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1. Caratholory’8 theory) of positive harmonic functions in a trait circle

atracted interests of many nathematiciar and several proofs were given and

he results were completed and now the main resujts stand in the following

theorems. In this peper I will give a simple proof, where the proof of Theorem

1(I is suggested by Szasz’s paper9 and the proof of Theorem l(II) is the same

as Schur’s proo essential]y but in a modified form.

1. Let f(z)-’- a--L q- a,,z (ao::val) be,

Thvn (I)(Cavath$odcnT-Toepligz).0" f(z)>0 in lz <1 whon and only

forms H,,(x) a_vx(a_)" a’o non.nvgatiwtlw’mitian
0

n:0, 1, 2, ff all H,,(x) are non-negative and lo(X),...,
tositive, dvfinitv and H,(x) is positiz, svmi-deflnite, then f(z) is of tho form"

,-.lJ 2 1--ez

vhe’e k is the q’ank of the injdte Hermitian matrix H:

ao a a...
H---- ao a.

1) C. Carath6odory: ber die Variabilitatsboreich dcr Fouriechen Konstanten yon

positiven harmoniachen Funktionen. Rendiconti de1 clrcolo mat. Palermo. 32 (1911).
2) O. Toeplitz Ubor die Fouriersche Entwicklung positiver Funktionen. Rendiconti

de1 circolo mat. Palermo. 32 (1911). E. Fischer: Uber das Carath6odorysche Problem.
Rendiconti de1 circolo mat. Palormo. 32 (1911). I. Schur: Uber potenzreihen, die in

Innern des Einheitskreise beschr//nkt sin& Crolle. 147 (1917). O. Szasz: bor harmoni-
ashen Funktionen und L Formen. Math. Zeits. 1 (1918). G. Szeg Uber Funktionen mit

positiver RealteiL Math. Ann. 99 (1928). F. Riesz" lber sin Pt-obtem des Iierrn Cara-
th6odory. Crello 146 (1916).

3) In this paper, means the conjugate complex of a.
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,,=$(a0, al,..., a,,,)--

ao, al, al, ..., as,

(2)

then J(z)O in z <1, when and only when (i) $,>0 for all.n 09" (ii)
$o>0, 1>0,..., 8_1>0, $--$+1--...--(fo" some k. This case oecu’s only
vhen f(z) is .f the fo’m (1).

Theo’em 2. (Carath$odory).4) Let ao, al,...,a,, (ao=’eal) be n+ 1 com-

plex numbers, such that tt,,(x)--a_x’ is non-negative. ten theq-’e

o

exists a ’egula" function f(z) in z[ <1, such that f(z)__O in z[ < and

f(z)-- a- Talz+... +a,,z" (rood.
2

:?.f H,.(x) is positive semi-definite, then such f(z) is unique a is of the

0), where k n.

For the proof we e followo threms.

The’em A. (Feje’). Let ()--o +(co +p sin in

[0, 2J. Then () can be ex’essed in the f’m"
+

(Z Schuv). Let A=ax be a He’mit’n f’m, suchThe’em B.

that

at<Aa fo" Ix, +1 x._, I" + +

b.q:’ be a non-negative Heq’mitian farm,ad B

b’----Min. (bn, b.,..., b,,,), b--Max.

atbt

4) C. Carath6odory. 1.e. (1). I. Schur" Uber einen Satz yon C. Carath6odory.
Berliner Ber. 1912. G. Frobenius" Abloitung eines Satzea yon Carath(odory aus einor
Formel yon Kronecker. Berlinor Bet. 1912.

5) L. F6j6r: Uber trigonometrischo Polynome. Crello 144 (1916).
6) I. Shur: Bemerkungen zur Theorie der beachr/nkten Bilinearformen mit

unendlich vielen Veranderliohen. Crl!e 140 (1911). O. Szasz. 1.o. (2).
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P.oof o$ Theo.m
Let f(z):::>_O in z I< 1, then by tterglotz’s theorem, f(,.z) can be

expressed by

f(z) a--2- -I- a’z" 27rl i en’
dx (ep) (.. 3 )

where () is a non-decreasing function of m that

Hence

(ii)
negative.

we have

so that

Let

0--0, 1, 2,...)
Next we will prove that f(z):>O in lz <1, if all H.(x) are non-

Since for lz

pd--z

,,f --ff(,)-’’,( o, , ,... ),

C8)

(o)
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Ve apply Theorem B on A--//.(x)-- then since

H,,(x)O and b,=b--...-b --1, we have Og,,g)G)G,,, t.la

,. (1)
t gd’ be, a mint on zl =0, then If(ee")--f(ee"’)l <e for

--o. We define a ifive ntinuom ftmetion g() in [0, 2] b)- he.

following ndigom: (i) _.[.g()d--2’ (ii) g()=comt.=M(O) in

I-o] and is a liner nction in [0--$--$, o--] and

[o+$, o+$+$], such that

=M, g(o++$)= (0) and g()--comt.= in the mmaing pan

of [0, 2J, where we rake M m lae and m small, that

order n, ch thai [g()--w()[ <e,(<y)in [0, 2J, then ()>0 in

[0) 2]. Nence by Threm A, v()= +xd + +x,,g’ 1 with suittble

x... x,,. Then

u(l i+ I, +. +1 ,, I’) ;()a a()a + o(,)=u+o(,),

tha Io i + I, I’ +.-. + i,, I-+0(,).
From (8), (12), (13),

0--6

0-6

exis Xo, x,, ; ( i’ + x;[+’"+ x, =1), ch that H,(x’)=0
Since by (ii3 (z)0 in [z I< 1, we have by (5),
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r -t- x e -I- -i- x’a" dx --0. (15)
o

If X(q) is increasing at q q0 and x/d* + -t- x’ea: 0, then

o

xa.a’l’dep>O, which contradicts to (15}. Hence if X(o} is increasing at q----qo,

then aq+xe+... +xa----0. Since x’o+x’z+... +xz--0 has at most k

roots on Izl--1, X(qa) is increasing at ql, ..., q(iG k) and is constant outside

, so that by (5),

H,,() .+,’.+... +,,’,

If jk-1, then a system of linear equations"

dx(q) >0),
(n--0, 1, 2,...).

xo-l-xle’’,-I-... / xk_ld*-")=O (--1, 2,..., j)

lt._,(x")--O, which ntric e thesis. Hence j:k, at by (3),
k

y()_V ’ + (--’), (16)

llence

(7)

Conversely, if f(z) is of the form (1), then Ho(x),..., H_(x)are positive

defifite and tI(x) is positive semi-definite.

3. ] Lemma to the p’oof of Theorem 1

f(z) ---_a_2_ + ,I a,,z, be regular for z! <1 and suppose that aoO, weLet
2

define fi(z) by the following relations:

q,(z) 1 --f(z) 2--ao--m +a,z+az" + ..., ao---------,
1 +f(z) 2 +ao

;(z)_e__ qCz)-ao C !l :1),
z 1-acpCz)

](z)-- 1--(p,(z) (ao+ea,)+(a,+ea.,_.)z+... +(a,,+ea.,,.+,)z"+...
:r+cp,(z) (ao--ea,)+(a,--ea)z+ +(a,--ea,,+,)z"+...
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Co + clz + c...z + Co--2 ao + ea
2 ao ea

(zs)

where we determine e(lel =1), such that ao--eal.0 and co is real. That

this is always possible is seen as follows. If al=O, then we fake e=l and if

a.O, we take as e one of solutions of e- a, such that ao--eaO, which is
al

possible, since if ao--ea, --0, ao + ca, --0, rhea we would have a0 --0, a, --0,

which contradicts to a0>0. c is real sire e"= a--A-. Then we have

2/’a t3(ao, a,, ., a+,).Lemma. 6(,.Co, c,,..., c)=
ao-ca, 12+

.Pq’oof. Let for any matrix A, we denote its -th section by A,, which is

a matrix formed with dements of A lyig in the first rows and first cohtmns

and put A, =def..A,. Let

co 4- eal, al 4- ea, as + ca3,...

O, aQ 4- ea, a 4- ea...,...
O, O, a, 4-

be infinite matrices and B, if, C, C be infinite matrices similarly formed with

a,--ea.o...and c. c, c.z,.., respectively.ao ea

Let

., Co C
H=C+6v= 2, ,, Co,

Then H+, --8(co, c,,...c). From (18), we have A
B
----C, A=OB, AB-’ =C),

so that H=AB-’ + (B’)-’ A, hence B’H B B’ A+ Af B.

2(aoao-,a’t), 2(.aoa, -’,a...), 2(aoa2 -aa),.
2(a0,-,), 2(aoao--ga.), 2(aoa,--a),...

BA + AfB= 2(ao-a,.-aaa, ), 2(a,, -aao.), 2(aoao--ggta),... (19)

7) I. $chur. 1. c. (2)
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Then

I(BA+B)/, ](B- HB),+, /, ][ H/, I[ B/,
]ao--ea I’+ H+, 1: [ao--ea "+’* $(co, c, c). (20)

We apply Sylvester’s theorem on the upper left comer element ao of

$(ao, a,,..., a,+l), then we have I(BtA-t-A’B)+I] --2TM a$(ao, a,...a,+,), so that

2+’a$(Co, c,,..., c)--
ao_ea [o.+.

$(,.ao, a,,...,

4. _Proof of Theorem 1 (II).

f(z)>_O in z <: 1, then by Theorem l(I), all H() Ia_x areIf
o

non-negative, so that (1) 8,,>0 for all n or (ii) $0>0, $,0,...,
$,--k+, =... --0 for some k. Conversely, if $,,:>0 fbr all n, then H,,(x) are

positive definite, so that by Theorem 1(I), f(z)>O in lz ]<1. Next we will

prove that f(z)>_O in[z [<z 1 in case (ii).
First we remark that if all 8,--0, then all a,,--0. For, from 80--0, we

have ao--0. Suppose that ao--a, :...--a,_,---:0 be proved, then 8(a0, a,,...,
--$(0, 0,...0, a;..., a.._,):(--1)[ ak I’----0, a--0. Hence by induction,
all a,,=0, so that f(.z)O, f(z)--O in z <1.

Suppose by-induction that it is provl that f(z)>_O in lz <:1, if 00,
$,:>0,..., Sk_.>0, ,_ =... =0, the case k=l being proved above, and let

$(ao) >0, $(ao, a,) >0,..., $(ao, a,,..., a,_,) >0, $(ao, a,,..., as)-- ....O.

f,(z) Co--+cz +c...z" + ...be the function defined in the lemma, then by the

lemma, we have $(c0)>0 (c, c,)0,..., $(co c,..., c_..)>0, 8(Co, c,..., c_)
:... :0, so tha by induction, f(z)>_O in !z < 1. From this we conclude

easily that f(z)>O in ]z <1. Since f(z)>_O in [z 1<1, xall

a_,xs are non-negative and since $(a0) >, ..., $(ao, a, ...a,_) 0,
0

$(a0, a ,. ..a) 0, Ho(x), ..., H,_(x) are positive definite and H(x) is

positive semi-definite, so that f(z) is of the form

5. Proof of Theore.m 2.

We consider (a0, a,..., a,,) v a point in a 2n+ 2-dimensioml space and

consider with Caratheodory a domain ,:
,," $(a,,) 0, $(ao, a,) >0,..., $(ao, a,,..., a,) >-0.

Then H,,(x)= a,,_,,x,’, is positive definite. From this we easily that
o,. is a convex domain. Its boundary consists of points:

$(a0)>O, $(ao, a,)O,..., $(ao, a,,..., x,_,)>O, $(..ao, a,,..., a,])--...--O
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for some kn, since the boundary point corresponds to a positive semi-deIinite

form/-/,,(x). Suppose that H,.,(x) is non-negative. Then (ao, a,,..., a,,) lies

in or on the boundary of ,,, so that there exists in its e-neighbourhood a point

(a’o, a,..., a(,) which lies in ,, so that 8(a)>0, (a, a)
;,=(a;, a,..., a,:) 0. Let F(z)=3(a’o, a,...a,,, z)=Az+Bz+B?,+C,
where, A, C are real.

Then A-- --,_ * 0. Since by Jacobi’s theorem, ’:’ B __,:,_ C--- AO,

B AC--&"," > O, (z) --0 is a real circle with a radius ’---- 1/]B ]"-- AC.
I-Ieme there exists a:+,, such that /7(a,:+,)--0. Then (a), a,..., a’+)
belongs to the boundary of ,,+, so that[ a;’ a’,,+ 0, la’,,/,l_ia’o i. Hence if

an+ a0
we make ao->ao,..., a,,->a,,, then the et:rresponding a:+ are bounded, so that

we can select a oonvergent sequence from a,;+!, such that a:,+,--a,+!, then

(ao, a..., a,,.,.} belongs to the boundmT of ,,+, so that the oorresponding Hermi

tian form tt,,+(x) is positive semi-defifi. Similarly we can find a,,+.., a,,+n,

..., such that H,/o.(x), IL,+.(x),... are pisitive semi-definite, so that lay[

(--1, 2,...). Hence f(z)-’---a" +a,d,=___+az+...+a,,,,(mod.2 "/!) is

regular in z I<1 and by Threm 1(]), f(z_O in iz I<1.
Next we will prove that i tt,(z is postive semi-definite, such f(z is uni-

que. Suppose that Ho(Z, H(z),..., H_!(z) are positive definite and

n is positive semi-definite, then by Theorem l(I),f(z) is o the orm (1,
r ooso that a--’e+... + (r--0, 1, 2,...). Hence e,. are roots of the

equation"

’rj7+!, ’r."+ 0,..., ’;+
O, O, ..., O, 1

ak_, a_.., ..., ao,

"9
’b]"-

1, e,,

-3(ao, a,,...a,_,)x + =0,

(21)

so that .,,..., e are unique mr(1 q’,..., ’ am unique, being the solution of a

s3em of linear equatiom" a,--r,, + +r**(v--O, 1, 2,..., k---l). Hence
f(z) is unique.
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5. The original proof of Theorem 2 depends on the following

Theafm 3 (Ca’athodo’y).s Le a, a.,_.,..., a,, be any given n complz
numbe,fs, then a(=l, 2,..., n) can be expressed in the form:

a,:q’,+ /-(k___<n, ’>0, il :I, j:l, 2,..., l:) (22)
and sch , ,, are unique.

This can be prov simply follo. Sin all the rts of the (tion

$(x, a,,..., a,)=0 are l, let ao i grtt rt, then I characteristic

]mmrs of the Hermit{an form H,,(x):a_z are non-natire, hence
o

H,(x) is sitive mienite, since (ao, a,,...a,,)=0. Hen by Threm 2,
{,here exists a ique

f(z): a +az+... +az"(mL z"+’):-- ’ 1 +z. 0">0, :I, <0,
2 ,_ 2 l--az

{hat a, :’e + +rag. We can prove te mquen of , $i e [ollo

Sup that a expre in the form (22). We pu ao--r,+... ’, then

q’ i +z en$(ao, a,.., a,,) 0. If(z): - 1

f(z)- i, z]
2

that H,,(x):a_z is ive semi-de, since (a, a..., a):0.

Hen a is the great rt of $(x, a,..., a.)=0, that ao is uque.
Sin by Theorem 2, ch f(z) as (23) is mique, k, 9, e are umque.

ao7. Legf()=+ ae’ rlar ine<l, wh real pan is no

nerily iive, We

Then by (1, 92m(. imilafly 2M(G). On the other hand,
from (8), v (e), tt gC)2m(p), hence gC=2m(p). Similarly

G=2M(e). Hen we have.the threm:

8) C, Car.a.th6odory, ].e. (1). G. Szeg3. I.e. tI). I. Schur l.e. (4). Frobenius I.e. (4)
M. Fujiwara: Uber Entwieldungskoeffizlenten dor rationalen Funktion. Prec. Phy.-Math.
See. Japan. 3rd. series. 2 (1920).

9) C..Carath6odory und L. Feje"r" lber den Zusamonhag dot Extremen yon

harmonischen Funktionen mit ihrer Koettizientcn und ilber den Picrd--Landauschen
Satz: Rendicomi del circolo mat. Palermo. 2 (t91).’0. Szaszl. c. (2).


