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§ 1. Let {@.x)} be any normalized orthogonal system (N.O.S)
in (@, b), that is

v 0, (i=J)
(1) | 2) gt = o
" 1, @ =3).
Rademacher and Menchoff proved that if
(2) St log? neCoo
then the orthogonal series
(3) %2=I a, ¢n(m)

converges almost everywere in (a, b). Generalizing this, Kantoro-
viteh? proved the following maximal theorem :

Theorem 1. Let {@.(x)} be N.O.S. in (a, b), then

4 n 2 ©0
4 j su Y ) de< AS)ad,
(4) [ sup Bigagre [ des4a
where A is an absolute constant.
From the theorem of Rademacher-Menchoff, it is evident that

(5) e o (a>>0)

n=1

implies the almost everywhere convergence of

00

(6) ) @, P(X).

9=

More generally if (5) holds, then (6) is (C,—a+3), 8 >0, summable
almost everwhere. (See Kaczmrz?, Zygmund®). Recently Cheng?
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proved that if {@.(x)} is uniformly bounded and

j"tp,,(x)dw =0 (=12 ....),
then (5) implies the (C, —a) summability of (6), where 1/2 <a<1.
The restriction 1/2 < a< 1 seems curious. Concerning this
point we shall prove the following theorem.
Theorem 2. Let {®.(x)} be N.O.S. If

(5) S1a < oo
then
(6 ) ’E (278 ‘Pﬂ(x)

is (C, —a) summable almost everywhere, where 0 < ua<1.
This is generalized as follows.

Theorem 3. Let {p.x)} be N.O.S. If we denote by N (x) the
n-th (C, —a) -mean of the series

2.. a,n” ¢n(w)7

then "

j sup | N (o) do < A, 3,
where A, is an absolute constant depending only on a.
The method of proof of Theorem 3 gives incidentally a new
proof of Theorem 1. We prove Theorem 1 in §2 and Theorem 3
in §3.

§2. In this paragraph, we denote by %.(x), and +P(x) (8>>—1)
the n-th partial sum and the (C, 8) -mean of the series

(7) NE:_‘]‘ Eg—(ﬁ:-l—)‘ P.(%),

respectively, and put +{"(x) = r.(x). The partial sum and (C, B}
mean of

(6) 2 @ %)

n=1

are denoted by s.(%) and ¢{?(x), respectively, and put
o () = ou(®).
Then we have the following lemmas.
Lemma 1. Let «=>0, and 2 a, < «, then

=1
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(8) j sup [zmﬂ(x) lz/n]deAaEan
Proof. It is sufficient t0 prove the case o= 0. By Riesz-

Fischer’s theorem, t.(x) = v{’(x) converges in mean to a funection
F(x) e L? (a, b). Then

=1 ([ 1l & e
® 51 |1t Py e = DI

3

had o _G;_k -\ 1
,§ 10g(k+1) e

!/\

i ;.
=1
On the other hand we have

10 S t@ <L S b -F@ " +2 FE)|

< S D =F@F | o e
= 2 k

and then

n=1

f sup _zlt,,(m)\zdngj zw dx+AS | F(z) Pde

<4 chq.JrA‘A.“tvb,./log(nﬂ):£2AZOLn

=1 n=1 n=1

by (9), which is the required.
Lemma 2. Let 0<a<{1l. We have

1) j b3 A )(w)—kgfl(”“”)(w)l de < A, zak,

a

and
(12) f’ é';l ]"fc(m) (=) ;"k(f ),,(w)‘,\? ds < A ;,Z: ailog (k+1),

provided that the right-hand side series of (11) and (12) converge.
Proof. Since

N g)— o (z) = _/8_2(;) ,ZCA,ff_ (%),

we have

(13) j

a

1+d

)(m) — o, f;“)(x) |2da
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Consequently,

J la(” )(x)-—m»(ff“)(x“ de <Al Y

a+1

ai
S ; (n—— b+ 1)“ i1

oo 2k 1 oo 2 0 oo 7—4‘"‘_-]:“»_“
..<.. { P kzak n;“] ‘;%Ez;;““‘éja +1 + kzl i H ﬂ§+] nz(n__k)aﬂi

o o2%: oo "
calfa Lt Be £.5).

=1 ask+ (n k)"“ =t nSok4

If «a>>0, then

(14) 72.{ ‘ o.%(-vﬂw)(W) ;at.;l(-T ‘)(x) l2 dx ,g_ AGI:ZI a;-: ’

and if a = 0, then

(15) j 2. )(”)“"”( """ @r 4, < 43 logln+1).
Lemma 8. If »gl a, oo, then
(16) ‘Sb sup lo‘é’%ﬁ-)% <A Ea
Proof. Since
(17) 1) = S3nC ey 40 aGF),
we have

18 @< {SInCDwr) (a0 al) )

z ,r( 5) Alog(n+1)& T(-;) 2
=4zl k(n-k+1)g " B[]

Then, since

. AT (1T
19 @ logre+D < A5 w]

<4 51m0DE -ne it 4 1@ b
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we have

b

| t.o) I G Ty o TeY
20) j sup (DS 1)dng§ S - d

” 1
v S e e
+ Aj sup -’“—i-——zu-—-f“dw.

a

By Lemma 1 and 2, we get this lemma.

Lemma 4. If 2 a, <oo, then we have

n=1

@1) j sup | r (o)t de < A Sai.
Proof.

b o tr(x)

j sup | () |2dng sup (;\—n—xl )dx

t 2
gAssup ("El (f)l~) a:gAEan,

=]
a

by Lemma 1.
Proof of Theorem 1. Put
= 1/vlog(k+1),
then we have
2 ./ R—— 1A "
23) 2 log(k+1) (@) = 5—' *Vieg (k+ 1) Pi@)

fn—-1

= g (/C -+ 1)Tk(w)ﬁzlk + nTn_1(%)AMn-1 + A,,t,,((l?),

where A, = 4,—A,_; = O(1/nlog’*(n+1)) and £24, = O(1/n?log”*(n+1)).
Thus we have

sup |31 ()

As
» | %=1 log(k+1) g up

S5 (+ Lma(e) i

+ A sup | m(®) 2/ log’*(n+1)
+ A sup |t (x)*/log(n+1)
< A sup |r.(x) *+ A sup |t.(z)[?/log(n+1),

and then we get the theorem by Lemma 4 and 3.
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§3. Lemma 5. Let a, <eo, then

'n.—
¢

j sup

a

where 0 < a<1.
Proof. If we denote by s{*(x) the n-th (C,—a) sum of the series

ol (00)

de < Aa i‘laﬁ ,

Zla“(p,,,(x), then we have

O = |5 oL A |
%_‘ | of"(x) 52 [Af—s) 2[4V

1
SZ!O“ "’(w)FE Tcgr ’**k 1)0(,, Bl

Now if we put 28 = 2(a—B8+1), then 8 = (a+1)/2.
The second factor of the last expression is

%1 1 [’” 1L At
B e n
Bk (n—k+ 1)"‘+l lc=1 m%l = Ad

Consequently we have

@) @< A o @) 2 ()

< 2 31e -0l e e+ A b Sl

<43 16=—ol e, + 23510 e

= knu

Since 0< (1+a)/2<1 and 0 <{—(1+4+a)/2+1< 1, we get Lemma 5
from Lemma 1 and 2.

Lemma 6. let Ekﬂ be given and put s{® = 21 Ak,
V=

n=1

and s = 2 A8k, (m<m),
then E e max | g1, where 0<85< 1.

This is well known. (See Hardy-Riesz?.)

5) Hardy, G. H. and Riesz, M.: General theory of Dirichlet series, Cambridge
Tract, 1915.
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Lemma 7. If we put

T(x) = Xa,ck‘ pi(),
then

(26) [ sup | T,(0) [ de < 4, S,

provided that the right-hand side series converges.
This is an easy consequence of theorem 1.

Proof of Theorem 3. Let N\(x) be the n-th (C, —a) -mean of
the series

22177 Q@)

=4

then
(27) NP = il 3 A0 gia)
_ 1 rmm »
=g 2+ 5 A = P@+ e,
say. Now,

(28) .p (fl?) = 1—4%:;} 2_; A7(} v- a/v(pv(x)

_ 1 /<] -1
T am S
If we put sup | T.(x) | = T(x), then

A E-l ©o auq)u(x)+ ;{ZIZC] 2 v ().

29 P@ISTE@ An 3] (=) + AT() £ ATE),
On the other hand

Q'n(w) Aq(l—_a) I av?’v(x)

A(_a) V=[2/2] +1

1 { 5:‘: Au-aE Al aupu(@)+ 1 Z A Y tvpo(2)

- ALY Ly=lam+1
—[nj21 3 ACY a0

Let us put M(x) = sup t Z_J: AL y'”avq),,(w)l, then from Lemma
6, we have
(30) | Q) | < AuM ().

Thus we get the theorem from (27), (29), (80), Lemma 5 and 7.
Theorem 2 is an easy consequence of this theorem.



