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SINGULAR MODULI SPACES OF STABLE VECTOR
BUNDLES ON P 3

ROSA M. MIRO-ROIG

The goal of this paper is to give an example of singular
moduli space of rank 3 stable vector bundles on P3.

Introduction.

In 1977/78, M. Maruyama proved the existence of a moduli scheme
MPn (r; cx,..., cmin(r)n)) parametrizing isomorphic classes of rank r stable vec-
tor bundles on P n with given Chern classes c l r . . , cmin(n)Γ) (cf. [Ml, M2]).
The goal of this note is to give, to the best of my knowledge, the first ex-
ample of singular moduli space of stable vector bundles on P 3 . It has been
motivated by a recent work of Ancona and Ottaviani where they show that
the moduli space Mips (k) of stable instanton bundles on P 5 with quan-
tum number k=3 or 4 is singular. Moreover they claim that Mips (3) and
Mips (4) are the first examples of singular moduli spaces of stable vector
bundles on projective spaces (cf. [AO]). Ancona-Ottaviani's result together
with the well known fact that Mp2(r; cx,c2) is a smooth quasi-projective va-
riety of dimension 2rc2 — (r — \)c\ + 1 — r2 gives rise the following question:

Is there any example of singular moduli space of stable vector bundles on

As I pointed out before my aim is to give an affirmative answer to this
question (cf. Theorem 2.10).

1. Preliminaries.

In this section we recall some well known results needed later on.

1.1. Let H(18, 39) be the open subscheme of HilbP\ parametrizing smooth
connected curves C C P 3 of degree 18 and genus 39. (See [EF] for a precise
description of H(18, 39).) Let Hλ C iϊ(18,39) be the 72-dimensional irre-
ducible, generically smooth component whose general point parametrizes an
arithmetically Cohen-Macaulay curve I c P 3 having a locally free resolu-
tion of the following type:

(1) 0 -> O(-7)4 -> (9(-6)4 Θ 0(-4) ->/*->().
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Let H2 C iϊ(18,39) be the 72-dimensional irreducible, generically smooth
component whose general point parametrizes an arithmetically Cohen-Ma-
caulay curve 7 c P 3 having a locally free resolution of the following type:

(2) 0 -> O ( - 6 ) 2 Θ 0 ( - 8 ) -> O ( - 5 ) 4 -> Iγ -> 0.

It is well known that there exits an irreducible subset H = Hλ Π H2 C

iϊ(18,39) of dimension 71 whose general point parametrizes an arithmeti-

cally Buchsbaum curve C c P 3 having a locally free resolution of the fol-

lowing type:

(3) 0 -> C?(-8) -> O(-7)4 Θ O(-8) -> <9(-6)4 ® O(-4) -> Ic -> 0.

1.2. Remark. For all curve Z e H1 U H2, ωz(2) is globally generated.
Prom now on, for all curve Z G Hi U H2, we set α — dimH°(ωz(2)) (=74;
by Riemann-Roch's Theorem).

1.3. Fact. Let O — ^ J E - ^ F - ^ G — > > 0 b e a n exact sequence of vector

bundles. Then, we have the following exact sequence involving alternating

and symmetric powers:

0 -> SqE -> Sq~ιE ® F -+ .... -^ E ® Λ 9 - 1 ^ -> Λ 9 F -> Λ9G -> 0.

1.4. Hoppe's criterion for the stability of a vector bundle. Let X be a

projective manifold with Pic(X) = Z and let E be a, vector bundle on X.

If H°(X, {AqE)norm) = 0ΐoτl<q< rk(E) - 1, then E is stable. As usual,

given a vector bundle E on X, we denote by i2norm the twist of E whose first

Chern class cγ verifies — rk{E) + 1 < cλ < 0.

2. Main results.

2.1. Let us call £ x the irreducible family of sheaves E on P 3 constructed as

an extension:

σ = [σu ...,σβ) : 0 -> 0 * -> JB(1) -^ Iχ(2) -> 0

where X G # i and σχ,...,σα E H°(ωx(2)) ^ Eα;t1(/χ(2),(9) are general
global sections which generate the sheaf ωz (2) everywhere.

It is easy to see that E is a vector bundle on P 3 of rank α + 1.
2.2. Let us call C2 the irreducible family of sheaves F on P 3 constructed as
an extension:

λ = (λx,.., λα) : 0 -> O α -> F ( l ) -> /y(2) -> 0

where Y G H2 and λχ,...,λα G H°(ωγ{2)) = Extι(Iγ(2),O) are general
global sections which generate the sheaf ωz (2) everywhere.
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Again it is easy to see that F is a vector bundle on P 3 of rank a + 1.
2.3. And let C C Cλ Π C2 be the irreducible family of sheaves G on P 3

constructed as an extension:

μ = ( μ i , ...,μα) : 0 -> Oa -> G(l) -> J c (2) -> 0

where C E H C Hλ Π H2 <xnd μu...,μa G iϊo(α;c(2)) = Ext1(Ic(2),O) are
general global sections which generate the sheaf α;̂  (2) everywhere.

Again it is easy to see that G is a vector bundle on P 3 of rank a -f 1.

Proposition 2.4.
(1) 4̂ general vector bundle E G A /ms α locally free resolution of the

following type:

0 -> 0(-5) 4 -> O(-4)4 θ O(-2) Θ O M £7(1) -> 0.

(2) yl general vector bundle F G £2 ^ ^ ^ locally free resolution of the
following type:

0 -> O(-6) 0 O(-4)2 -* O(-3)4 Θ O M F(l) -> 0.

(3) A general vector bundle G £ £ has a locally free resolution of the
following type:

0 -» O(-6) -> O(-6)θO(-5) 4 -> O ( - 4 ) 4 θ σ ( - 2 ) θ O α ^ G(l) -> 0.

Proof. (1) From the exact sequence:

and the locally free resolution of Iχ{2) (See 1.1):

0 -> O ( - 5 ) 4 ->• £>(-4)4 Θ O(-2) -> 7X(2) -> 0

we get the following commutative diagram:

0 0

1 i
O(-5)4 = O(-5)4

I i

0 > Oa > E(l) • Iχ{2)

1 1
o o
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which gives what we want.

(2) and (3) Analogous. D

Corollary 2.5. Given a vector bundle E G C1UC2, E(t) is globally generated
for all t > 5.

2.6. Let T\ be the irreducible family of rank 3 vector bundles P on P 3

defined as the cokernel:

0 -> 0 ( - 5 ) α " 2 > E-+P-+0
S l , . . . , 5 2

where E G Cλ and sf £ H°(E(5)) are general global sections of E(5).

2.7. Let T2 be the irreducible family of rank 3 vector bundles Q on P 3

defined as the cokernel:

0 -> O(-5)a~2 > F-^Q-^0

where F 6 C2 and fi G H°(F(5)) are general global sections of ̂ (5).
2.8. Let T C L\ Π £ 2 be the irreducible family of rank 3 vector bundles R
on P 3 defined as the cokernel:

0 -» 0 ( - 5 ) * - 2 > G->R^0
91, -,92

where G 6 C and ̂  G H°(G(5)) are general global sections of G(5).

Proposition 2.9.
(1) A general vector bundle P of T\ is a rank 3 stable vector bundle on P 3

with Chern classes (287,42065,4195775).

(2) A general vector bundle Q of J°2 is a rank ^stable vector bundle on P 3

with Chern classes (287,42065,4195775).

(3) A general vector bundle R of T is a rank 3 stable vector bundle on P 3

with Chern classes (287,42065,4195775).

Proof (1) Using the exact sequence:

(*) 0 -> e>(-5)α-2 -> E -> p ^ 0

and the locally free resolution of E given in Proposition 2.4(1) we get:

ct(P) = (1 - 3ί)(l - *) 7 7 ((1 - 6ί)4(l - 5ί) 6 8 ).

Hence d(P) = 287, c2(P) = 42065 and c3(P) = 4195775.
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Let us see that P is stable. Using Hoppe's criterion we need to prove that
H°(P)noτm = #°(Λ 2 P) n o r m - 0. Since Cl(P) > 0 and C l(Λ2P) > 0, we have
(P)norm = P(λ) and (Λ2P)n o r m - (Λ2P)(p) for some p, λ < - 1 . So it siffices
to prove that H°{P){-1) = F°(Λ2P)(-1) = 0.

Using the exact sequence (*) and the locally free resolution of E given
in Proposition 2.4(1) we easily get that H°E(-1) = H°P(-1) = 0. Again
using the exact sequence (*) and taking wedge powers we get the exact
sequence

0 -> 5 2 O(-5) α " 2 -> O{-5)a~2 ®E-+ A2E -> Λ2P -> 0

cutting in short exact sequences we get #°(Λ2P)(-1) = H°(A2E)(-1) = 0
where the last equality follows from the locally free resolution of E given in
Proposition 2.4(1) taking wedge powers and cutting in short exact sequences.

(2) and (3) are analogous. D

Theorem 2.10. The moduli space M p 3 (3;-1,14609,1917791) is singular.

Proof. We have constructed two irreducible families T\ and T2 of rank 3
stable vector bundles on P 3 with Chern classes (287,42065,4195775) which
meets along an irreducible family T. Hence in order to see that M :=
Mp3(-1,14609,1917791) ^ Mp3(-287,42065,4195775) is singular it is
enough to prove that T\ and T2 belongs to two different components of
M. Using proposition 2.9 and 2.4 we get:
(1) If P is a general vector bundle of T\ then:

H\P = H3P(3) - 0

h°P(3) = 1 + 10a, /ι2P(3) - 0.

(2) If Q is a general vector bundle of Ti then:

H\Q = #3Q(3) - 0

Λ°Q(3) - 10a, h2Q{3) = 1.

Therefore, by semicontinuity T\ and T2 are contained in different compo-
nents of M which gives what we want. D
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