ/G and Prim(4 x, G) and between
(A Mg 5)75 and A respectively, the theorem follows from the following
lemma: O

Lemma 6. Let H and L be two abelian locally compact groups acting properly
on the locally compact space X. Suppose further, that the actions of H and
L commute, and that the resulting action of H X L on X 1is free. Then the
following statements are equivalent:

(1) H x L acts properly on X.

(2) H acts properly on X/L.

(3) L acts properly on X/H.

Proof. By symmetry it is clearly enough to show (1) < (2). (2) = (1) is a
special case of [18, Lemma 1.9]. In order to show (1) = (2) let (h;, ;):csr be
a net in H x X such that (L(h;z;), L(z;)) converges in X/L x X/L. Hence,
by passing to a subnet if necessary, we may assume that there are elements
Zo,z; € X and nets (19)icr, (I} )icr € L such that I?z; converges to zo and
I} h;z; converges to z'. By replacing z; by I9z; and [} by [} (1?)7?, it follows
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from (1) that, again by passing to a subnet, we may assume that (I}h;)cs
converges in H x L, from which clearly follows that (h;);c; converges in

H. |

If S is compactly generated, and hence also S is a Lie group, and if G/N is
also a Lie group, then it follows from Palais slice theorem [21, Theorem 4.1]
that all spaces in the theorem above are actually principal S- and/or G/N-
bundles. As we have mentioned before, such bundles can be classified by
certain elements in Cech cohomology, and we are now going to describe the
relation between the various topological invariants. Recall that ifp: X — Z
is a principal G-bundle with representative ¢;; : N;; = G in Z*(Z,G) and if
f:Y — Z is a continuous map, then the pull-back f*(p) of p along f is the
principal G-bundle with representative {¢;;o f} : f~*(IV;;) = G in Z*(Y, G).

Theorem 5. Let (A,G,a) be a covariant system with constant stabilizer
N and constant symmetry group S. Suppose further that A is a principal
G/N -bundle and that as is locally unitary. Then all maps in the diagram

(A %g, S)” —245 Prim(A4 x4 G)

-~

A — A/G
q
are principal bundles. The horizontal arrows are principal G/N -bundles,
and the vertical arrows are principal S-bundles. Furthermore, we have the
relations
ind =p*q and res=q'p.

In the case where S = N, i.e. if all Mackey obstructions are trivial, this
result was proved in [24] using Takai’s duality theorem. But this method
doesn’t work nicely in the situation above, at least if the Mackey obstructions
of the system are not type I, since then A X, G is in general not a type I
C*-algebra. Hence for the proof we will use the idea of constructing local
Green twisting maps as given in [27] and [28] for the case of trivial Mackey
obstruction. In fact, this construction gives even more information about the
bundle p : Prim(A4 %, G) — ﬁ/ G, since it gives the possibility to construct
explicitly a representative for this bundle in Z'(4/G,8). Let us start by
recalling the definition for Green twisting maps. For this let (4, G, a) be a
covariant system such that G is abelian, and let H be a closed subgroup of G.
A Green twisting map for (A, G, @) is a strictly continuous homomorphism
u: H — U(A) such that
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(1) an(a) = upau}, for alla € A and h € H, and

(2) ag(up) =wup forallz € G and h € H.

Furthermore, we say that a system (A, G, a) has local Green twisting
maps if there exists a cover {N;} of open subsets of A/G and maps v’ : H —
U(A|g-1(n,)) such that each u; is a Green twisting map for (4|,-1(n,), G, @).
If N; and u; are as above, then we will call {N;,u‘} a system of local
Green twisting maps with domain H for (4,G, a).

The proof of the following proposition follows the lines of [28, Propo-
sition 2.6], where a similar result is proved for the case of trivial Mackey
obstructions.

Proposition 6. Let (4,G,a) be a covariant system with constant stabilizer
N and constant symmetry group S, such that A/G is Hausdorff. Suppose
further that there ezists a system {N;,u'} of local Green ‘twisting maps with
domain S for (A,G,a). Then p : Prim(4 %, G) — A/G is a principal
S-bundle which is represented by the cocycle vy;; : N;; — S given by the
relation
pou’ =7;(q(p))(pov’),

with p € g7*(N;;). Furthermore, if res and ind are as in the diagram, then
res = ¢*p.

Proof. Since u* : S — U(A|;-1(n,)) is a unitary map which implements asg,
it is well known that the map (p,x) — p X x(p o u') is an S-equivariant
homeomorphism from A|q/-:(7'.) x S onto (Alg-1(N:) Xas S)~ The action of G
on (Alg-1(n) Xag S)7is given by

(px x(pou’)) oy, = (poas) X x(pou’)
= (poas) X x(po (@ 0 u))
= (poag) x x((poag) ou?),

where again -y denotes the canonical action of G on Al,-1(n,) X4g S. But this
shows that the homeomorphism above is G-equivariant, from which follows
that (Als-1(n;) Xas S)7G is homeomorphic to N; x S. Since the map ind in
our diagram is G- and hence §-equivariant, we conclude that

(a(p), x) > ker(ind§ (p x x(p o u)))

is an S-equivariant homeomorphism k; between N; x S and Prim(A|g-1 () Xa
G). This shows that p : Prim(A4 %, G) — A/ G is a principal S- bundle.

Now let p € ¢7(N;;), and let x be the unique element in S such that
pout = x(powu). Then it follows also from the computations above that
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X only depends on the G-orbit of p, which implies that the map +;; is well
defined.
Finally, for g(p) € N;; it follows from [24, Lemma 2.3] that

hi(q(p), x) = ker(indg (p x x(p o u*)))
= ker(ind§ (p X x7i;(q(0))(p 0 w)))
= ker(v;;(q(p)) ® ind§ (p x x(p o u?)))
= 7:5(a(p)) i (a(p), ),

from which follows that v;; : N;; — S is a representative for this bundle.
Finally, since the u’ are unitary maps which implement ag on A|,-1(w;) it
follows from the Phillips-Raeburn construction [22] that the principal s-
bundle res : (4 X, §)"— A is equal to ¢*p. J

We are now going to show that the covariant systems of Theorem 4 all
possess a system of local Green twisting maps with domain S. The next
lemma deals with the case where N = G and as is unitary.

Lemma 7. Let (A,G,a) be a covariant system with constant symmetry
group, such that G acts trivially on A. Suppose further that there exists a
unitary map u : S — U(A) such that u implements as (i.e. as is unitary).
Then u 1s a Green twisting map for (A,G, ).

Proof. Let p € A, w the Mackey obstruction of  in p, and let U : G —
U(H,) be an w-representation which implements a in p. Then (p,Uls) is
a covariant representation of (4, S, as). Hence, by multiplying U with an
appropriate character of G, we may assume that U|s = p o u. Using the
identity U} = w(z,z 1)U, for z € G we get

plag(us)) = Upp(us)U; = U,U,U;
= w(z, s) 'w(z, 27U, Up—1

= w(z,s) w(xs,z7) w(z,z)Upsp-1-
But since G is abelian, we have U, -1 = U, and

w(z, s)w(zs,z7!) = w(s, z)w(sz,z7")

= w(s,e)w(z,z7!) = w(z,z7Y),

from which follows that w(z,s) 'w(zs,z™)w(z,z~') = 1. But this implies
that p(a,(u,)) = U, = p(u,) for all z € G and s € S. Since we can do this
for all p € A it follows that a, (ug) =us forall z € G and s € S. Thus u is
a Green twisting map for (4, G, a). O
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Before we state our next result, let us recall the definition of induced
covariant systems. For this let G be a locally compact group and H a closed
subgroup of G such that there is an action 8 of H on a C*-algebra D. The
induced C*-algebra Ind(D, ) is then defined by

Ind(D,B) = {f € C*(G, D); f(zh) = B(h™")f(z)
forallz € G, h € H and (z — ||f(z)|]) € Co(G/H)}.

The induced action Ind 8 of G on Ind(D, f) is defined by

(Ind B (f))(y) = f(z7'y), 7,y € G.

The covariant system (Ind(D, 3),G,Ind B) is called the induced covariant
system of (D, H,(3). The proof of the following lemma is routine (see for
instance [32, Section 4]).

Lemma 8. Suppose that S C N are closed subgroups of the abelian lo-
cally compact group G, and let (D, N,() be a covariant system such that
there erists a Green twisting map u : S — U(D). Then Indu : S —
U(Ind(D, B))defined by (Indu,f)(z) = us(f(z)) is a Green twisting map
for (Ind(D, B8), G,Ind B).

Proposition 7. Let (A, G, ) be as in Theorem 4, i.e. (A,G, ) has constant
stabilizer N and constant symmetry group S such that in addition Aisa
G/N -principal bundle and as is locally unitary. Then there ezxists a system
{N;,u'} of local Green twisting maps with domain S for (A, G, ).

Proof. Let {N;} be an open cover of A/G such that for each i € I there
exists a section d; : N; — ¢~ '(N;). Since as is locally unitary we may
assume by possibly taking a refinement of {N;} that the actions 3¢ of N on
Al4(n;) which, for all i € I, are canonically defined by ax, have the property
that 8% is unitary. Hence by Lemma 7 there exists a Green twisting map
ut : § = U(A4;n)) for each (Algn), N, B°). Now let ¢* : ¢7'(N;) = G/N
be defined by ¢'(p) = z if and only if p = py 0 a,-1 for some py € d;(N;).
Then, for each i € I, ¢ is obviously continuous and G-equivariant. Hence
by [5, Theorem] there exist G-equivariant isomorphisms ®* : Al;-1(n,) —
Ind(Al4,(n:), 8°). Thus, by Lemma 8, Indu' : S — U(Ind(Al4(n,),B)) is
a Green twisting map for each system (Ind(A|4(n,),B°), G,Ind %), which
is carried to a Green twisting map v' : S — U(A|,-1(v,)) by ®*. Hence
{N;,v'} is a system of local Green twisting maps for (4, G, o) with domain

S. ad

Proof of Theorem 5. Combining Proposition 7 with Proposition 6, the
only thing which remains to prove is the fact that ind : (A x4, S) ™ —
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Prim(A X, S) is a principal G/N-bundle such that ind = p*q. So let
cij : Nij = G/N be a representative for ¢ in ZY(A)G,G /N). By possibly
taking a refinement of the cover {N;}, it follows from Proposition 7 together
with some arguments in the proof of Proposition 6 (we may assume the
existence of local Green twisting maps u* : S — U(A|;-1(n,))) that we have
@-equivariant homeomorphisms

(ci(2), x) + ker(ind§ (ci(2) x x(ei(2) 0 )

between ¢;(NV;) x S and p~Y(N;), where ¢; : N; — ¢ (N;), 1 € I, are
local sections with transition functions c;;. Combined with the inclusions
of ¢;(N;) x § into ¢~}(NV;) x § = (Alg-1(n:) Nas S) " we get sections ¢; :
res~!(N;) — ind ™' (res~!(V;)), and if &;; are the transition functions of the ¢;,
then it follows directly from construction of the ¢; that ¢;; = ¢;; op. O

We return now to the question of when a given crossed product A %, G has
continuous trace. For this we need a slight generalization of [18, Theorem 3.1].
This wil be the only place in this section where we investigate covariant sys-
tems (A, G, a) such that we do not assume a priori that A has continuous
trace.

Proposition 8. Suppose that (A, G, ) is a separable covariant system such
that G is abelian and the action of G on Prim(A) is free. Then A X, G has
continuous trace if and only if A has continuous trace and G acts properly
on A.

Remark. In [18, Theorem 3.1] the same result is proved for the special case
where A is assumed to have continuous trace. The reason for this restriction
was the use of a lemma [18, Lemma 3.2], which says that if A has continuous
trace and G acts freely on A, then ind{Ge} p is irreducible for all p € A. But
we will now see that this lemma was not needed seriously.

Proof of Proposition 8. The “if” direction of the proposition is part of
[24, Theorem 1.1]. As in [18, Theorem 3.1], it is enough to show that, if
A %, G has continuous trace, the dual action & of Gon A X, G is pointwise
unitary. This will imply that (A x, G) %5 G = A® K(L*(G)) has continuous
trace, and that the resulting action of G on (A® K(L2(G))) via & is proper,
which of course implies the same properties for A and the action of G on
A via a. Let p € (A x, G)> Then it follows from the assumptions and
(12] that kerp = ker(ind?e} 7) for some = € A. Now let xy € G. Then by
[24, Lemma 2.3] we know that

ker(xp) = ker(x ind?e} m) = ker(indf’;} ).
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Hence it follows that the action @ of G on Prim(4 x, G) = (A x, G)"is
trivial.

We are now going to show that this action is in fact pointwise unitary.
For this recall first that (A x, G)"is homeomorphic to the quasi-orbit space
Q(Prim(A)), which follows directly from the continuity of inducing and re-
stricting representations. Since by assumption A X, G has continuous trace,
it follows in particular that each point in (4 %, G)"is closed. Hence, each
quasi-orbit O is closed in Q(Prim(A)). Hence, by restricting a to A|p, we
may assume for the moment that (A x, G) " has only one element p and
thus A x, G = K(H,). Let us now denote X(#,) simply by K. Let w
be the Mackey obstruction for the dual action & of G on KC, and let S be
the symmetry group of w. Then, for the double dual action & of G on
K x4 G = A ® K(L*(@)), it follows that the stability groups for the cor-
responding action on Prim(4 ® K(L*(G))) are all given by S+ C G. But
since the action of G on Prim(4 ® K(L*(G))) via the double action & is free
if and only if the original action of G on Prim(A) is free, it follows by the
assumptions that St is trivial, which implies that S = G. But this shows
that w is trivial. Since we can do this for all p € (A x, G)"we see that & is
pointwise unitary. g

From now on we will again assume that (A, G, a) is a separable covariant
system such that A has continuous trace and G is abelian.

Theorem 6. Let (A,G,a) be a covariant system with constant stabilizer
N and constant Mackey obstruction w and let H be a mazimally w-trivial
subgroup of N as in Lemma 4. Then the following statements are equivalent:

(1) A x4 G has continuous trace.

(2) w s type I and the action of G/N on (A x,, N)is proper.

(3) The action of G/H on A x,, H is proper.

If these conditions are true, and if res” : (Ax,g)"— A is the restriction
map, and ind$ : (Axg,, H) = (Ax,G) is the induction map, then we have
the following relation between the Dizxmier-Douady classes of A and A %, G:

(res™)*(6(A)) = (ind§)* (5(A xa G)).

Proof. For the roof of (1) < (2), let 8 be the action of G/N on Ax,, N asin
the Packer-Raeburn stabilization trick (assuming that A is stable). Then it
follows from Proposition 8 that A x,G = (A x,, N) x5 G/N has continuous
trace if and only if the corresponding action of G/N on (A x,, N) is proper
and A X,, N has continuous trace. By Proposition 1, the first assertion is
true if and only if the canonical action of G/N on (A x,, N) is proper,
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and, by Theorem 3, the second is true if w is type I. On the other hand, it
is clear that A x,, N is not type I if w is not type L.

Since ay is pointwise unitary, we know that Ax,, H has continuous trace.
Hence (3) = (1) follows as above from Proposition 8 and the Packer-Raeburn
stabilization trick. Furthermore, again by Proposition 8 it is enough to show
that the action of G/H on (A X,, H) is free in order to show (1) = (3). For
thislet pxV € (A4, H) and z € G such that x ZH. As we have seen in the
proof of Theorem 3, if z € N, then (p X V) o1, is equivalent to p x h¥ (z)V,
which is not equivalent to p X V since the restriction hf(z) is a nontrivial
element in H if z ¢H. If £ €N, then (px V)on, is equivalent to (poa,) X W,
for an appropriate representation W of H. But this representation cannot
be equivalent to p x V, since for z €N, p o o, is not equivalent to p.

Suppose now that (A, G, a) satisfies properties (1) to (3). Then, since
G/H acts properly on (A X,, H), it follows easily from the Mackey-Green
machine that indS ‘is a well defined surjective map. Furthermore, ind$
factors through a homeomorphism between (A x, H)7/G and (A %, G) with
inverse map given by restricting representations. Now let 8 be the action
of G/H on A x,, H given by stabilization trick. Then ind@/}H also factors
through the same homeomorphism between (A x,, H)7/G and (A %, G)",
since by part (2) of Proposition 1 the inverse map is the same. By the
arguments used in the proof of Proposition 8 we know that the dual action
B of H: on A x, G is pointwise unitary. Hence

(A %oy H)® K(L*(G/H)) = (Axq G) @5 H*
= (res)*(A x4 G)
(ind)*(4 %4 G),

since it is well known (see for instance the arguments in the proof of [24,
Theorem 2.2]) that res?” (7 @ id) = indﬁ/}H('/r) for all m € (A %4, H)", and
since ind?é/}H = indﬁ by what we have seen above. Hence, if A is stable, then
A X, H is isomorphic to (res”)*(A) and also to (ind$)*(A %, G), from
which follows that (res”)*(6(A4)) = (ind$)*(6(4 %, G)).

Corollary 3. Let (A,G,a) be a covariant system with constant stabilizer
N and constant type I Mackey obstruction w, such that G acts properly on
A. Then A Xy G has continuous trace and we have the relation between
0(A x4 G) and 6(A) stated in Theorem 6.

Proof. The proof follow§ immediately from Theorem 6 since the fact that
G/N acts properly on A easily implies that G/N acts properly on (A X4
S)"= (AX4, N)"(compare the arguments in the proof of [18, Corollary 2.1]).

O
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Remark. At this point we should remark that, as in the case of locally
unitary actions on the stabilizer (see the remark on page 23 in [24]), the
equation for the Dixmier-Douady class in the theorem does not determine
0(A %, G) uniquely. If this would be the case, then §(A %, G) would be zero
if §(A) is zero. But by Corollary 2, there are quite a lot of examples which
do not have this property.

In the proof of Corollary 3 we have used the fact that a proper action
of G/N on A also implies that the action of G/N on (A x, N) is proper,
if (A,G,a) is a covariant system with constant stabilizer N and constant
Mackey obstruction w. If A is commutative, then it is well known that the
converse is also true, i.e. if G/N acts properly on (A x,, N) "= Ax N,
then G/N must also act properly on A. In fact, by Williams’s description of
continuous-trace transformation group algebras [33], a necessary condition
for Cyp(X) x G having continuous trace is that G act in a generalized sense
properly on X. We will now see that an analogue is not true if A is a
continuous-trace algebra even in the case where all Mackey obstructions
vanish. In fact we will construct a covariant system (A, G, a) with constant
stabilizer N such that ay is pointwise unitary, A and A x, G have continuous
trace, but G doesn’t even act smoothly on A. For this we need the following
lemma:

Lemma 9. Let (A,G,a) be a covariant system such that G is abelian, and
let B € Aut A such that B commutes with o, for all z € G. We define

B € Aut(A xq G) by (B(F))(2) = B(f(2) for all f € Cc(G,A), and b €
Aut((A%aG)»3G) by (B(9))(x) = Blg(x)) for all g € Co(G, Ax,G), x € G.
Then the isomorphism ¥ : (A X, G) x5 G = A® K(L*(G)) of Takai duality
transports E into R id.
Proof. Let us identify K(L?*(G)) with Co(G) %, G, and let

B : (A Xy G) %2 G — Co(G, A) 00 G

be the isomorphism described in [14, Proposition 30] (where 7 denotes the
action of G on Cy(G) coming from left translation). Then it is easily seen

~

that ® transports into the automorphism B of Co(G, A) X,gq G given on
f € CG x G, A) by (B(f))(=z,y) = B(f(z,y)), 7,y € G, viewing Cc(G X
G, A) canonically as as a dense subalgebra of Cy(G, A) X,g, G. Now let
T : Co(G, A) ¥rga G = A ® K(L*(G)) be the corresponding isomorphism
(i-e. ¥ = Uod~1). Studying Raeburn’s alternative proof of the Takai duality
theorem [23, Theorem 6], we see that the inverse of T is given on elementary
tensors a ® f € A® C.(G x G) by

U1 (a® f) = gos € C.(G x G, A), where g, ;(z,y) = f(z,y),(a),
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for all z,y € G (in fact, it is not hard to show directly that the map a ® f —
Ja,s €xtends to an isomorphism between A® (Cy(G) %, G) and Cy(G, A) X ga
G). Hence for all a € A and f € C,(G x G):

(B®ida® f) =T (B@) ® f) = 9sta).s = B(ars)

since
98(a).£ (%, y) = f(z,y)ay(B(a))
B(f(z,y)ay(a))
(5(9 N ),
for all z,y € G, which finishes the proof. O

Ezample 1. Let 7' and 72 be the actions of Z on R given by 71(t) = n +1¢
and 72(t) = 2rn +t, n € Z, t € R, and let us denote the corresponding
actions of Z on Cy(R) by the same letters. Let A = Cy(R) x,1 Z, and let o
be the action of G = T X Z on A given by

Q(z,n) = leTzna

z € T, n € Z, where 71 denotes the dual action of T = Z on A, and
72, is defined as in Lemma 9, for each n € Z. Since 7! is a free and
proper action of Z on R, we know that A has continuous trace. In fact, it
follows from Green’s theorem [13] that A is isomorphic to C(T, K), where
we have identified T with R/Z. Furthermogg, by the structure of G we may

write A Xq G = (A x5 T) % 3 Z, where 72, is also defined as in Lemma
9 (note that in our case 72 is just the restriction of the canonical action of
G on A x5 T to Z). Hence Lemma 9 shows that A x, G is isomorphic to
(Co(R)® K(I*(Z))) X r2gig Z, which implies that A x, G has continuous trace
by the fact that 72 is also a free and proper action of Z on R.

Finally, let us note that the action of T on A is trivial, and that the
action of Z on A is just the irrational rotation given by the angle 2x. Hence
(A, G, a) has constant stabilizer N = T, A and A x, G have continuous trace,
but the action of G/N = Z on A is not proper. In fact G doesn’t even-act
smoothly on A.

Let us remark that this example gives also an answer to a question stated
in [11] whether it is possible for a crossed product A x, G to be of type I,
while G does not act smoothly on A. Clearly, the group example of Auslander
and Moore cited in [11] together with the Raeburn-Packer stabilization trick
gives also such an example.



50 S. ECHTERHOFF AND J. ROSENBERG

We now finish this paper by giving an example which shows that for
crossed products A x, G with A having continuos trace, it is not even neces-
sary that the stability groups vary continuously in order for A x, G to have
continuous trace. This is also completely different from the transformation
group case, where the condition of continuously varying stability groups is
always necessary for Co(X) x G to have continuous trace [33] (see [7] for the
case of nonabelian amenable groups).

Ezample 2. Let G = Z x T, and let us define an action of G on C by
(n,z)w = 2w for n € Z, z € T and w € C. Furthermore, let w be the
Heisenberg multiplier on G, which is defined by w((n, 2), (m,w)) = 2™, and
let U : G - U(L*(G)) be an w-representation of G. Then, if we denote
K(L?*(Q)) simply by K, we define an action a of G on A = Cy(C) ® K by
a =6 ® AdU, where § denotes the action of G on Cy(C) coming from the
action of G on C. The stability groups for the action of G on A are just
given by stability groups of the action of G on C, and we have G, = Z if
w # 0 and Gy = G. Thus the stability groups do not vary continuously.

However, A x, G has continuous trace. To see this, write A %, G as
(A X4, Z)xT. The point is that the action of T on (A x4, Z)is free, and also
proper, since T is compact and (A x,, Z) is Hausdorff, which follows from
fact that az is pointwise unitary. The fact that T acts freely on (A4 x4, Z)™
can easily be seen from the fact that T acts freely on (res?)~*(C~ {0}), since
T acts freely on C \ {0}, and that T acts freely on (res?)~*({0}), since the
Mackey obstruction of « at 0 is given by w and Z is a maximally w-trivial
subgroup of G (compare the arguments in the proof of Theorem 3). Hence
A %, G has continuous trace by Proposition 8. In fact, its spectrum is easily
seen to be homeomorphic to C, and A x, G = A (non-canonically).
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