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POLYNOMIALS WITH A GIVEN DISCRIMINANT OVER
FIELDS OF ALGEBRAIC FUNCTIONS OF POSITIVE
CHARACTERISTIC

ALEXANDRA SHLAPENTOKH

The author extend some results obtained by K. Gyoéry and
I. Gaal for number fields and algebraic function fields of char-
acteristic 0, to the fields of algebraic functions of positive
characteristic. Though characteristic 0 results in their origi-
nal form are not true for positive characteristic, one can still
effectively classify polynomials with a given discriminant over
the fields of algebraic functions of positive characteristic.

§1. Introduction.

This paper extends some results obtained by K. Gyory and I. Gaal for num-
ber fields and algebraic function fields of characteristic 0, to the fields of
algebraic functions of positive characteristic. Though characteristic 0 re-
sults in their original form are not true for positive characteristic, one can
still effectively classify polynomials with a given discriminant over the fields
of algebraic functions of positive characteristic.

Gyory defined the following equivalence relation between polynomials over
Z:
Difinition 1.1. Let F(X), F*(X) € Z[X], then F ~z F* if there exists
a € Z such that F*(X) = F(a + X).

It is clear that equivalent polynomials have the same discriminant.

One of the main results obtained by Gyory is the following theorem:

Theorem 1.2 (Gyory). Let D > 1 be a fized number and consider a monic
polynomial F(X) € Z[X] such that 0 < |D(F)| < D. Then there ezist
ezplicitly computable constants ¢, (D) and c;(D), depending only on D, such
that degree(F) < ¢, and F ~gz F* with H(F*) < ¢y, where H(F*) is the
mazimal absolute value of all the coefficients of F*.

An interesting corollary of this theorem is the fact that up to translation
by a rational integer, a number field K of degree n contains only finitely many
elements a for which {1,a,a?,... ;@™ '} is an integral basis of K over Q.
(For these and related results of Gyory see [7]-[13].) Gyory used Minkowski’s
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inequality to bound the degree of the polynomials by an expression involving
the discriminant. Over function fields one cannot hope to bound the degree
of the polynomials by the height of the discriminant, since discriminant can
be a constant. Therefore, we can expect that the degree of the polynomial
will appear in the height bound for F*.

Results of Gyory depended on the following lemma and its p-adic gener-
alization:

Lemma 1.3. Let K be a number field of degree nx over Q and of discrimi-
nant Dy over Q. Let B, B2, B3 be algebraic integers such that Y B; = 0, while
Bi # 0, and Nko(B;) < G, where G is a positive constant. Then there exists
a unit of K, which will be called €, such that H(eB;) < C(G,ngk, Dg), where
H (ef3;) denotes the height of eB; (the mazimum absolute value of any coeffi-
cient of the monic irreducible polynomial of ef3; over Z) and C(G,ng, Dk)
is an ezxplicitly computable function depending only on the listed arguments.

The proof of this lemma depends on Baker’s method (see [2]) and its p-
adic analog (see van der Poorten [15]). Gyory in [13) and Gaal in [6] have
obtained some analogs of Theorem 1.2 for function fields of characteristic 0.
They used an analog of the Lemma 1.3 established by Gyory in [13] and
Mason in [14] for function field case. To prove our results in the case of
the function fields of positive characteristic we shall use Mason’s inequality
in the case of arbitrary characteristic. As we will see later, in general the
results which have been obtained for characteristic 0 will not be true for the
case of positive characteristic. In characteristic 0 one could show that every
root of a given polynomial was equivalent to an element of a bounded height,
because it was possible to bound the height of a root difference by a constant
depending on discriminant and the degree of the polynomial. In the case of
positive characteristic, we will not be able, in general, to bound the height
of the difference of a root pair of a polynomial under consideration using the
height of its discriminant and its degree. Nevertheless, we will be able to
describe effectively all the possible values of this difference.

§2. Some General Function Field Facts and Definitions.

We will start with defining the objects over which the discussion is carried
out. All the fields discussed in the paper will be assumed to be of charac-
teristic p > 0.

Definition 2.1. Let R be a field of rational functions over a constant field
Cr and let K be a finite extension of R. Then K is called a field of algebraic
functions. The subfield of K containing all the elements of K which are
algebraic over Cf is called the field of constants of K and will be denoted
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Lemma 2.2. Let K be an algebraic function field over a perfect constant
field C. (A perfect field of positive characteristic p is a field containing all
the pth roots of all its elements, so that every finite extension of a perfect
field is separable.) Then there exists an element t of K such that K/Ck(t)
is separable. (See FEichler [4, Lemma on p. 143].)

The following sequence of lemmas and definitions 2.3-2.6 establishes the
necessary framework and states Mason’s fundamental inequality which is the
main technical device used in this paper.

Definition 2.3. Let K be an algebraic function field, 2 divisor of K of
degree 0, then define the K-height of A(H (A)) to be

Hy () = Z max(0, ord, A) degree, (q).

all q

(Hg (%) is the degree of zero or pole divisor of 2 in K.)
If « € K then Hg(a) will be equal to the height of the divisor of

. ordy a
a: [y, porer®.

Lemma 2.4. Let K be an algebraic function field, and let o, 8 € K be of
height less or equal to H, and H, respectively. Then the heights of o % B,
a- B,a/B are bounded by H, + H,, and

Vm € Z, Hg(a™) = mHk(c).

Proof. Let p be any valuation of K, then
ord, (e £ ) > min(ord, , ord, §).
Hence,

Z min(ord, (o + 3),0) - degree(p) > Z min(ord, o, ord, §,0) - degree(p)

all p all p
> Z min(ord, a,0) - degree(p)
all p
+ Z min(ord, §,0) - degree(p)
all p

> —H, — H,.
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On the other hand,
E min(ord, (c3),0) - degree(p) = z min(ord, a + ord, 3, 0) - degree(p)

all p all p
> Z min(ord, o, 0) - degree(p)
all p
+ Z min(ord, 3, 0) - degree(p)
all p
> _ H, — H,.

The assertion concerning the H(a/3) follows from the fact that the prod-
uct formula and the definition of height insure that H(a) = H(a™).

Next note that for any prime p of K, ord, o™ = m-ord, « and the assertion
concerning the height of a power follows. O

Lemma 2.5 (Fundumental inequality). Let M be an algebraic function
field of positive characteristic over an algebraically closed field of constants,
let V be a fine set of its valuations, let v1,7v:,v3 € M\{0}, and assume
M+ 72+ =0, with ord,y; =0 for all p ¢ V. (Another way to state the
preceding condition is to say that +;’s are V -units.) Then either

(2.5.1) Hﬁ($)5rw+a%2-z
2

where gg; is the genus of the field or for some = € M, 1 /v, = zP. (See
Mason [14, p. 97].)

Corollary 2.6. Let M be an algebraic function field over an algebraically
closed field of constants of positive characteristic p > 0, let V' be a finite set
of its valuations, let v1,72,73 € M\{0} and assume v, + 72 +y3 = 0, with
ord,y; =0 for all q € V. Finally suppose y,/v, = =", where z is not a pth
power in K. Then

Hy(z) <|V|+2g95 — 2.

Proof. By assumption we have y; = y,z?". Then

Y3="Y>2— N = 72(—1 - -’B)pr-

Therefore, For all p ¢ V, ord, z = ord,(—1 — z) = ord, 1 = 0. Thus, if we
apply the preceding lemma to (z + 1) — z — 1 we will conclude, since by
assumption z is not a pth power in K, that Hy(z) < |V|+2g5 —2. 0

Lemma 2.7. Let M = R(y) be an algebraic function field, where R = Cg(t)
is a rational function field, M and R have the same constant field, y is
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separable over R and integral over Cglt]. Assume V, a finite set of degree one
primes of M, contains all the primes of M extending the infinite valuation
of Cr[t], and all primes which are zeros or poles of the discriminant of y.
Assume additionally that all the primes of R with factors in V are also
of degree 1, and V contains all their factors in M. Moreover assume the
following:

1. There is an algorithm to solve any system of linear equations over Cgr
or determine that it has no solutions.

2. All the primes of V are presented by producing the coefficients of
the p-adic expansions of t and y with respect to some local uniformizing
parameters.

Let A be a zero degree divisor of M such that all the primes which are
zeros or poles of A are contained in V. Then we can effectively determine
whether M contains an element a whose divisor is A. If such an a ezxists,
it can be effectively computed and it is unique up to a constant factor.

(The proof is essentially the same as the proof of the Lemma 1 on page
11 of Mason [14].)

The next two lemmas consider the effects of the finite extensions on the
degree of the divisors.

Lemma 2.8.

1. If M/K is a finite separable extension of degree k of algebraic function
fields and k¢ is the degree of the constant field extension, then a divisor 2 of
K of degree d, will have degree (k/kc) - d as a divisor of M. (See Theorem
4 on page 275 and Theorem 9 on page 279 of Artin [1].)

2. If K/K 1is any separable constant field extension of K, then a divisor
of K will have the same degree as a divisor of K. (See Theorem 14 p. 282
and Theorem 17 on page 283 of Artin [1].)

Lemma 2.9. Let M/K be a finite separable extension of algebraic function
fields over constant fields Cy and Cx respectively. Let p be a prime of K,B
a prime of M above p. Then degree,,(B) < [M : K| - degreey(p).

Proof.
e(B/p) degree, () < degreey, (p) = [M : K]/[Cys : Ck] - degreeg(p),
by the previous lemma. Therefore,

degree,, (B) < [M : K] - degreeg(p).
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Lemma 2.10. Let K be an algebraic function field over a perfect field of
constants C, let C' be the algebraic closure of C, and let z € K. Then z is
a pth power in CK if and only if x is a pth power in K.

Proof. Assume the opposite. Then CK would contain an element inseparable
over K which would contradict the assumption that every constant extension
of K is separable. O

The following lemma considers the effects of field extensions on the genus.

Lemma 2.11.

1. Let M be an algebraic function field, and let M be any constant exten-
sion of K. Then g < gum. (See Artin Theorem 6 p. 276 and Theorem 21
p. 290 [1].)

2. Let M be an algebraic function field and assume M = R(y), where
R = C(t) is a rational function field over a constant field C which is also
the constant field of M, and y is separable over R. Assume t and y satisfy
a polynomial equation G(t,y) = 0 of degree n over C. Then the genus gy of
M satisfies the following inequality:

1
gm < 5(“ —1)(n—2).

(See Artin [1, Theorem 12, p. 311].)

The next two definitions are function field versions of the polynomial
height and polynomial equivalence.

Definition 2.12. Let K be an algebraic function field, let Wi =
{q,... ,quy } be a set of prime of K and let Ok w, be the set of W-integers
of K, i.e., the set of all the elements of K having no poles outside Wg. Next
let F, F* € Ok w,[X] be such that F*(X) = F(X + a) for some a € Ok w,-
Then F and F* will be called Ok w, -equivalent and this relation will be
denoted by

F =g w, F.

Definition 2.13. Let K be an algebraic function field, let F(X) =
3°%8(") g, X be a polynomial over K. Then define Hg (F) - the K-height of

F to be:
Hg(F) = m?x{HK(ai)}.

The next lemma will establish a connection between the height of the
polynomial and the height of its roots.
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Lemma 2.14. Let K be an algebraic function field, let F(X) = ap + ... +
ar_1X* 1 + X* be of K-height less or equal to B, a positive constant. Then
if M is the splitting field of F, the the M-height of any root is less than
(2BE!)2.

Proof. First of all we note the following. By Lemma 2.9, Hy(F) < k!Hg (F)
and for any prime p of M|ord, a;| < Bk!. Finally, we note that the total
number of distinct primes in the pole divisor or zero divisor of any a; is also
bounded by Bk!. Next let a be a root of F(X) and assume that for some
pole p of a, | ord, a| > 2BEk!. Then since,

o = —(ap+ ... +ar_1a*?),
and forz=1,... ,k—1,
|(: — 1) ord, | + | ord, a;_;| < |ord, a; - &'| < |(i + 1) ord, @] — | ord, ai41),
we must conclude that

k-ord, o = ogrfg/?—1(ord” a;a’) = (k — 1) ord, a + ord, ax_;.

This is impossible, however, and hence |ord,co| < 2Bk!, so that
Hy(a) < (2Bk!)?. O

The last proposition in this section deals with the relationship of pth
powers of bounded height.

Lemma 2.15. Let K be a function field of positive characteristic p over
perfect field of constants and let z,y,z € K. Assume z, 2z are not pth powers,
y s either a constant or is not a pth power, and for some l,i,5 € N the
following equality holds:

(2.15.1) z? =y P

while for some positive constant B, Hx(z) < B,Hk(y) < B,Hk(z) < B.
Then |j — 1| < log,2B.

Proof. First assume y is a constant and j > [. Then, using the fact that
constant field is perfect, let w” = y” and conclude that z = p(wz)” " ,
where p is a p'th root of unity of K. Since the constant field is perfect,
p= 7"~ for some constant 7 € K , and thus z is a pth power. Thus we
have a contradiction with our assumption on z and conclude that [ > j. By
symmetry, [ < 7, and hence, [ = j.
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Next assume y is not a constant and 7 > j and I > j. Then

zpj — (xp'y_p‘) — (zpl—min(l,i) (y_l)p"—min(l,i))

min(l,i)

14

Thus,

X inL.i) pmin(l,i)-j
!—min(l,i) i—min(l,3
— P -1\P
z2=T (:c (¥™) ) ,

where 7 is a p’ith root of unity of K. Since the field of constants is perfect,

=g

for some constant p and consequently

P i —min(l,i)\ P
z= (pa:p'_m...(z,.) (y"l)p min(l, ))

However, min(l,7) > j and, hence, z is a pth power which contradicts our
assumptions. Therefore, by symmetry, we can conclude that out of (4, j,1)
at least two indices are equal. If [ = j, we are done. Suppose not. By
symmetric considerations, without loss of generality, assume i = j. Then
(2.15.1) becomes z*' = (yz)” and I > j. On the other hand, z# ° = nyz,
where 7 is a p'th root of unity, and therefore p'~i Hi(z) < 2B. Since the
height is always a natural number, |! — j| < log,2B. a

min(l,i)—j

min(l,i)—j

§3. Main Theorem.

Theorem 3.1. Let K be an algebraic function field over a perfect field of
constants. Let F(X) € K[X] be a monic polynomial of degree k with a
non-zero discriminant D = D(F). Let a;...,04 be the roots of F, let
Wk = {qi,--- ,qwx } be the set of poles of coefficients of F(X), let M be
any field containing the splitting field of F. Let d = max;<;<,(degreex(q;)),
and without loss of generality let m = [M : K| > k. Then either

A(F) = Iglgf(HM(ai —o;) < T(Hkg(D(F)),9m, wk,d, m),

where T' is an explicitly computable function of the listed arguments or for

every pair i # j
(ai — ;)" = YE” D(F),

where Y;; is a non-constant unit of the integral closure of Ok w, in M, and

HM(y) < S(HK(D(F))7gM’ma wK,d)’
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where S is an explicitly computable function of the listed arguments.
Proof. We will consider the case of k = 2 first. Let
F(X)=X?+aX +b,

and let a;,a, be the roots of the polynomial. Then the discriminant is
(o1 — a3)?* and the theorem holds for kK = 2. From now on we will assume
k > 3. Let ay,... ,a be all the roots of F, and let Sk = {p1,...,Psx} be
the set of valuations of K which are not in Wy and are zeros of D(F). Let
Cu be the constant field of M, let Cy be its algebraic closure, and finally
let M = Cy M. _ ~

Let Sy = {%B,...,B,,} and S; = {B,,... ,SBSJ} be all the prime

ideals Iying above the primes of Sk in M and M respectively and let Wy, =
{Q1,...Quy } and Wi; = {Qy ... ,Q,-} be all the primes lying above the
M

primes of Wx in M and M respectively. Then

(3.1.2) s < [M:K] sx <m-Hg(D(F)).

Moreover, by Lemma 2.9, degree,,(2;) < [M : K]-d < md, and
degree,,(B;) < Hy(D(F)) < mHg(D(F)).

On the othe hand, by Lemma 2.8, degree;; £; = degree,, 2; and hence

9 will split in M into at most md valuations of degree 1. Similarly, B; will
split into at most mH g (D(F')) valuations of degree 1. Thus,

(3.1.3) wi < mPwgd,
(3.1.4) st < (mHx(D(F)))*.

By the definition of the discriminant of a polynomial, in M, D(F) has the
following factorization.

(3.1.5) DF)= ][] (aj-ai)
1<i<j<k
Let 1 <7 <i<j<kand define 2%, ~ = (a, —;)/(ar — ).

Next consider (o, — ;) + (o — ;) + (@; — @) = 0. Then by Corollary 2.6,
we have the following.

(3.1.6) (ar — ) = (o — )y
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where either z,;; is a constant (in which case z,;; is selected so that #(r, 1, , j)
= 0) or it is a non-constant Sy U W), - unit which is not a pth power in M,
and in either case

Hy(zrij) Swig + 553 + 295 — 2

(3.17) < mbwyed + (mHy (D(F)))* + 295 2 =T,

where the second inequality follows from Lemma 2.11.

If we let z,; = 1 and let ¢(1,7,7) = 0, then (3.1.7) will hold for 1 < r <
i < j < k. Next note that in view of Lemmas 2.8 and 2.10, (3.1.6) is true
over M and in (3.1.7), Hy; can be replaced by Hj,. Further note that

t(12 )
( —ag)/(on — ;) = 3712] ’ )

and for 2<i<j <k,
(1 — ) /(a1 — ;) = ((an — @) /(o1 — ;) /({1 — @) /(e — @),

so that
:(12 i) :(1,;,1) pt(1,2.1')

Tio; xlij = T35 >

and, by Lemma 2.15, either z;5; or x5, is a constant or
lt(lv 2, 7’) - t(l’ 27.7)' < ].ng 2T;.

Let t;» = min{#(1,2,4)}, where min is taken over all 2 < 7 < k such that z;,;
is not a constant. Then for all 2 < 7 < k such that z5; is not a constant

t12 S t(]., 2,1) S t12 + lng 2T1
Furthermore, for 2 < i < j < k consider

(0 — o) = = (g — @) + (1 — @)

t(l 2,i) pt(l »2,3)

+ (0 — )3’12]

pt(L2d)—t1a pH(L2i)=t12 p'12
=(0; — ap) (3"121 - T1y; )

(3.1.8) =(oy — a2)(y12ij)p 12,

- (011 - 012)3?12@

pt(1:2:9)~t12 —pt(1,2,i) 212
where we define y,5;; = ($121 — Ty ), and note that

z(1 2,i)—t19 t(l 2,j)—t12
Hy(y12i) < Hy (1‘121 ) + Hy (5’;12] )
(3.1.9) < 2(2T))T; = 4T2.



POLYNOMIALS WITH A GIVEN DISCRIMINANT 543

Since the constant field is perfect the above computation goes through even
if one or both of z,5; and z,,; are constants. Next, note that

_pt(1,2,4)

(o1 — ;) =(a1 — a2) 7155
_p(t(L20)=t12)) P12
:(Otl — az) ((1:12]; . )
:(01 - az)(yulj)ptm,
where define yj21; = :El_z’;(l'z'j)_tm, and conclude that Hpr(yia1;) < 477
Therefore, Hp(y12:5) < 4T¢ for 1 <i < j < k. Finally, let
(3.1.10) Vo= [I @hy)

1<i<j<k

Then
Hy(Yi2) < k(k —1)(4T7) < m(m — 1)4T7,

and thus in M,
(3.1.11) D(F) = (on — a)*+=DYE™.

We now have two cases:

Case 1. Y7, is not a unit of Ous,w,, or it is a constant.

Case 2. Y7, is a non-constant unit of Opsw,,-

We need to consider only the first case. If Yj, is not a unit, then it is
divisible by at least one prime B ¢ W), and so

(3.1.12) p"? < Hu(D(F)) < mHg (D(F)),
and consequently,
Hu(Y5") < m(m — 1) (4T} )ymHx (D(F)) = To.

In this case, Hy () — az) < (mHg(D(F)) +T3) = T5.
Similarly, if Y; is a constant then Hjs(a; —az) = (k(k—1)) " Hp (D(F)).
Obviously, the same argument can be carried out for any other pair of
distinct roots of F' to obtain

(3.1.13) D(F) = (a; — ;)&= Vyz™
and
(3.1.14) Hy(Yy) < m(m — 1)4T;.
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Corollary 3.2. Let a;...,a;,Y;; be as in the theorem, let M be the
field obtained from M by adjoining all the (k — 1)k roots of each Y;;, let
Sz, Wer be primes in M above the primes of Sy and Wy, respectively, and
let 6, = Zle(a,- — ;). Then 0; = §YP"* | where 6¥:=1) = D(F), and Y;
s a sum of k Wy3; U S37-units of the height bounded by a constant explicitly
computed below.

Proof. In M we have the following equality.

t12

(321) (al - az) = 5191172 )

where 6*¢-1 = D(F), and (9%, )** =D = Y2™. On the other hand, from
(3.1.8) we have (a; — ;) = (ymj)p‘m (a; — @3), and hence

(ai - aj) = (5'!9?;12 (y12ij)pt12 = é(ﬁij)ptlz )

where
1
Hyz(955) < mHﬁ(Ym) + Hyz(y12i5)
< Hy (Yi2) + k(k — 1) Hp (y1245)
<dm(m — 14T} + 4T} = Ty.
Next for i =1... ,k, let V; = Y5_ 9;;. Then §; = sy, ]

In the following corollaries let M = R(y) be a degree n Galois extention
of a rational function field R over a finite field of constants. Assume the
minimal polynomial of y over R is given explisitly, so that, using part 2
of Lemma 2.11 we can get an upper bound on gp,. Let K be such that
R C K C M, and let the term “can be described effectively” have the
following meaning when applied to the set of all possible values which be
taken by an element of 8 € M. There exists a finite set 1" of primes of M, a
finite explicitly given extension M of M with T being the set of primes of M
lying over primes of T', such that 8 = §(3°._, wi)”t, where §, w;, are elements
of M and are T-units whose M-height is bounded by a constant explicitly
computable from the number and degree of primes in T, and n.

(If the constant field of M is finite, then d and w; can take finitely many
values only and all their possible values can be computed effectively. If the
constant field of M is infinite, then w; and ¢ can take finitely many values
up to multiplication by a constant. If constant field of M and the primes of
T satisfy the conditions of Lemma 2.7, then these finitely many values can
be computed effectively.)
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Corollary 3.3. Let D be a zero degree divisor of K, and let Wy, be a finite
set of valuations of M such that for each prime of Wy all of its conjugates
over K are contained in Wy,. (In this case Wy, contains all the factors of
some finite set of primes of K which we will call Wk, and Op,w,, is the
integral closure of Ok w, in M.) Let Sy be the set of all the primes of M
which are zeros of D but not in Wyy. Finally, assume the height of D is given
explicitly. Then if @« € Op,w,, 15 such that a satisfies a monic polynomial
F(X) over Ok w, splitting in M, having discriminant D and degree k not
divisible by the characteristic of the field, then o = 0+ A, where A € Ok, w,
and all the possible values of Ox can be described effectively.

Proof. Let a = ay, ... ,a; be all the roots of F, as before let 6, = Y;_, (ov; —
a;). Then, by the previous corollary, 6; can be described effectively. Next
observe that o; = k710, — k™1 2?:1 Q;j.

One can rephrase the preceding corollary in terms of the polynomials of
K splitting in M to obtain the following result. O

Corollary 3.4. Let Wy be a finite set of primes of K and let F(X) €
Ok wi [X] be a splitting in M polynomial with a non-zero discriminant D
and degree k not divisible by the characteristic of the field. Let Wy be
the primes of M above the primes of Wy, let Sy be all the primes of M
dividing D but not in Wy, and assume the height of D is given explicitly.
Then F(X) is O w, -equivalent to a polynomial whose coefficients can be
described effectively.

Finally, we can apply Corollary 3.3 in the situation where we are looking
for an integral power basis.

Corollary 3.5. Under the assumptions of Corollary 3.3, if M has a power
basis (1,... ,a™') over R which is an integral basis for Oy (the ring of
integral functions of M) over C[t], then a = 0 + A, where A is a polynomial
in t, and 0 can be described effectively.

Proof. Since all the elements of C[t] are allowed only the infinite valuation
as their pole, if for some @ € Oy, {1,a,... ,a" '} is an integral basis of
Oy over C[t], then the divisor of the M/R discriminant of o must be of the
form P *Dpyr where a € N and Dy g is the discriminant of the extension
(see Chevalley [3]). The product formula will determine a specific value of
a, and, hence, the discriminant of « will be given explicitly. Therefore, the
result will follow from the Corollary 3.3. O

The next sequence of corollaries will consider the case when the degree of
the polynomial is not prime to the characteristic.
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Corollary 3.6. Suppose all the assumptions of the Corollary 3.3 are true
but kK = 0 mod p. Next let ;. = Z;?:O(a,- —oy)" and let w; = Z;?:l of. Then
the following statements are true.

1. For a fized r all the 6;. can be described effectively.

2. w; € K.

3. Let z € N\{0} be such that for any i =1,... ,z — 1 either w; = 0 or

z .
; =0 mod p, then for every j =1,... ,k,0;, = w, and consequently w,
can be described effectively.

Proof. The first assertion is proved in the same fashion as the corresponding
assertion concerning 0; = 0,;. Statement 2 is obvious. To prove 3 consider

O

We will first consider a special case, where a stronger conclusion can be
obtained.

Corollary 3.7. Under the same assumptions as in the preceding corollary,
let
F(X)=a+aX+...+a_1 X"+ X*,

where a; € Ok w, and let
i* =max{i #0 mod p, i < k,a; #0}.

Assume, i* % 1 mod p. Then for every i = 1,... ,k, there exist a,b €
Ok,wy,Bi € Omw,, such that all the possible values of a and [B; can be
described effectively and ac; + b = ;.

Proof. By Lemma, 4.1 of the appendix (see Section 4 of the paper), and since
k=0 mod p, 1* exists, and

k—4=r*=min{r 0 mod p, w, #0} ¥ —1 mod p.

Therefore, z* = r* +1 20 mod p. Moreover, every z < z* satisfies part 3
of the Corollary 3.6, so that Vz =1,...,2* — 1, all the values of w, can be
described effectively.

In particular, this is true of w,.. Next consider,

z*

. z* .
z —u %
0,, = E (0 —oy)* = E (u>wuaf Y= W0+ Wy

J u=0
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By Corollary 3.6, we are done. O

We consider a general case of a polynomial whose degree is divisible by
the characteristic next.

Corollary 3.8. Under assumptions of Corollary 3.6, let a o« € Op,w,, be
a root of F(X) € Og,w,[X], and assume F splits in M. Then there ezists
r € N such that p” < k, there ezist cg,... ,cry1 € Ok,wy, and there exists
B € Omw,, such that c;, for i < r, and B can be described effectively and
such that .

Zcia”‘ + ¢y = B

=0

Proof. Define a set of natural numbers Z in the following manner:

Z = {w € M\{0}3 i < w such that (’z") w; # 0} :

First of all, Z is non-empty. Indeed, let r = min{i|w; # 0}. By Lemma 4.1
of the appendix, we know that r < k — 1 (otherwise F is inseparable). Then

let w = rp+ 1 and observe Wy—1 = (rp+ 1wy, = (rp+1) (w,)? # 0.

w—1
Next we note that if z ¢ Z then by part 3 of Corollary 3.6, all the possible
values of w, can be described effectively.

Finally, denote by z* the minimal element of Z, and let z < 2* be such that

<Z) w, # 0. (Such z exists by definition of Z.) Let 25‘;’3” =l d;p* be the p-

adic representation of z, and let j be the smallest index such that d; # p—1.

log, z*

Then if we let w = (3,—¢~ d;p‘) + p’, in the p-adic representation of w all
the p-adic digits will be greater or equal to digits of z, so that (Q:) # 0 by
Lemma, 4.3 of the appendix. Hence, w > z*, and 2* —2z < p’. On the other
hand, let ¥ f;p* be the p-adic representation of z*. Then, since (i) w, #0,

we must have f; =d; =p—1,..., f;_1 =d;—1 = p— 1. Therefore for such
az,z—2">p’. Hence 2* — 2z = p’.

*

Next consider 0;,. = 57 z w,o? ~*. By the argument above,
z £

2=0

(zz)wzaf“z £0=3j,2" —z=7p'.
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Therefore,
[log, 27] e ‘
i = i War— jaf?
andp’ <p(k—1)+1=p ' <k—-1=p' < k/p=j <log,k. O

At this point we note that the obtained results even for the case of the
polynomial degree prime to the characteristic of the field are weaker than the
corresponding results for the case of characteristic 0. The relative weakness
of the main theorem is due to the second case of the theorem. Unfortunately,
as the next lemma will show, this case of the theorem does occur.

Lemma 3.9. Let K,M be as in the main theorem. Then there exists a
constant A > 0 such that for every B > 0 there exists a polynomial F with
Hyg(D(F)) < A and a pair of roots a; and oy such that Hpy(oy — o) > B.

Proof. Consider the following equation over K : F(X) = X3 +aX +1=0,
where a is a nonconstant element of K. Let 4, d,, 3 be the roots of F' and
observe that N s,k (d;) = —1, and Trks,)/x(6;) = 0. Next let Wy be the
set of poles of a in K, let W), be the set of poles of a in M, let D = D(4;)'/?
be a square root of the discriminant of §; with respect to K, so that D? € K
and let

o, = (61 — 62)prD, Qg = ((53 it (51)pr.D, Q3 = ((52 —_ 63)prD.
Then o; € Op,w,,, and

(1 — az)(01 — as)(az — as)
= [(6; — 05 — 03 + 01) (61 — 82 — 62 + 03) (83 — &, — 85 + &3)]7 D®
= (~276,6,05)" D* = 27D%.

On the other hand,
(391) HM(al —(12) _>_p’HM(61 —‘62) —HM(D)
Moreover, « is of degree 3 over K. Indeed,

apt+ay+a3=0€ K

aesas = (D(6))7 D(E)* = D"+ € K.
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a0 + g + 003
= [(81 — 02) (85 — &1) + (5 — 61) (82 — 83) + (81 — 62) (82 — 5)]”" D?
= (8,03 — 0903 — 07 + 8102 + 0305 — 6,0, — 62 + 6,63
+ 8,85 — 6% — 6,83 + 6,05)P" D?
= (=062 + 0,6, + 030, — 62 + 6,03 — 02)7 D?
= (a — (8 + 03 + 03)* + 2a)* D* = 3a?" D.

Hence, o + 3a” D?q; + DP"'*! = 0, and D(w;) = 272 DS.

We still have to show that §; —d, is not a constant. Then (3.9.1) will assure
that H)y(o; — ;) can be made arbitrarily large relative to Dg(a,)/x(04), 9m»
degrees of valuations in Wy and |Wk|. First of all, §; is not a constant since
otherwise a is a constant. Next suppose, d, = §; + ¢, where c is a constant.
Then

(0 +c)’+a(d+c)+1=0.
8% +363c+ 36, + +ad, +ac+1=0.
362 +361c+c*+a=0.

On the other hand, a = — (62 + 1)/4;, so that
362 +302c+ 6, — (83 +1) = 0.

Hence, if ¢ is a constant then so is d;.
We should also note here, that this example shows that the analog of
Theorem 1.2 does not hold for the case of positive characteristic. Indeed, let

G.(X) = X3 +3a” D*X + D*"

where a and D are as above. By the above computation, we know that for
all 7, D(G,) = 27*D%. Let Wx contain all the poles of a and D. Then
for any value of r, all the roots of G,(X) are integral over Ok w, . Next
suppose, G.(X) =k w, G:(X), where Hx(G}) is bounded by a constant
depending on D,wg (and possibly some other parameters associated with
M or K) only. Let ay,, s, @3, and Bi,, Bar, O3 be the roots of G, and G}
respectively. Then «;, = ;. + A, where A € Ok w, and in M the height of
Bir is again, by Lemma 2.14, bounded by a constant depending on D and wg
only. However, o, — o, = B;; — B, will under these assumptions still have
the height bounded by the above described constant. The last statement
can be easily made false by the choice of sufficiently large r. O

Our next lemma provides some insight into the reasons for still weaker
results for an arbitrary polynomial in the case of £ =2 0 mod p.
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Lemma 3.10. Let K, M be as in the main theorem again. Then for every
map
F{Hk(z),z € K} — N,

there ezists a polynomial
F(X) = X" +bX +c,

such that

Va € K, Hx(F(X — a)) > F(max(Hpy(a; — a;))),
where @y, ... ,a, are the roots of F, and M is the splitting field of F(X).
Proof. Let a;,. .. ,ap be all the roofs of F(X). Then for i # j

(0 — ;)" +b(e; — ;) = 0.
(e — ;)P 1 = —b.

Therefore, (a; — ;) is independent of value of c. Next suppose, there exists
a € K such that

Hy(F(X - a)) < F(max(Hp(a; — o5))) — C(b),
where C(b) is a constant depending on b only. Then
Hy(F(X —a)) = Hg(X* +bX —a? —ab+¢c) < C(b),
and consequently, )
Hy(a? —ab+c) < C(b).

Let a?” — ab + ¢ = 2, where z has a height bounded by C(b). Let p be such
that
0>ordyb>—p" +1,

and such that
ordyc < —p"

and ord, c is not a multiple of p. Then we would like to consider the five
cases which can occur:

1. ord, a®” > ord, ab = ord, a + ord, b > —p" > ord, c; (ord, a > 0)
2. 0 = ord, a*” > ord, ab = ordya +ord, b = ord, b > ord, ¢; (ord, a = 0)
3. ord, ab = ord, a + ord, b > ord, a*” > ord, ¢; (ord, a < 0)
4. ord, ab = ord, a + ord, b > ord, ¢ > ord, a*’; (ordy a < 0)
5. ord, ¢ > ord, ab = ord, a + ord, b > ord, a?’ (ordy a < 0).
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In the first three cases,
|ord, 2| = | min(ord, a”", ord, ab, ord, c)| = | ord, c|.
In the last two cases,
|ord, z| = | min(ord, a®", ord, ab, ord, c)| = |ord, a*" | > | ord, c|.

Therefore, in either case, assuming p is a pole of ¢ whose degree is greater
than p” and is not a multiple of p,

C(b) > Hk(z) > |ord, z| > |ord, |.

However, by Approximation Theorem (see, for example, Fried-Jarden
[5, p. 21]), c can clearly be selected with a pole at p, whose degree is greater
than max(C(b),p") and is not a multiple of p. O

A consequence of the lemma is the fact that even if we have a bound
on the height of the root differences, we still could not conclude that the
roots were equivalent to an element of bounded height, since these elements
would produce a polynomial of a bounded height. Finally, we would like
to make the following observation. If we suppose that the infinite valua-
tion corresponding to the pole of ¢ has only one factor in M, then assuming
[M : R] is not a multiple of p, the theorem will guarantee that up to polyno-
mial translation we have only finitely many integral power basis. Of course,
in this situation one does not need the theorem to reach this conclusion.
Since all the functions in the integral closure of the polynomial ring are as-
sumed to have the same valuation as their pole, there can be no cancellations
in the product of root differences comprising the discriminant, so we auto-
matically get a height bound on the root differences. On the other hand,
the last lemma implies, that if the degree is divisible by the characteristic,
even under these very special circumstances we do not get a height bound
on roots and cannot conclude that we have finitely many (up to translation)
integral power basis.

84. Appendix.

This appendix contains several technical results used in the proof of the main
theorem and its corollaries.

Lemma 4.1. Let M be a field of characteristic p > 0,a4,... ,a, € M. For
m=1,...,k define

k

—_— m
“’m—zaw

=1
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and let ax_m = Y; 5. >i, @, - - Qi,, where (i1,... ,i,) range over all sub-

sets of size m of {1,... ,k}. Let k = 0 mod p, let a, = 1 and assume
wm = 0 for every m = 1,...,r, where r < k, and m 2 0 mod p. Then
Qp_p = 0.

Conversely, if k =2 0 mod p and ar_; = 0 for every i = 1,... ,r, where

r<kandk—i%0 modp, thenw, =0,... ,w, =0.

Proof. For 0 < m < k — 1 define W, ; =1,

Wm,i = Z [0 7PN 4 73

i1>..>im
a1

Then we have the following equalities:
k

(411) mag_, = z ain_l’,’;
i=1

for every k>4 >0

(41.2) Wmi = Qg—m — ain_l,i.

)

Therefore

k k

W1 Qg = (E ai) A = Zai(Wm,i + o, Wi1)
i=1 i=1
k

=(m+1)ar-m-1 + Z 0 (Ak—(m—1) — G W_2;)

i=1

= (m + 1)ak—(m—l) + W2k —(m-1)
k
- Z af (ak—(m—2) — ;W_3:) =
=1

It is easy to see by induction that

m+1
(413) (m + 1)ak_(m_1) = Z (—1)’+1w,-ak_(m+1_i).
=1
Therefore, if w; = ... =w, =0, mag_,, =0 form =1,... ,r. This, in turn

implies aj_,, = 0 for (m,p) = 1, and the first assertion of the lemma is true.
On the other hand, we can rewrite (4.1.3) in the form:

r—1

(4.1.4) TOg_p = Z(—l)i+1wiak—(r—i) + (_1)r+1w“

1=1
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and proceed by induction. The second statement of the lemma is true
for w;. Next assume it holds for r — 1. Then by induction hypothesis,
Z:;ll(——l)i“wiak_(,_i) = 0 and by assumption, either a;_, =0ork—r =0
mod p, that is r 2 0 mod p. In any case the left hand side is 0 and we are
done. O

Lemma 4.2. Let m € N, assume m = ZE:?,” ™ a;pt is the p-adic represen-
tation of m with respect to some prime p, and let m; = Zﬁ;& a;p'. Then

[m/p’] = (m —m;)/p’.

Proof. Enough to show m; < p?. Indeed, m; < ¥i20 (p—1)p* = (p—l)%

oo

P -1<pl.
Lemma 4.3. Let m > t be natural numbers and let
[log, m] [log, t]
m= Y ap, t= ) bp
i=0 i=0

be their p-adic representation with respect to some prime p. Then (T) =
mod p if and only if there exists i > 0 such that b; > a;.

Proof. First assume the existence of ¢ as described above and let iy be the
smallest such i. Then, since for all 0 < i < 49 —14a; > b;, for all j =
0,...,%,(m —t); = m; —t;. On the other hand,

(M — i1 = Miy — tig + (P + @i, — biy)p™.
We also note that, since in general [z] + [y] < [z + y], for all ¢,
(4.3.1) [t/p'] + [(m - £)/p'] < [m/p'].

Furthemore,

0<i<ig

[m/p**!] = (m — myyq1) /p* = (m - Z aipi) [p*t!

[t/ ] = (¢ = tipa) /0™ = (t - E bipi) /Pi°+1

0<i<io
[(m —t)/p**'] = (m —t — (m — t);p31) [p°

= ((m -t) - Z (a; — b)p' — (p+ ai, — bio)pio) pio+t.

0<i<ip
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Therefore, [t/p]+[(m—t)/p**+!] = [m/p**1]—-1, and consequently, taking
into account (4.3.1), we conclude that

ord, (’?) ond, () = Sl = Xlelo') = Sm — )/

€N €N 1€EN

= 3 /- Y bl- Y (m-0)/p]+1>0.

i#io+1 i#io+1 i#io+1

Conversely, assume for every i, a; > b;. Then m —t = Y (a; — b;)p*, and
for every i, m; = t; + (m — t);. Therefore, for every i

[m/p'] = (m—m;)/p* = (t—t;)/p*+((m—t)—(m—1);) /P’ = [t/p]+][(m~1)/p’],

and hence,

ordy (1) = orty gmiy) = Sl - St/ Xm0 =

(1]
2
(3]
[4]

(5]
(6]

7
(8]
&

(10]

(11]

€N €N i€EN
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