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On the mean value of general Cochrane sum
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Abstract:

In this paper, the general Cochrane sum is defined. The main purpose is to study

the mean square value problem of general Cochrane sum by using the estimates for trigonometric
sums and the properties of general Kloosterman sum, and finally give a sharp asymptotic formula.
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1. Introduction. For a positive integer ¢ and
an arbitrary integer h, the Cochrane sum is defined as

-2 (EN(E)
a=1 q q ,
where Y ' denotes the summation over all a such

that (a,q) =1,

((z)) = x— [z] — %, if £ is not an integer;
0, if = is an integer.

C(h,q)

and a is the integer satisfying aa = 1 (mod q). Wen-
peng Zhang and Yuan Yi [4] gave the following upper
bound estimation:

C(h, 9)] < Vad(g)n* g,

) 4Inp
~1aa? JrO(p p<lnln]0))7

where d(q) is the divisor function and exp(y) = V.

In this paper, we define the general Cochrane
sum as follows:

Suppose that p is a prime satisfying p=1
(mod 4), h is an integer such that (h,p) =1 and x;
is Legendre’s symbol for p. The general Cochrane
sum C(h, x1,p) is defined by

= T o((9)((2)

We will consider the mean square value of
C(h, x1,p)- In fact, we have the following

Theorem. Let p be a prime satisfying p=1
(mod 4). Then

(1)
> C*(h,x1,p)

h<p—1

and
p—1

> C*(hp)

h=1

o' 11 (4 Y <00,
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Cochrane sum; Legendre’s symbol; Kloosterman sum; Gauss sum.

where A is the set of quadratic residues of p, p; is
prime which is not equal to p.

For a general even Dirichlet character x modulo
p, whether there exists an asymptotic formula for

> C2(h,x,p) is still an open problem.
h<p—1
The following symbols will be used in the proof
of Theorem:
d(n) is the divisor function; e(x) = €*; r(n) =
Z‘: x1(d);
dln
Let x be the Dirichlet character modulo gq.

Then G(m,x) = Y. x(n)e(mn/q) denotes the
n<q
(n,q)=1

Gauss sum and 7(x) =

S ()

a<q
(a,0)=1

[z] is the largest integer not exceeding z, {z} =
z — [a], () = min({z},1 - {z});

e always denotes a sufficiently small positive
constant which may be different at different places.

2. Some lemmas. To complete the proof of
the Theorem, we need several Lemmas.

Lemma 1. Let U be a positive integer, o be a
real number. Then we have

U
S e(ap)

p=1

G(1,x);

is the general Kloosterman sum,;

S(m,n,x;q) =

(2)

Proof. (See Reference [3]). O
Lemma 2. Assuming N > p, we have

1 (
o2

n<N2?

2

(3) C(hﬂxhp) = - {S(Tlh 1 » X1 P )



2 D. REN and Y. YI

where Y ' denotes the summation over all n such
that (n,p) = 1.
Proof. Note that

() = _li sin(2mnx) 7

™ n

: 1, .
— Slnm:?(em_e T?)
n=1

1

So we have

(4)  C(h,x1,p)

1 o sin (27rmd) sin (27rzha>
:—QGSEP:IXKG)T%;I mn
_ = ) (5
A a§1 21

) go:l (nha> _ 6( T;}ha)

From Lemma 1, we can obtain

ma —ma
T e(_)_ S ( ) <,
N<m<t p N<m<t p
so by Abel’s identity we can easily get
S ()6 <
m>N m b b N
SACE) () <
N T p p N

Combing (4) and note that N > p, we have

C(h,th)
1 p—1

= (a)

471'2 mn 1
{@? (WN
x<el— | —e
p p
{ (nha) -n
xiel— ] —e
p
{ <md + nha>
1(a) el ————
m, n<N a<p 1 p
(ma — nha) (nha — md)
—e —e
p p

(7)) olm)
) Z Z
+e(—md—gml>}+0(];\jlnN>

[Vol. 86(A),

1 1
:_F /_{S(nh7m7X1;p)

mn<N mn

— S(—=nh,m,x1;p) — S(nh, —m, x1;p)

2
+ S —msp)} + 0B )

1, 1
LI ST S0
27T2 m,n<N mn (1;)—1
{ <ma + nha) <ma — nha) }
e —e
p p
2
+ O(pﬁln N>
1, 1
=—— — x1(ma)
27T2 m,n<N mn (1,;71
{ ({d + mnha) (d — mnha) }
xe|—mm | —e| ——8—
p p
2
+ O(?Vln N>
3 m){S(mnh, L p)
=—— —x1(m mn :
27'['2 e mn X1 y 4y, X15 P

2
— S(—=mnh,1,x1;p)} + O(];VIHN>

) DD

<N1 mln

2
— S(=nh,1,x1;p)} + 0(%1111\7)

H{S(nh,1,x15p)

1
= - /7"(") {S(nhv]-aXlap)
2m2 .n
n<N?2

2
— S(=nh,1,x1;p)} + O(%IDN)

This proves Lemma 2. O
Lemma 3. For any Dirichlet character x
modulo p, we have

[S(m, n, x: )| < (m,n, p)pt*,
where (m,n,p) denotes the greatest common divisor
of m, n and p.
Proof. (See References [1] and [2]). O
3. Proof of the theorem. In this section we
will complete the proof of the Theorem. Making use
of Lemma 2 and Lemma 3, we have



No. 1] On the mean value of general Cochrane sum

(5)]3_1 _ Z Z n) Z X1(a)e(g>

S e
h=1 b ma + nb
e () ()

=y B b1 P/ 55 p

Amtig e ™ r(m)r(n)

x {S(mh, 1,x13p) = S(=mh, 1, x1;p)} ROV D

r(n) m<N2 n<N? a<p—1 b<p-1 mn
~ Z/T{S(nha 1, Xl;p) _ S(—nh, 1, Xl;p)} ma=—nb (mod p)

2

:L{ Z plgmh,Lxh —PZ Z Z Z

+:E;Z+ . N) < 12 N) x Xl(ab)e<a25> - (7;\;$>272(ﬂ)

44 . m<N? n<N? a<p—1 b<p—1

i mn<N? mn h=1 a=-b (mod p)

r(m)r(n) o

x S(nh,1,x1;p) — (AR ma + nb

( X1 p) m%;NQ mn X X1 (mab)e<; > + O(p1n4 N)
r(m)r(n)
'r' m)rin
X Y S(mh, 1,x13p)S(=nh, 1, x13 p) e 3" S X (mn)
h=1 m<N2n<N? mn

_ Z ZS —mh, 1,x1;p) x 3 Xl(a2)e<w)+0(pln4N)

2
m,n<N’ oot p

x S(nh,1,x1;:0) + Y r(mr(n)

r m) (n)
m,n<N? mn _pz Z Xl mn

p—1 m<N2n<N?
x Y S(=mh,1,x1;p)S(—nh, Lxl;p)}
h=1

x 3 z(a2)6<m; ”a> +O(pln* N)

7 p a<p—1
+O< In? N) +O< In? N) _pz Z Tmm) (m)r (n)G(m—n,E2)

1 )
(M, — My — M; + My) NN

T 4t
" +O(pIn* )
p
+ O In® N +O( In? N)
< ) =3 S xlmn) - m)r(n)G(m )
where we have used the estimation @ < In?z. m<N? n<N?
n<x 4
n +O(pln® N).
We need to estimate M; (i =1,2,3,4) respec- (pIn™N)
tively.
When pt(m—n), G(m—n,x0) = 7(xo0) =
(6) wu(p) = —1, so we have
=~ 0 rlm)r(n)
=y )
e 7 ) m)r(n)G
X S(mh,l,xl; )S(nh 1,x1;p) (7) n;\m;\r?)a mn) (m —n,xo)
mha + a p ¥ (m—n)
=30 S e (M
h<p—1m<N? a<p—1 p

<<p<z @) < pln* N.

m<N?

(3 5 Xl(b)e<nhb+b>

I = b When p|(m —n), G(m —n,xo) =p — 1, we get
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(8) »p Z Z Xi(mn) 7" m)r(n) G(m —mn, xo)

m<N2 n<N?
pl(m—n)
rim))rin
—pp-1) 3 S alma) L)
m<N?2 n<N? mn
m=n (mod p)
r(n)\’
= plp — 1)2’(—)
n<N2 n
T m)rin
e fuuu
m<N? n<N?
m=n (mod p)
m#n
r(n)\’
=p(p - 1)2’(—)
n<N?2 n
kp +n)d
+ 0| p?
22 Gorom
=p(p—1) i ) O(p*N~*") + O(pN*)
n=1 n2
=, 1%(n) ¢
= ( _1)2 n2 +O(pN)7

n=1

where we have used the estimation Y d*(n) <

n<w
zln® z, d(n) < n and the Abel’s identity.
Combining (6), (7) and (8), we obtain

e, () ;
plp—1)) 3 (pN°).

n=1

(9) M, =
By the same method, we can get

10 Mi=pr-> 04 o,

n=1

For M,, we have

(1)

p-l r(m)r(n

= 8 3 o
h=1 m,n<N?

x S(mh,l,xl; )5(—nh,1,><1;p)

_ Z Z Z (a)e(mha+d>
h<p—1 m<N? a<p—1 p
,7(n) b (—nhb + 5)
X Z;\ﬂ bgp; xi(b)e 7})

[Vol. 86(A),

o (3)

-y iy s

m<N? n<N?2 a<p—1
b ma — nb
X Z Xl(b)e(—) Z e(ih)
b<p—1 p h<p—1 b
_ PN r(m)r(n)
=r>. "> o

m<N2 n<N? a<p—1b<p—1
ma=nb (mod p)

" m(ab)e(a;g) - (Z’ @)2#(@

m<N?

=p Yy 3
m<N2 n<N? a<p—1 b<p—1 mn
a=b (mod p)

a+ nb
x x1(mmab)e <ma;—n> + O(pIn* N)

_pz lemn )(n)

m<N?2 n<N?

« 3 Xl(cﬁ)e(@) +O(pIn* N)

a<p—1

r m)r(n
= 3 3 i M)
m<N2 n<N?
- m-+n
X Z Xl(aQ)e(
a<p—1 p
=p)_ > Xilmn)
m<N2 n<N?
+ O(pIn* N)

p Y S )

m<N? n<N?

a) + O(pIn* N)

) (n) ————=G(m +n, EQ)

) (n) ) G 4, o)

+ O(pIn* N).

When pJ (m+n),
u(p) = —1, so we get

G(m+n,x0) = 7(x0) =

Z Z X1(mn) ! m)n(n) G(m +n,xo)

m<N2n<N?
pX (m+n)

2

d

<<p< E _(m)) <<pln4N.
m<N? m

When p|(m + n), G(m + n, xo) =p — 1, we have
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Z Z X1(mn) r m)r(n) ————=G(m+mn,x0)

m<N? n<N?
pl(m+n)

T m)r\n

— -1 S xi(mn) ) ( )
m<N? n<N?
m=—n (mod p)

<rp-1) i 7%@ !

) > >

1<m<N? (14+2)<hk< \T

m(kp —m)

< pN*,
where we have used the estimate
pi d(m)d(p — m)
4= m(p—m)
From (11), (12) and (13), we can get
M, < pN°©.
Similarly, we have
M; < pN*.

Let N = p?, from (5), (9), (10), (14
we can obtain

< p—1+e.

(14)

(15)
) and (15),

(16)

Z CQ(haXh 2 4p

h<p—1 =1

Noting that 7(n) is a multlphcatlve function, we
()
can express the convergent series E —5 - as
n

n=1

22 n+ 1)
X H<1+_2+...+%+... .

i Py
Combining (16) and (17), we finally get
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d(m)d(kp — m)

1—0—5).

Z 02(h7X1ap>
h<p—1
1 1 1
=—npp-1) <1+—+~--+—n+-">
274 pgzl D3 Dy
1
(e )
PEA pl
+ O(p1+e)
1 p2 p1 p1 + 1
=D [] H
Qﬂ- pz%A p2 p1€.A
1 1
(1+ + - +W+~~> +O0(p'™)
pl V41
@) -1 p+ 1) H Hp1p1+1
- 4
2m p po%A p2 p1€.A
+ O(p1+e)
) -1+ 1) P +1¢(4) 1 (p%+1>2
271 ) P’ 2) i \pi -1
+ O(p1+e)

sior' (523 +ow

This completes the proof of the Theorem. O
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