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48. On a Regular Function, whose Real Part is
Positive in a Unit Circle.

By Masatsugu TSUJIL,

Mathematical Institute, Tokyo University.
(Comnm. by S. KAKEYA, M.I.A., May, 1945.)

1. Carathéodory’s theory® of positive harmonic functions in a unit circle
atracted interests of many mathematicians® and several proofs were given and
the results were completed and now the main results stand in the following
theorems. In this peper, 1 will give a simple proof, where the proof of Theorem
1(1) is suggested by Szasz’s paper” and the proof of Theorem 1(II) is the same
as Schur’s proof® essentially, but in a modified form.

oo

Teeorem 1. Let f(z)=—;"—+ a2 (ay=1real) be regular in |z|<1.
=1

Then (1)(Carathéodory®-Toeplitz).> R f(2)=0 in|z| <1, when and only

when the Hermitian forms II,.(x):Xa,,_vxvi:'u(a_v;E,)a’ are non-negative for
o

n=0, 1, 2,.... If all H,(x) are non-negative and Hy(z),..., H,_.(2) are

positive definite and H,(x) 8 pusitive semi-definite, then f(z) s of the form:

13
K=Y 2o TEE (1,50, || =1 ewefis), (1)

where k 18 the vank of the infinite Hermitian matriz H:

V=1

Aoy Qgy Agyeee
H= al, ao, a.,... .

Ea, E], Ay .-

1) (L Schur).” 1If we put

1) C. Carathéodory: Uber die Variabilitatsbereich der Fourierschen Konstanten von
positiven harmonischen Funktionen. Rendiconti del circolo mat. Palermo. 32 (1911).

2) O, Toeplitz: Uber die Fouriersche Entwicklung positiver Funktionen. Rendiconti
del circolo mat. Palermo. 32 (1911). E. Fischer: Uber das Carathéodorysche Problem.
Rendiconti del circolo mat. Palermo. 32 (1911). I. Schur: Uber potenzreihen, die in
Tnnern des Einheitskreises beschriinkt sind. Crelle. 147 (1917). O. Szasz: Uber harmoni-
schen Funktionen und L Formen. Math. Zeits. 1 (1918). G. Szegd Uber Funktionen mit
positiver Realteil, Math, Ann. 99 (1928). F. Riesz: Uber ein Problem des Herm Cara-
théodory. Crelle 146 (1916).

3) In this paper, @ means the conjugate complex of a.
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Qo, Oy, A1y eeey Uy
al, Qoy Gty eeey Qpy

8n=8(ao, a,,..., a,,,): ) ( 2 )

an, a’ﬂ—l, an—‘.’, ooy Qo

then Rf(2)=0 in|z| <1, when and only when (i) 8,>0 for all.n or (i)
8>0, 8,>0,..., 8_,>0, 8 =58;,1=... =0 for some k. This case occurs only
when f(z) is of the form (1.

Theorem 2. (Carathéodory).® Let ao, 1y...,a, (@o=real) be n+1 com-

plex numbers, such that H,.(:c)=2a,&_«,a:,,'zi:,,L 18 non-negative. Then there
0

exists a regular function f(2) in |z| <1, such that § f(2)=0 in |z| <1 and
fCZ)=—g—°—+a1z+ cee 02" (mod. 2.

If H, (%) is positive semi-definite, then such f(z) is unique and s of the form
), where k=n.
For the proof, we use the followong theorems.

Theorem A. (Fejer).”> Let (@p)=2 + Z‘(/h o v + p, 8in v ) =0 in

V-1

[0, 2]. Then v(p) can be expressed in the form:
(@)= | Yo+ 7:16%+ ... +7.6™° |2

»

Theorem B. (I Schur).? Let A= ) ay,2,3, be a Hermitian form, such
1

that
o' <A<a for |z |*+| 2P+ + |7, |P=1

and B =Ebwi“v5'u be a non-negative Hermitian form,
1

Y =Min. (b, bxyeeey bun), b=Maz. (biy, Doz, «eebpn)s
Then

n
V< Ea v T, <ab
1

for |+ |z 4. +|2z. =1

4) C. Carathéodory. l.c. (1). I. Schur: Uber einen Satz von C. Carathéodory.
Berliner Ber. 1912. G. Frobenius: Ableitung eines Satzes von Carath&odory aus einer
Formel von Kronecker. Berliner Ber. 1912.

5) L. Féjér: Uber trigonometrische Polynome. Crelle 146 (1916).

6) I. Schur: Bemerkungen zur Theorie der beschrinkten Bilinearformen mit
unendlich vielen Veranderlichen. Crelle 140 (1911). O. Szasz. l.c. (2).
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2.  Proof of Theorem 1(1).

(i) Let Rf(2)=0 in|z| <1, then by Herglotz’s theorem, f(z) can be
expressed by

K= +Z‘a,.z———~j S,  (3)

¥ —2z

n=1

where x (@) is a non-decreasing function of @, so that
a,.=—1—jé“”dx(¢)(n=0, 1,2,...) (4)
™
0

Hence

kg

H(z)= Xau_,,xﬁ;,,, =%r j‘ ;rxo +z6®+ oo 2™ dx=0.  (5)

o
(n=0,1,2,...)
(ii) Next we will prove that $f(2)=0 in | z| <1, if all H,(2) are non-
negative. Since for | z|<p<1,

f= 4 Your= L Bron Lt ap, ()

n=1

we have
aq,p”=—37—f‘j§f(pe”)e"wd¢(n=0, 1, 2,...), 7))
so that
HP(2)= Z‘a,_yp'“““ 2%, =
0
—}r—ﬁtf(pe‘?) [ %o+ 216 + ..o + 2,6 ['dps (8)
Let 0

1, V. 1+z —|2f
9D =g+ Jr= gt wen o= T2 >0

Hence by (8),

B= Ep"'“"‘ BT, =—1—I~3ig(p6“’) | %o+ 216% + ooo + 2,6 fdep=0. (9 )
0 ™ 1)

We put for | zo P+ [P +... + | 2. =1,
gn=Min. H,(2), G,=Max. H,(z),
g =Min, H{(), G =Max. HF(z). (10)
Since P20 2P, G ZEP S SCP, ot

lim g =g, hm GP =GP, (11)

2-pdo
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We apply Theorem B on A=H,(z)= Eaﬂ_va;vw,,, B= Xp’ #=Vig,d,, then since

H,(2)=0 and b,=bn=...=b,,=1, we have 0=¢.= g’P)<G\p)<G”’ so that
Oég(l’)égf‘l’)éGg’)éc(p). (12)

Let pe berany point on |z| =p, then |Rf(pe®)—Rf(pe)|<e for

|@—@| <8 We define a positive continuous function g(p) in [0, 27] by the

following conditions: (i) I’"g(q,)d.p:zw, (ii) g(gp)=const.=M(>0) in
0

|@ — @0 <8 and is a linear function in [gy — & — &, @ — &] and
[@o+8, po+8+8], such that g(@e—8—8) =7, g(@e—8)=M, g(p,+8)
=M, g(py+8+8)=n (>0) and g(p)=const.=% in the remaining part
of [0, 2], where we take M so large and &', # so small, that

Joo)ip<e, o that f " p)dgp=2m—0(e), (13)

where J is the complementary set of | @ —g@o | =8 in [0, 27].

Now we approximate g(@) by a trigonometrical polynomial (@) of
order n, such that | g(@)—71(p)| <e(<9) in [0, 27], then 7(@)>0 in
[0; 27]. Hence by Theorem A, (@) =! %+ 21"+ ... + 2, [ with suitable
Do, X1yeesy T Then

21 | o P4 |2 [ b oe | 2 [) = f " p)p= f "9 @)d + 0fe)=2m+0(e.),

80 that I &y ;2+ I ) I2+ vee ] Xn 12=1+0(€|).
From (8), (12), (13),
0=¢%. Claf +|mf 4.t DS =L Ry

= Bk dp 0= [8iCpeng(ordp

?o—G
?0+8_

+2 [ReCpegpdip+0(e) =R, [553ap-+0Ce)

%0—=6

+0(1) [ 9 +0Cer)=2RApe*) +0(e) +0Cer).

Making e-> 0, ¢~>0 we have
09 <2%f(pe). (14)
Hence %f(2)=0 in|z| <1, q.e.d.

(iii) Suppose that all H,(x) are non-negative and H, (), H,(x),...,
H,_,(%) are positive definite and H,(x) is positive semi-definite. Then there
exists 2, Z1,eee, @ (|@f+ |2[+...4+ |2[ =1), such that H(')=0
Since by (i) $f(2)=0 in |z| < 1, we have by (5),
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270
| 5+ 1™ + ... + 26 [dx =0. (15)

0

If x(@) is increasing at @ = ¢, and %y +21e™ + ... + 2, +0, then
|+ 2ie® + ... +216%°| =75 >0 for l¢—¢0[§8,sothatf |2 + 2zie® + ... +
0

2***dg >0, which contradicts to (15). Hence if x(¢) is increasing at ¢ =gy,
then 2+ 216 +... +26™°=0. Since 25+22+...+2Z7=0 has at most &
roots on |z| =1, x(¢g) is increasing at @i, ..., @;(j =< %) and is constant outside
@y, 80 that by (5),

j
H,(z)= Z"r,, | 2o+ 21"+ ... + 2,6 [* (r«v —Ix() >O),
V=1 w

(n=0,1, 2,...).
If j=<Fk—1, then a system of linear equations:
T+ 26 + .o + 36PN =0 (v=1, 2,..., j)
has a solution %y’ @1’,..., %y , such that |z’ P+ | 2" F+...+ | 2%_1f=1. Then
H,_,(«")=0, which contradicts the hypothesis. Hence j=Fk, so that by (3),
k
f=YTo . Thes (o —gm), (16
=2 l—ew

hence

Qy ='r1€,|. + ece + ’)‘,ﬁ}: )
k

H(z)=)r |zt +... + 2.6 an
V=1
(n=0,1, 2,...)
From (17), we see easily that k is the rank of H.
Conversely, if f(2) is of the form (1), then H,(z),..., Hy_i(z) are positive
definite and H,(2) is positive semi-definite.
3. A Lemma to the proof of Theorem 1 (11).

Let f(z):%+ Z‘ @,2* be regular for z| <1 and suppose that ao>0, we

Nn=l

define fi(2) by the following relations:

—_ 1'—f(Z) — 2 _ 2-—a0
¢(2)—m—ao+alz+agz‘+..., ap= S Ta , (| <1),
piD=-5 - f’f—;;(% (lel =1),

fi(z)= 1—g(2) _ (gotea)+(ai+ea:)z+... +(@n+etn )"+ ...
T+pi(2) (ao—ea))+(ar1—eaz)z+ ... + (@Gn—€an )" + ...
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=% tezted+..., co:zm, (18)
2 Q) —€ay
where we determine e( |e| =1), such that @y—ea;=+=0 and ¢, is real. That
this is always possible is seen as follows. If @;=0, then we take e=1 and if

. a sy .
a,+0, we take as € one of solutions of € =—"_, such that @o—ea;+0, which is
ay

possible, since if @o—ea;=0, a,+ea;=0, then we would have @, =0, a,=0,

. . . . a
which contradicts to @y>0. ¢, is real since €=-—-. Then we have
ay
'+igy
Lemma.  8(Ceo, Ciyeeey €)= ————=8(0, Giyerey Qysrde
| @p—ea; |

Proof. Let for any matrix A, we denote its p-th section by 4,, which is
a matrix formed with elements of A lying in the first v rows and first v columns
and put | 4, | =det. 4y, Let

@y + €1y @1+ €0z, a2+ €0y ay+ea, O, 0,
0, ao+€a1, ay +€a2,~-. _ a; +E(72, ao+EE,, 0, PR
A= A=) - - , - —
O, 0, a +€a2,-o. ’ a2+€a3, a, +Gag, ao+€aj,. .

secscccencer eepecrecscee

be infinite matrices and B, B, C, C' be infinite matrices similarly formed with

Co .
Ao —€0s, By —€Qs,...and 5 ¢y, C3,... respectively.

Let
Coy Cty C2yees Coy Ciy C3y  eeey Cy
Ciy Coy Cryeee Ciy  Coy  Ciy  eeey Gy
H=C+C=| &, &, Copeee |, Hyu=|%, T, o <oryerz].

Ev; E\4--1) Ev-z; ecey Co

Then | H,.,| =8(c, ¢i-..¢,). From (18), we have %-:C, A=CB, AB™'=0C",

so that H=AB~'+(B’)~"' A, hence BH B=B' A+ A4 B.
Now
2( @y —a1ar), 2(aa; —@1a2), 2(aa: —@1as),...
2( @81 @201 ), 200 —Goatz), 2(@ot; —T203), ...

nr AR —
BA+AB= 2 @@ — 3@, ), 2( @@ —Bs@z), 2(Ao@o —Tst3),e .+

. (19)

......... eessssccse

7) I. Schur. l.c. (2)
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Then
| (E’A+Z’B)y+1i = |(§' HB)yy | =| B || Hyy1|| By
= |ao—ea [*** | Hy1 | = | @o—eai | ™** 8Ccoy Cryeee- €).  (20)
We apply Sylvester’s theorem on the upper left corner element a, of
8{@oy @iyere, Gyy1), then we have (B’ A+ A'B)y.1] =2 a3d(@o, @,--+@yi1), s0 that
2+ay
| @o—ea |

4. Proof of Theorem 1 (1IL).

d(co, Ciyersy €)= (a0, Figeery Bygr)e

2v+2

n

If Rf(2)=0in |z| <1, then by Theorem 1(I), all H,.(:z:):Z‘ @,_»2, %, are
)

non-negative, so that (1) 8,>0 for all » or (ii) §>0, & >0,..., &-,>0,
& =8 41=...=0 for some k. Conversely, if §,>0 for all n, then H,(x) are
positive definite, so that by Theorem 1(1), Rf(2)=0 in |z|<1. Next we will
prove that Rf(2)=0 in |2z| <1 in case (ii).

First we remark that if all §,=0, then all @,,=0. For, from 8,=0, we
have a,=0. Suppose that @&y=a1="...=a;_,=0 be proved, then 8(a,, @s,..., Gz_1)
=8(0, 0,...0, ar-.., G-1)=(—1)*| ax|*=0, a:=0. Hence by induction,
all @,=0, so that f(2)=0, Rf(z)=01in|z| <1.

Suppose by induction that it is proved that f(2)=0in|z| <1, if §,>0,
3>0,..., &.2>0, 8_1=...=0, the case k=1 being proved above, and let
8(ao) >0, 8(ao, @) >0,..., 8(ao, @1ye-ey Gr_1) >0, 8a, asye.., @) =...=0.
f,(z)=%+clz+czz"'+...be the function defined in the lemama, then by the

lemma, we have 8(co) >0, 8(co, ¢1)>0,..., 8(co, C1yeeey Ct—2) >0, 8(Coy Ciyerey Cr-1)
=...=0, so that by induction, Rf,(2)=0 in |z| <1. From this we conclude
casily that Rf(2)=0 in |z| <1. Since Rf(2)=0 in |z]| <1, all H ()

= )@, %%, are non-negative and since 8(ao)>, ..., 8(@, @, ...ax_;)>0,
L]

8(ao, 1yeeetr)=...=0, H(z), ..., H,_i(z) are positive definite and H,(z) is
positive semi-definite, so that f(z) is of the form (1).
5. Proof of Theorem 2.
We consider (@, @1,-.., @) &5 a point in a 2n+2-dimensional space and
consider with Caratheodory a domain §,.:
R.: 8(a0) >0, 8(as, @) >0,..., 8(as, Qiyeeey @) >0,

Then H,.(x)=2a,,_yxy§“ is positive definite. From this we sce easily that
0
&, is a convex domain, Its boundary consists of points:

8(ao)>0, 8(00, a|)>0,..., 8(“0, Ayyeeey .1;‘,_|)>0, 8(@0, Qigeesy a,‘)=... =0
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for some k=mn, since the boundary point corresponds to a positive semi-definite
form H,(z). Suppose that H,(2) is non-negative. Then (ao, ai,..., @,,) lies
in or on the boundary of ., so that there exists in its e-neighbourhood a point
(@, aiye.., a,) which lies in §,, so that 8(as) >0, §i(as, ai)>0,...
8.=8(as, a1yeeey @) >0. Let F(2)=8Cas, ai,...an, z) = Azz+ Bz+ Bz +C,
where A, C are real,

Then A= —8,_,%0. Since by Jacobi’s theorem,

8’», B \ — ;;_;Cz "’AO,

B, 5,

| Bf —AC=87 >0, F(z)=0 is a real circle with a radius r=1"|Bf— AC.

Hence there exists @,.:, such that F(a,,1)=0. Then (ag, @i)e.e, Gni1)

belongs to the boundary of ®.41, so thatla“’ s =0, |ans1|=<|as|. Hence if
a’n+l ) ao

we make a¢—>@q,..., a,—>a,, then the ccrresponding a.,,, are bounded, so that

we can select a convergent sequence from @,.;, such that a,.;>a,.:, then
(@oy @1y- ., Gnst) belongs to the boundary of §,.+1, so that the corresponding Hermi
tian form H,,,,(x) is positive semi-definite. Similarly we can find @uy2, Guys,
«ey such that H,yo(2), H,..:(2),... are pisitive semi-definite, so that [a, | <a,

(v=1,2,...). Hence f(z)= _‘_7'2, Xa,.z —-———+a,z+. . +a,.2"(mod, 2**") is
n=1

regular in |, 2! <1 and by Theorem 1(1), Rf(2)=0in|z| <1.

Next we will prove that if H,(«) is postive semi-definite, such f(z) is uni-
que. Suppose that Hy(x), Hi(2),..., Hi_1(x) are positive definite and H,(z)
(k=n) is positive semi-definite, then by Theorem 1(1), f(z) is of the form (1),
so that @,=mrie] +... +mei(v=0, 1, 2,...). Hence e,..., & are roots of the

equation:
Qoy @1y eeny Gy, aF
E,, Qo, eeey Qp_2y Q1
Fiu(2)=[ ccoveernras
(—ik_l, &k_g, eeey Qoy
1, &, ..,k
71 T2, ceey Tty 0 1, e .0, &f
mery reer! o, mer’, 0 feeeens
=l ivevarnnees . =380, @rye - @_1)2"+ ... =0,

rierF e B L e ¥, 0 | ey e, €7 (21)
0, 0, ety 0, 1] 1,2, ..,2"

so that e,..., & are unique and 7,..., 7 are unique, being the solution of a
system of linear equations: @y =mel+... + 1 (v=0, 1, 2,..., k—1). Hence
f(2) is unique.
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5. The original proof of Theorem 2 depends on the following
Theorem 3 (Carathéodory).”’ Let ai, as,..., a, be any given n complex
aumbers, then a,(v=1, 2,..., n) can be expressed in the form:
@, =18+ e +18l(k S, 1,0, | 5] =1, j=1, 2,..., k) (22)
and such k, r;, e; are unique.
This can be proved simply as follows. Since all the roots of the equation
&8(z, ai,..., a,)=0 are real, let a, be its greatest root, then all characteristic

»

numbers of the Hermitian form H,,(x)——-’zau_vxﬁ“ are non-negative, hence
/]

H,(2) is positive semi-definite, since 8(ao, @1,...4,)=0. Hence by Theorem 2,

there exists a unique

kg

f(z)——f+a,z+ .+ a2 (mod. 2"*")= ’2}‘*::(4 >0, le,| =1, k<n),
&y

V=1
g0 that @, =} +... +1ex. We can prove the uniqueness of %, r;; &; as follows.
Suppose that ¢, be expressed in the form (22). We put a,=u+... 4w, then
Cao, @1,er, @) =0. Let f(z)=2‘-12'v_ LAESZ gen

V=1 1—e2

f(z):%?.+a,z+ eee +@,2°(mod. 2"*") and Rf(2)=0in | z| <1, (23)

go that H,,(a;)=z‘a,,_,,xv§,, is positive semi-definite, since 8(a, @;..., @.)=0.
0

Hence a, is the greatest root of 8(z, aiy..., @,)=0, so that ay is unique,

Since by Theorem 2, such f(z) as (23) is unique, %, 7;, €; are unique.

7. Letf(z):%+2a,.z" be regular in |z| <1, whose real part is not
nal

necessarily positive, We put
m(P)=}!Ili_1:: Rf(2), M(p) =Max. Rf(2) (0<p<1). (24)
Then by (14), 9®=<2m(p). Similarly 2M(p)<G®. On the other hand,
from (8), g=2m(p), so that g*®=2m(p), hence g®=2m(p). Similarly
6®=2M(p). Hence we have the theorem:?®
Theorem 4. 9'*”=2m(p), G®=2M(p).

8) C, Carathéodory: lc. (1). G. Szegd. Lec. (1). L. Schur l.c. (4). Frobenius l.c. (4)
M. Fujiwara: Uber Entwicklungskoeffizienten der rationalen Funktion. Proc. Phy.-Math,
Soc. Japan. 3rd. series." 2 (1920).

9) C. Carathéodory und L. Fejér: Uber den Zusamenhang der Extremen von
harmonischen Funktionen mit ihrer Koeffizienten und iiber den Picard- Landauschen
Satz: Rendiconti del circolo mat. Palermo. 32 (1911)."O. Szaszl. c. (2).



