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By a lattice-ordered group, or briefly a lattice-group, we mean a
(not necessarily abelian) group which is at the same time a lattice such
that the order relation is preserved under left and right multiplica-
tion; a <b implies ac <bc and ca <cb; we have ac <X be=(a X b)c,
ca X cb=c(a X b) too.

Abelian lattice-groups®, particularly so-called vector lattices®, have
been studied by many authors. The present short note® is to give
some simple remarks concerning mainly with non-abelian lattice-groups.
We shall begin with elementary observations about homomorphisms.
We shall then show that Lorenzen’s main theorem for abelian lattice-
groups can be transfered to the non-abelian case with minor modifica-
tions. However, this does not give, contrary to Clifford’s abelian case,
a representation of the lattice-group by linearly ordered ones: it gives
merely a representation of the lattice-group by linearly ordered systems
of cosets with respect to its subgroups. It follows readily that every
lattice-group is, considered as a lattice, distributive. This fact, how-
ever, can easily be seen also by modifying somewhat the well-known
proofs to the distributivity of abelian lattice-groups®. The structure
of lattice-groups satisfying the conditional (=weak) maximum condition
is very simple and rather trivial; they are necessarily abelian®®, We
shall also observe that a recent result by Yosida-Fukamiya” concerning

1) R. Dedekind, Uber Zerlegung von Zahlen durch ihre grossten gemeinschaft-
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(1940) ; K. Yosida, On vector lattice with a unit, Proc. 17 (1941).
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me during the preparation of the present note.

4) For abelian case see Dedekind, 1. c., Freudenthal, l. ¢. and Birkhoff, 1. c.
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mentary divisor theory in non-commutative domains, Bull. Amer. Math. Soc. 44 (1938).
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vector-lattices with Archimedean units may be obtained also by means
of Lorenzen-Clifford’s theorem.

S§1. Let G be a lattice-group. A subgroup H of G shall be called
an m-subgroup, if hy, hpe H and by N he < < by by imply xe H.  For
an m-subgroup H we define the join Ha v Hb of two right cosets Ha,
Hb mod. H to be the coset Hlauwb) of awb; this does not depend
on the choice of the representatives, because if ki, hze H then (hy M hy)
(aUb)Shauhd<(lyh)(@ab), hNh=(awhd)(awb)?<
hy U hy whence (la v hbd)(a wb)te H Similarly we put Ha ~ Hb=
H(a ~b). Then the totality (G/H), of right cosets mod. H becomes
a lattice, and a— Ha is a lattice-homomorphism of G onto (G/H),.
It is evident that conversely if a — Ha is a lattice-homomorphism then
H is an m-subgroup. If in particular H is an invariant m-subgroup
then the factor group G/H is, under the compositions U, M defind
above, a lattice-group, and a — Ha is a lattice-group-homomorphism of
G onto G/HP®; and, conversely every lattice-group-homomorphism of G
is given rise by a suitable invariant m-subgroup.

In order that the lattice (G/H), be linearly ordered, it is necessary
and sufficient that « <1, b1, a¢ H, b¢ H imply a\wbé¢H; 1 be-
ing the unit element of G. The necessity is evident. But, if (G/H),
is not linearly ordered, there exist a, and b, such that H(a;w b)) > Ha,,
Hb, and then for a=aya; v b)Y, b=by(a; v b)) we have a, b1, a,
b¢H but awb=1eH.

§2. An element o of G is called integral, when a <1. We de-
note the totality of integral elements by g. ag=ga for every aeG.
By an s-ideal® we mean a subset a of G bounded from above such
that gag(=ga=ag) < (whence =) a; this last condition is the M-closed-
ness in the lattice-theory. An s-ideal a is called a t-ideal when a,
bea implies a U bea; it is a lattice-ideal of G. An (s- or ¢-) ideal a
is called integral when a £ ¢g. An integral ideal p is said to be prime
if a;, ax¢p implies maz¢p; it is evident that then a; N azé¢p too. If
p is a prime ideal and a e g—p then ap=pa, because apaa < p whence
apa!Sp and similarly apa2p. A maximal (integral) ¢-ideal p is
always prime; for, if a;, azeg—p then p; U a;=1 for suitable p;ep
(2=1,2) and 1=(pD v M0z \U a1 0) U a10, Whence a;az¢ .

Let p be a prime s-ideal, and denote the totality of the elements
of the form ac® (aeg, ceg—p) by gy; observe that ac'=c™'a’ where
o/ =cac™leg. @y is a semi-group, since aicilaycrl=a;(citascr) (coe) ™t and
here ai(cilasc) €g, c:coeg—p when a;, ageg, ¢, azeg—p. Furthermore,
it is a lattice-ideal of G. For, d=c;Ncéd too and acit U agesl=

(al(fld) w ag(cy 1d))ol"l. Thus the totality gi™ of the inverses of the

elements in g, is a semi-group which is, at the same time, a dual
lattice-ideal of G. Hence the intersection Hy,=g, mg§™?, that is, the
set of units of gy, is an m-subgroup of G. g, is the M-closure of H,,
as one readily sees.

Now, if p is a prime (not only s- but) t-ideal, then the lattice

1) For abelian case cf. G. Birkhoff’s book, 1. c¢. §136.
2) See Lorenzen, 1. c.
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(G/H,), of right cosets mod. H, is linearly ordered; this is equivalent
to saying that for every x in G at least one of x and x™* lies in g,.
To see this, observe that a non-unit f of g, (that is, an element f of
gy, whose inverse f! is not in g,) is of a form f=pc? (pep, ceg—y),

and that the join piei!w pecil= (pl(cf ) U poler 1ol)) d?l (d=cinep) of

two non-units pici? and p,e;! is again a non-unit of gy, since deg—y.
The assertion follows thus immediately from a remark at the end of $1.

Now, let £¢g. Then (1uUx)?t<<1. There exists a maximal ¢-
ideal p which contains (1 \wx)™; p is prime. Then x¢g,, since other-
wise 1Uzeg;.

From these considerations we have®

Theorem 1. Let G be an arbitrary lattice-group. The semi-group
g of its integral elements is the intersection g=m g, of all the quotient-
semi-group g, of g with respect to maximal ¢-ideals p. g, has the pro-
perty that x¢g, implies x7leg.

Theorem 1'. a—> (...... Y - 1% A ) is a faithful lattice-homomorphic
mapping of G into the direct produet ----- XEp X eerens of the linearly
ordered lattices €,=(G/H,), of cosets. The homomorphic mapping is
preserved under right-hand side multiplication by group elements.

§3. From Theorem 1’ follows immediately

Theorem 2. Every group-lattice is, considered as a lattice, dis-
tributive.

This fact can, however, easily be seen also by modifying a little
the well-known proofs to the distributivity of abelian lattice-groups.
For instance, it is sufficient to show that relative complementation is
unique in G®. Let, therefore, awx=aUy, a ~"x=ay in G. Then
lua=1lualy, 1naz=1Na'y. On multiplying the equalities
side by side, we get a =1 a™2)1Nnax)=QAuwaly)Qlualy)=
o 'y. Hence z=y, and the distributivity of G is shown®.

S§4. Assume in this section that our lattice-group G satisfies the
conditional maximum condition : every ascending chain bounded from
above is finite. (Then the conditional minimum condition is fulfilled too).
Every (s- or t-) ideal a has a maximal element, and it is a unique
maximal element if a is a t-ideal. Thus every t-ideal is principal,
a=ag=ga. Let in particular p=pg=gp be a prime t-ideal. Evidently
pp=pp. But, for every x in G there is an n such that 1 >=xp™"XLp
and xp™ is, as was observed before, commutative with p. Hence
ap=px too, and the m-subgroup H, is invariant.

The linearly ordered group €,=G/H, satisfies the conditional
maximum condition, and therefore, it is an (infinite) eyeclic group
generated by its largest integral element. It is now easy to obtain

Theorem 8. A lattice-group satisfying the conditional maximum
condition is isomorphie, as a lattice-group, with a restricted direct pro-

1) Cf. Lorenzen, 1. c., Satz 11 and Clifford, 1. c., Theorem 2.

2) Cf. Birkhoff, 1. c., §137.

3) Similarly, Freudenthal’s proof can easily be modified so as to apply to the
non-abelian case. The same is the case also for H. Nakano’s proof (Zenkoku-Sizyo-
Sugaku-Danwakwai 228 (1941), in Japanese).
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duct of a (finite or infinite) number of linearly ordered groups iso-
morphic to the (additive) group of rational integers. In particular, it
is abelian.

§5. Consider now a (not necessarily abelian) linearly ordered
lattice-group € with an Archimedean unit I'; for every xe@ there ex-
ists an n so that I"<a<TI™ After Yosida-Fukamiya, let us call an
element x nilpotent if I<af<<I! for all 1=1,2,....... The totality
N of nilpotent elements is an m-subgroup of €, because if x <y then
2% < (xy)! <y*. On the other hand, any m-subgroup of € not coin-
ciding with € consists only of nilpotent elements. Thus N is the uni-
que maximal m-subgroup of €.

Now, let G be an abelian lattice-group with an Archimedean unit
I, Then, for each maximal t-ideal p, the coset Hyl of I mod. H, is an
Archimedean unit of the linearly ordered group G/H,. It is further evi-
dent that in order that an element « of G be nilpotent (that is, I<<a!<<I!
for 1=1, 2, ......) it is necessary and sufficient that Hyx is nilpotent in
€,=G/H, for every p. Therefore, if x is not nilpotent, then for a
suitable maximal ¢-ideal p Hyx¢ Ny, where N, denotes the unique
maximal m-subgroup of €,, and thus the lattice-group-homomorphism
G—C,—Cy/N, of G onto the simple lattice-group €,/N, does not map
2 onto the unit class. It is obvious that conversely if there is a
lattice-group-homorphism of G onto a simple lattice-group not mapping
an element x to the unit class, then « is not nilpotent ; observe that
a simple abelian lattice-group is linearly ordered. Thus the totality
of nilpotent elements in G coincides with the intersection of all the
kernels of (lattice-group-)homomorphic mappings of G onto simple
lattice-groups.

The same remains true when G has the linearly ordered group of
real number as an operator group, that is, when G is a vector-lattice,
and so Yosida-Fukamiya’s theorem is proved®?,

1) Yosida-Fukamiya, 1. c., Theorem 1.

2) K. Yosida has pointed out that in case of an abelian lattice-group G its em-
bedding into a direct product of linearly ordered groups may be obtained also from
the following argument: Let G be additively written, and let # be a non-zero ele-
ment in G. If G is not linearly ordered, then there exists a non-trivial m-subgroup
(an ideal in Yosida’s terminology) M not containing «. To see this, suppose a b,
a®b. Denote by M, the m-subgroup consisting of all the elements « such that
|| <n((d—a)—0) for some n, where |z |=(r\w 0)—(x~0). Similarly, let M, be the
set of x such that || <n((@—b)0) for some n. Then at least one of M, and M,
does not contain 2 and may be employed as our M.



