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Let F(2)(F(0)=0, F'(0)=1) be regular and schlicht in | 2| <1 and
B the mapped region of |z| < 1 by w = F(z). Then G. Szeg0 has
proved that, for the length ! of any Hauptsehne of the region B, the
inequality,

1>1 (1)

holds true.
In this note we will show that the relation (1) can be replaced by
the more exact one, if we add the property that F(z) is the
bounded function, i. e.

|[FR) | <M (Mz=1).

If », . are the boundary points on the Hauptsehne of the region
B and lie on the opposite side with respect to the origin w = 0,
then

arg r, = arg r +ar.
Therefore,

l=|re—nr]|=|r|+|r],

where [ denotes the distance of two points =, r..
The function

$(2) = rM?F(z)

[r,.—F@)IM:—erF()] ’ el =1,

is normalized and regular, schlicht in |z| <1 and

Mrr,
[y —rd[M>—eryrs]

is the boundary point of the mapped region of |z| <1 by w=¢().
Hence, by the theorem due to Koebe, we have

M3y, = 1
(r—r)(Mi—erry) |~ 4

(2)

Being ¢ arbitrary, the inequality (2) is reduced to
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UM +| 7. )
by putting & = —M And
7172
Arl+lre] ¥
) J_’rl'rs' B ( 2 ) = I
Mﬂ+|r‘%‘ o M‘~’+(lﬁ’°'li','f§‘_)‘ M2+l2/4
2
where the equality sign holds only when || =|7.]. So we have
w1
AME+1 T4
and then

1> 2M(M—v M?-1).
The equality sign holds true only when |7 | = || and

M2\ ryrs | 1

UM+ |rims)) &
Therefore, putting p = M—v' M*—1(1+p* = 2Mp), that
| =2M(M—vV M:=1) = 2Mp
is true only when

M*r,F(z) 2

= Ty (3)
[rn—F@ o+ 72 pg | GFe)

and |r| = |r:| = Mp.
We know that the equality

1
4

o
(L+e"2)

occurs only when Z = e . Hence, by (3),

Marr, - -:-l-e“"“
(7’1'—7'2)(M2+’| YL I) 4

From this equality, we have, by putting r. = —r, = Mpe”,

e’ﬂ) == e—ia.

Thus it is concluded, from (38), that F(z) should be the function
defined by
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Mipe ™F(2) — z (4)
[Mpe™ ™+ F(2))[ M+ Mpe™ F'(z)] 1+e*Z):’

where | = 2Mp.
By putting €z = Z and ¢?F(z) = W, (4) is reduced to

oW - 2z
(Mp+WY(M+pW)  (1+2)p’

and we have, by using the relation 1+p* = 2Mp,

ZW— ML+ ZYW+ZM* = 0,
or

z2+2;t~]%—+ﬁ—~/ (z"’+;4?)2——4p"!?i;_;»

F)= My —, |pl=1
A o o s Y2
7t 2p (#+ ) —4p e

Thus we can establish the following
Theorem.

Let F()(F(0) = 0, F'(0) = 1) be regular and schlicht in |z| <1,
and

|F|<M, (M=1), for |z|<1,

then, the length 1 of any Hauptsehne of the mapped region to whick
the unit-circle |z| <1 is mapped by w = F(z), satisfies the relation

1= 2M(M—v F=1).

And the equality sign holds true for the function

&+ 2/4-1—Z-+,u‘3-— N/ (#F+p)* — 4;&‘-’—%
@) = M, =1

2 2p 2t ~/ 2 ) — At 2
T ( ) I

In conclusion, I should like to express my hearty thanks to
Professor Akira Kobori of the Kydto University for his advise
throughout the present work.



