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56. On the Zeros of Dirichlet’s L-Fuhctions.

By Tikao TATUZAWA.
(Comm. by Z. SUETUNA, M.J.A., Nov. 13, 1950.)

We put 2 = @ (k) where k is a positive integer and ¢ (k) is
Euler’s function. Let X (n) denote one of the % Dirichlet’s char-
acters with modulus k. X is the conjugate complex: character of

X. & (s,w) and L(s, X) denote the functions defined for «>1 by i

(n+w)™* and Zx(n)n“ respectively, where 0 <w <1 and s=o+H.
Throughout the paper, the notations A € B and A=0(B) for B>0
show that | A| < KB, where K is a positive absolute constant.

We know from the recent work of Rodosskii ([11], Theorem 1.)
that the number of L(s, ) which have a zero in the rectangle

1— h‘)’;(k)Tgagl [t—T,| < Klog* kT

where %log k= (k) =loglogk and T = |T,|+2 does not exceed
Bexp (Ay(k)+5loglogkT). From this we are able to deduce that
the total number of zeros of all the L-functions with modulus %
in the above rectangle does not exceed

Cexp (A (k) +8log log kT) @)

where A4, B, C and K are positive absolute constants.
The aim of this paper is to estimate the total number N(a, T)
of zeros of all the L-functions with modulus % in the rectangle

Lol [EILST
using Ingham’s method [7]. The main result is that, if

C@+ti, w—w =0 (tP @
where ¢ is a positive absolute constant, then
N (a, T)=0{(k‘T* (T +k)* )~ log® kT}

for 1 <a<1, T>=2. From this we are also able to deduce (1)
and so Rodosskii’s main theorem ([11], Theorem 2.) in thé theory
of primes in an arithmetic progression.

We use some well known theorems in the theory of funections
in the following forms.

Theorem A. (Jensen, [6], Theorem D, p. 49.) Suppose that
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H(s) is regular in the circle |s—s,| < R, and has v zeros in |s— s
<r(<R). Then if H(g)=+=0

C5) <t

where M is the maximum of | H(s)| on |s—s,|=R.

Theorem B. Littlewood, [13], p. 132.) Let C denote the re-
ctangle bounded by the lines o=y, o=0; (01 < ou), t=T, t=—T. Let
h(s) be analytic and not zero on C, and meromorphic inside it. Let
N*(a) denate the excess of the number of zeros of A(s) over the
number of poles in the part of the rectangle where o > a: Then

27rj°’N*(a)da= jTﬁ{log | B+ 1) | —log | hlos+£0) |3t
LA -1
4 Soz{arg‘ h{o-+ Ti)—arg h(o—Ti)yde-.
9

Theorem C. (Doetsch, [38].) Suppose that g¢(s, x) is regular
and G(s) = 31| g(s, x) |* is bounded in the strip o Lo L. We

write M(o)=%}1p G(s) then
M(o) < M(oy) 5oy Mlo) 7=or

Theorem D. (Hardy-Ingham-Polya, [4].) Suppose that g(s, X)
is regular and G(s) = )| g(s, X)|* is bounded in the strip o1 < o Ko

We write J(o) = rG(a+ ti)dt. If J(o)) and J(c;) are convergent,
then J(o) is convergent and
T(o) < J(o) wey J(o) Fer

I express my hearty thanks to Prof. Suetuna and Mr. Izeki
for their kind advices.

1. On N(e, T).

Let u(n) denote Mobius’s function. We define Q(s, X,2) = X

X(n) p(m)n=*, f(s, X, 2) = L(s, ) Q(s, X, 2)—1, h(s, x,2) = 1—f* (s,”§cz,
2), Ko, T, 2) = Max (T—15 < |t | S T+15) S| flo+ti, x, AL,

and I, T, z)=KTz”: | Ao+, X, 2) |* dt.

Lemama 1. If 31+28< o<1 (8>>0), then
Nia, T) <—;61— {I(a—a, T, 2)+12, T, z)} +
+§;{Max(a——28gog4) K(e,T,2)—log(2—exp K(2, T, z))}.

Proof. Let m be the number of zeros of the function



No. 9.] On the Zeros of Dirichlet’s L-Functions. 9 3
H(s, T, 2) = Il h(s+ T4, X, 2)+ I W(s—T%, X, 2)
% %

on the segment <o <2, t=0. Hence m cannot exceed u(a, T, z)
the number of zeros of H(s,T,2) in the circle |s—2|<L2—a. It
is well known that

| ; arg ha+Ti,z,2)| < (m+1) mr L v (a, T,2). (8)

On the other hand

2 Vo, T, 2) H , T,
o TP PRNYL2
by Theorem A. Further we have
H@, T,2) = 2R 1T h@+Ti, X, 9) = 2R I{1—~F* @+ T%,X, 2)}
= 2{1—({1(1 +1f(2+ T4, x, 2)1)—1)}
Z4—2exp 3| f2+T%, X, 2) P (5)
Max (|s—2| =2—a+8) | H(s, T, 2) | < exp {Max (|s—2]| L2
—a+38) %} |f(s+ T4, X, 2) |} + exp{Max (|s—2]| <L 2
—a+0) 2“'_.‘ |f(s—T%, x,2) |’} L 2exp{Max (a—8 <o < 4
—a+8) K(o, T, 2) }. (6)

From (4), (5) and (6) we get

v(a, £ T, 2) <_;‘—{Max (=8 <L o< d—a+td) K(o, T, 2)

+log2—log (4—2 exp K(2, T, 2) )}
Now we put
oy = o—38, oy =2, h(s) = h(s, X,2), N*(o) = N*(a, T, X)
in Theorem B. We write N*(a, T) = 3 N*(e, T, X). Noting that
N*(ee, T) g_H“ N¥o, T)d o _g%j N*(,T)d o and N(x, T) < N*(«,
a—-§ a—8

T) for ++28 < o<1, we obtain the result.
2. On p(n,z).
We define
% 1. (mk)=1
as? for z >k,
0 (n, k) >1

p(n)=p(n,z2) =
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and
D(x) = D(x, z, m) = EP(% 2).

'n—m(mod 1)
Lemma 2. D(z,2,m)< % x log x.
Proof. If (m,k) =1, then the number of the solutions of
ad=m (mod. k), 1< g[_(’%]

does not exceed

zlc |5 Jriss
Hence
1
D(x,z,m)gﬁ > gE( +1)<~k-wlogw.
n= m(mod 1) d<q; dS—
k
Lemma 3. 5y P <7 1 1°g 2 for 0<8<8.

nz? N,
2n=m (mod, &)

Proof. > 502 pln) _ 2 l)_(’n_)_—_D_(‘""'l) g 2 D(n)( 146 @_;%FG)

n2v n‘ +6 n2z n‘ +8

n=m (uod, &)

;(1+5)j D(%Z‘f“ <7’;_j 12%‘ du

1
by Lemma 2. By the substitution « = 2v%

oo od
log u log 2z j logv
. ui+e du= ) 528 >d + 259°

p(m)pn) o1 logz 0 o -5<3.
Lemma 4. 2 (mm)+s <= F 52 or 0<C8

n=m(mod, &)
Proof. Let d(m) be the number of divisors of m. Since

512 v dm) g 1)

sz ntte T o=t ’)’n,“'6

we have
1 log=z

k828

p(m)p(n) s p(m)  p(n) <cod+s log tel

2 ksb

1+6 1+8 146
m,n2® (mn) mzzm nz n
n=m(nod, k) w=m@uod, k)
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< p(m)p (n) <_1_ : .

nize V'mn
n==m(mod, &)

Lemma 5.

Proof. By the above method, we can easily deduce the result.

p(m)p(n)
Lemma 6. m<2'ﬂ$" n—m < k xlog 2.
u=ni(mod, &)
Proof.
(‘ P(m)p(n) - 1 x—ik
m<n$v n—m 2 l]c mza P(m) P(m+lk)
w=m(mod, %)
<+ 1 S5 L —xlogteS) — \lxIOg*m
kil ave d

by a well known lemma. ([5], Lemma B2.)

Lemma 7. 3 M <—1— x log' 2.
né:f(ﬁi:, k) "/mn IOg T)’;;;
I S |
Proof. From the inequality V'mn log % <m + o m the re-
sult is obvious by Lemma 5 and Lemma 6.
3. On K(o, T, 2).
For ¢ > 1, we have
£6,%,2) =3 X0~ Z pln) x (="~ 1=3} 6, 0™
where a, = y (n),g pw(d) for n=2,8,.... and @, = 0. Therefore
a<z
148+, x,2) P = ) XM X() m
I A= e 5 e S @ ).
d<z alz
Hence
. . p(k) m\*
S +s+, ) = 5 L0 S Tu@ (). @
X m, n2% (mn) dln ¢
n=mdmod, &) d<z a<z
(m, k) =1
For n>1
leM(d)l——IEF(stEl—ng 8
d<z esdsn zsdsn ds%

Lemma 8. If 2>k and 0<5<3, then K(1+8,T,2)< 31“

Further if k is sufficiently large, then K(2,T,2) < %.
Proof. From (7) and (8), and by Lemma 4
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SIAL+8+t, X, 2)* <km§;2 z"(m)f)zl(:@ <12gz
n=m(mod,k)

From this the result is obvious.
For o = 1 we use the inequality

|F@+ti, % D S2A LG+, 00 | Q@+t AP +1. (O
Since
L(s, %) = 36D+ 53X0) b~ (€ (5, k™)~ (k™))
we have

Max (T—15 < |t| < T+1.5)| LG +ti, X)) <V kT". (10)
by (2). On the other hand

(QG+t, X, 2P =3] mw(m) M(%) X(m) x(n) m ( )ti
n

e Vimn

whence

mlz, nl2
'n-m(mod %)
(m, =1

SQG+tL X% = o) 33 © (m) (”)() (11)

Lemma 9. If z2>k% then K3}, T,2) < kT 2.
Proof. We have by (10) and (11)

KQ, T, 2) < (VET): Max (T—15< |t < T+ 1.5)12@(%+ #,%,2)|f

1 .
L LTk =2 T
m<2=.n<z v'mn mzos 1/m.21/'n
n=mCmod, k) nZ=m(mod, %)
<BT*S (‘/z +1)<kT2“(z+k1/?) kT2
mlz j/m

Now we write g(s, X, 2)=-""=- f(s, X, 2), G(s, 2)= 2 | g(s, %, 2)|2,
s cos
and M(c, z);sup G(s,?) for : <o g 1+8, 0<8<L38. In this strip,
9(s, X, 2) is regular and satisfies

¢ 7| fs, X, 1| <lgls X AP <e 7 |fs, %, AL (12)

Therefore G(s, ) is certainly bounded in this strip for fixed %,7 and z..
Lemma 10. If z = k(T +k), then

(B T (T+ kY clogt kT. G<Lo< 1)
log*kT. 1ss59

Ko, T,2) < {
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Proof. By Lemma 8, Lemma 9 and (12), we have
M1L+8,2) <., Mk 9) <kT*2

if 2k Put z=Fk(T+k), and use Theorem C, then we get

14+6-0 _‘Z"_%
Mo, 2) < (ke T (T+R} P { L)
Further we put 8 = —%__ (0 > 0), then we have

log kT
Mo, 2) L {l* T* (T +k)}**~ (log* kT)**
for 2 <o <1+8. Thus we get the result by (12).

4. On1(s,T,2).
Lemma 11. If z2kT and 0<8<1, then I(1+5, T, 2) <§}_

Proof. From (7) we have

jZlf(1+8+t@,x,z)| dt < kTEP("')+k2 p(m) p(n) 13)

2+ 3
n>m 1+8
wane ) *log 2

if 2>k. We know from Ingham’s estimation ([7], p. 260) that

5Ees e (14)

2428
132: %

On the other hand

> _pm)p(n) — <3 p(m) p(m) 5 p(m) p(n)

n>m (')"’l/)’l;)“"s Iog‘ — n>m (mn 1+s n>m qps plts ./mn log _—
n=m(mod, & n=m(mod, &) a=mmod, &)

<k84 > p(m) p(n) Sl+sdw

w%s
wony/ i, log -
nZm(mod, &) m

by Lemma 4. Since

p(m) p(n) Sl+6dx_gl+8( > p(m) p(n)

*t x+e 7
womy/ mn log - . k>1/ mn log
#=m(mod, &) n 1

17 logte
<) (15)
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by Lemma 7. The result is obvious from (13), (14) and (15) if z = kT.

Lemma 12. If z2>Fk* then I, T,2) < kT* (kT +2) log z.
Proof. From (9) we have

j |FG+8i, X, I dt< (/5 T j | Q& +13, X, 2)* dt+T.

-7

Further

f;lQ(&-&-m‘, X, )P dt <kTlogza+k S, 1

m<n<ls — n
nzmmod. &>y mm log -

<leogz+k( 1 + >

m<nle an m<n<e WM
n=mCmod, &) n=m(mod, k)

) < kTlogz+zlogz+kv 2

by (11). Hence we get the result.
We write

Jo,2)=| Go+ti, 2) dt.

It is easy to see that

J(o,2) < f e ( Sug | Flo+2i, X, 2)|* dt) du.

Lemma 13. If 2z =k(T+k), then

(16)

Io,T,2) L {k* T (T +k)*}'~° log” kT. (-%— Lol 1l-—- logak T
Proof. By Lemma 11, Lemma 12 and (16), we have
J(1+3,2) < 5+ J& 2) <ET* (kT +2) log 2
if 2>k(T+k). Putz= k(T+k), and use Theorem D, then we get

1 1+é-0 0—

J(o,2) < {k2 T (T+k) log kT} ¥*° { . } Tre

Further we put & = a (@ > 0), then we have
log kT

J(o, 2) L {k* T* (T +k) log kT}**~* (log kT)**~»
L {k* T (T+k)*}~°log" kT
for § <o < 1. Thus we get the result by (12).

5. Main theorem.
Theorem 1. If 3 <a<1 and T =2, then
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N(a, T) < {k* T* (T + k)*}*~* log® kT.

Proof. Take 6= —%  (a>>0), and insert the results of Lemma
log kT

8, Lemma 10, Lemma 11 and Lemma 13 in Lemma 1, we get the
above estimation for $+28 L« <1. But if :<La<L3+239, then it
is well known that N(a, T) < ET log kT. Therefore we obtain the
main theorem.

6. Application.

As an application of the main theorem we shall investigate
Hoheisel’s Problem [7] concerning the difference between consecu-
tive prims in an arithmetic progression.

We know from Hadamard’s theory ([8], p. 507.) that if X isa
primitive character with modulus % (>> 1), then

yy 171" /s+a 1 1
zO0=0-35(3 )+ 3(S+7 a
where
_ !0 x(—1) =1.

1 x(=1)=—1.

and p(X) = p = B+vi is a typical zero of L(s, %) those for which
v =0, 83< 0 being excluded. If we put s =2 in (17), then we get

b+ > 1 <Llog k.
1<t p

Now we consider
1 o L
— |2 (= ds
i) T (~T &)
where the integral is taken in the positive sence round the rec-

tangle with vertices & + T%, » + Ti. Take &§ =1+ , and »—>

1
log =
— oo, then we have

Sxm) Am+ S T4 p <L log® (k)
nsL |r|<T P T

for # > T > 2, where A(n) is the Mangoldt funection. It is easily
seen that the result is valid for the imprimitive character if its
leader f is greater than 1. From this we obtain the extended
Landau’s theorem [9].

Theorem 2. If  =>T>=2, then

_ 18 oy B e
%‘ X(n) A(n) E(x)w+i §T7+ E\(x) 3 < Tlog (k)
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where
’1 X = Xo

Bog =11 X=x
10

==X, o o X#:Xl;

X, is the principal character, X%, is the special real character in
B is the special real zero in Page’s theory ({10], Lemma 9), and

E(Xx) =

P P

y X @
SV = S
ITI<r p lrice P

Py, P“‘l‘ﬂj

If we write

vk ) =3 Al

N Z(mod 2]

for (k,l) =1, then we have

vk, l)=-}%-§x/1(n)2%}x(n) X0 = + TX0O) T xn) A00)

=_90__.&(Q”_“‘__1_25€(1)T2,x O(wlog (kx)) a8)

P=p(X)

by Theorem 2.

Since

'(m-i—y)?—x"

z+y rty
= U wt du \gj utt du < !

if 0<y<L®, we have
Yty k, )—P@;k, [
———+E,(x)0(yx >+ 0(2, - 1>+O(xlog (km)) (19)

It was proved by Tchudakoff [12] that

b
Ma «z{log %, (log 1)* }

B — o), o(T) =

if |v|<T where b and u are positive absolute constants. For
example we can take u=%+¢ (¢ > 0) by Titchmarsch [14].

Now, by Theorem 1,
4

Sy =S jw log # do} < o' N(0, T) +j SV @' logz do
fri<r e ) , e

1

< o kT log kT + j No, T) o°~* log 2 dor
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1—w(?)

< o1 kT log kT+j {6 T (1 B)Y-2 (log® kT)a"" log @ de

4 w()
< zk log kT + {k re (5-{- 2 } (log® kT) log x (20)
if
BETe(T+EyP <L« 21
Now we assume that
1, . logow
loghk < —2—6 log Tog @ . 0<es<) (22)
If we take
1—s
— —
T=w, 1=+, ©28)
then
k4 I‘-lc (T+ k)2 s 2k6 1"‘2+4c _$_ x 1—';‘ (24)

when 2z is sufficiently large, and so (21) is satisfied.
Hence, by (19) and (20)

V@+y; b, )~y k, 1) = ——-+E1(X)O y’;‘ )

;JL { r klog kT + exp(m(T) log ,1"1"—1’i—a(g—i—k)2)(log8 kT) log x}
LY 0 (kw Jog® (kx))

Using (22), (23) and (24), we have, when # is sufficiently large,
T 1 log 2
. klogkT < exp{ (1—2)logx + b. Tog log & +log log x}
_ 3
< exp{—(l—-gz)log w} ,

kT (T+R)*
r

exp{w(T) log j(log8 kT) log x

< exp {9 log log x — w(T) -;—IOgoc } ,

hax log® (kx) _
yT

_logx
log log z

< exp {(1 2) log v+ 55 L b +2 log log z—log y}

(1 |
<expl 1 elong

1-—).+§-

: 140 46
if y=>wwe™ >
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Hence we obtain

By—=1
vty k, )=k, l)=%-+E1 %00 yxhl )+

=0 {exp (9 log log x—ew(T) —g-log x)} + % O{exp(—b-log x)}. (25)

where b, = b, (¢) is a positive constant.
Now

log‘ @ < logx

9log log w——w(T)-—-—Iogx < 9log log x— logk 20bL logk

v e logx

20 log log . On the other hand

if #(log 2)* L log k S
b elog
2/* (log m)“

if logk < #* (loge)* and « is sufficiently large where b, = b, (¢) is a
positive constant. Thus we conclude the following Lemma.

Lemma 14. If (,k) = 1andatx "<y < (e >0), then there
exist positive constants A=A(s), B=B(c) and C=C{¢) such that

9 log log Ix——m(T)-Z—logx < 9log log x— —b, (log x)'™*

By—1
Yty b )—v @i k, ) =2 + E(X)0 (Wh ) +

0 {% exp(-—A %{g)} Clogz)* <logk < B lolg(')lgo Z .
) {% exp(-A (log x)““)}. log & < Cllog o)*

From this we can prove the following theorem by usual method.

1+4c
Theorem 3. If (k,)=1,x*=" "<y <L > and =(;k,l) denotes
the number of primes satisfying p < », p =1 (mod. k), then

Tty

w(@+y; b D—m(es k, )= %j du_ of Y

log u hlog «
~4 log » N log 2
{ exp( fog k)} Clog 2 <logk < B Ko
0 {7 exp(—-A (log w)"")}. log k < C(log &)*

Further if we use Siegel’s theorem ([2], [15]), we obtain the
following theorem.

14+4¢
Theorem 4. If (k1) = 1,05 ™ < y < and log k < log log &
(6 > 0) then
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wx+y; k, ) —m(x; k, )
2+y
_1( du Y _ -
-hj +O{hexp( A (log 2) ")}.

@

where A = A(g, 8) i a positive constant.
Finally we get the following result. We omit the proof. ([1],

[15]).

Theorem 5. Suppose that a and m are the given positive
numbers. If N is an odd integer and N> A, then there exist
such primes p, p’ and p’’ that

N N N N
N = ’ gl _ - Il Y
p+p +p, 3 a’(long<p9p’p <3+a(logN)m

where A = A(a, m) is a positive constant.
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