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1. Several problems to be discussed.

The problems discussed in two preceding chapters® have con-
cerned exclusively the probabilities of proving non-paternity in case
where a pair of a mother and her one child is presented. Accord-
ing to the nature of problems, the use has been made of the pro-
bability of mother-child combination obtained in §§1 and 2 of IV.
Now, with respect to mother-children combination, there arise ana-
logous problems which will be discussed in the present chapter.
For the sake of brevity we restrict ourselves to two-children case;
generalization to several children case will be left to the reader.

Various sorts of problems are now to be considered; for instance,
given two children possessing a common mother, to determine a
probability of proving non-paternity against a distinguished child
at any rate, against a distinguished child alone, against at least one
child, or against both children. Moreover, it may also be considered,
for instance, to determine a probability in which the father of first
child can assert the non-paternity against second child. Two cases
are distinguished according to both children possessing father also
in common or not; namely, to cases discussed in §3 of IV or §5
of IV. The last-mentioned problem concerns, of course, the latter,
while the remaining problems mentioned above may concern either
of cases.

In the present chapter we shall discuss the problems concerning
two children belonging to the same family, i.e., possessing a father
also in common. Henece, the use will be made of the results obtained
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in §3 of IV. Problems concerning to two children possessing a
mother alone in common will be postponed into a subsequent chapter.

2. Non.paternity against a distinguished child at any rate.

Let a set consisting of a mother and her two children be given;
the order of children being taken into account. As in §3 of IV,
we call them the first and the second child aceording to their order.
Then, the problem is to determine the probability in which a man,
chosen at random with respect to type of the inherited character
in question, can assert his non-paternity. Since it is indifferent
from our present view-point whether a distinguished child is the
first or the second, we may and shall assume that it is the second
child, unless the contrary is stated.

Now, let a given set consist of a mother A4,; and first child A,
and second A4,. The probability of proving non-paternity of a man
chosen at random against the second child will then be denoted by

(2.1) V(g f9),
in conformity with the notation introduced in (2.1) of VII; the
quantity being independent of the type of first child. Here also,
only the cases are significant where there exist common suffices
between ¢, j and %, k and between ¢, j and f, g.

On the other hand, the probability of the triple is given by

(2.2) n(ij; hk, fg),

the quantity introduced in (8.3) of IV. Hence, the probability of

proving non-paternity against second child indifferent to first child is
then, similarly to (2.3) of VII, given by

(2.3) P(ig; hk, fg)=n(ij; hk, fg)V(ij; f9).
If we sum up the last quantities over all the possible indices

h, k, then we get, in view of the second relation (3.21) of IV, a
relation

(2.9 hZ_:.C P(ij; hk, fg)==(ig; fo)V(ig; f9),
of which the left-hand side represents nothing but the quantity
P(ij; fg) introduced in (2.8) of VII. This is an evident fact. Indeed,
the elimination of the type of first child, which is indifferent, must
lead, by means of the summation process, to a previous problem
concerning pair of a mother and her second child alone. But, sum-
ming up the quantities (2.8) over all the possible indices f, g, then
we get the partial sum of probabilities of proving non-paternity,
a type of first child being indifferent, against second child with
mother A;; accompanying first child A,;, which will be denoted by

(2.5) I(i5; hk)=;‘,ﬂP(ij; hk, £9).
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Values of =(ij; bk, fg) and of V(ij; fg) having already been
determined in § 3 of IV and in § 2 of VII respectively, we now can
calculate the value of I (ij; hk) thus defined. We first consider the
case where a mother and her first child are both of the same homo-
zygote. We then obtain

I(it; 98)=P(i1; i1, i1) + E P(ii; 11, ik)=3p¥1 + p,) (1 — p,)?
+ Z lpm;c(l m)2 1p%(2—28S, + S;—2p, + pY).

The remaining cases can also be treated in a similar manner, yield-
ing the following results:

I(ii; ih)=P(i1; ih, 1)+ P(ii; th, zk)+§] P(m ih, ik)

(2.6)

@.7) — 1002 — 25, + Si—2py + 1) (hi);
I(ij; 9t)=P(17; i1, 41) + P(ig; 14, 55) + P(i3; 1, %7)
+ 3% (P(ig; i3, ik) + P(i5; 3, jk))
(2.8) =
=1pi0,2(2—28S; + S5) — 2(2p, + p;)
+ 2p; + pj—2pip;+ 3pip,(Di+ p))) (=),
I(i5; 45)=P(ij; i, ©) + P(i5; ig, 37) + P (i35 i3, ©9)
2.9 + > (P(ig; i3, ik) + P(ig; i3, jk))
( . ) k:\:",, J
=1pws(2(2—28;+ S5)(p: + p5) —4(0i + ) —4pip;
+ 2(p} + 0%) —2p:25(pi + p;) +3pws(0i+07))) (i),
I(ig; th)=P(ij; th, 1) + P(ij; th, jj) + P(ig; ih, if)
+ P(ij; ih, ih)+ P(ij; ih, jh) + Ej(P(l[], wh, k)
(2.10) +P(ig; th, jk))=100s0n(2(2—2S; + S;) —4p,p;

+3pips(0:+ 05) —4ps+ 4p3) (=75 h=i, 9).

Thus, the possible cases have essentially been worked out. In
particular, the quantities I(ii;4k) (k==i); I(ij;59) (i==5); I(i5;5h),
I(ig; k), 1(ij; 3k) (i=&4; h, k==, j) are represented by (2.7); (2.8); (2.10),
respectively. By the way, it is noticed that I(ij;<h) is symmetric
with respect to suffices ¢ and j, i.e., I(i5; th)=1(i5; j2) provided h=i, j.

Corresponding to (2.26) and (2.27) of VII, we may obtain partial
sums of probabilities concerning various combinations of mother and
first child. First, by summing up the probabilities (2.6) with res-
pect to the suffix 4, we get the partial sum concerning pairs of
the same homozygote:

(2.11) Z‘,I (415 1) =8;—8S,—S,S; + 1S; +1S2.
Similarly, we get in turn the following results:

2.12) ﬁl 3 L ih) =Sy S,— 251+ 5.+ 28,5, ~ 45, 15



210 Y. KoMATU. [Vol. 28,

2.13) Z (I(25; 43) + 1 (355 35))
=8,—28;— S} + 28, + £S,S; — 1S5 + 1S3+ $S,8,— S,

@.14) 3 16@4)
=8,—2S,—8S2+28,+ §3,S;,— 1S, + 1S+ 28,8, — £8S,,

(2.15) E,h Z(I(’bj s th)+1(i5; 3h))
= —55’ +58,+38;—28,— 18,8, — 8S,— 1S3 — £S.,S, + 8S;;

both sums (2.13) and (2.14) coinciding each other.
If the type of first child is further eliminated by summation,
then the partial sums given in (2.16) and (2.19) of VII are reobtainded:
I(4; %)+ZI (@35 th)=P (i7),

(2.16) ((/H m)+I (’m n+I (%3»%J)+Z(I(’&J,'&h)+1(’&.7 Jh))=P(ij)

(==)-
It will also be obvious that the total sum of (2.5) gives again the
whole probability of proving non-paternity; namely,

2.17) I EtSjZI‘LS.I{ (235 hk)=1—-28,+8;—283+ 28, +38S,S;—3S;.

Similar remarks, as stated at the end of § 2 of VII, apply here
also. It will further be noticed that the expressions of partial sums
contain the power-sums up to sixth degree, inclusive, while that of
the whole probability does those up to fifth.

By the way, we state that the ratio defined by

(2.18) I(ig; hk)[n(ig; hk)
represents the probability of proving non-paternity, a type of first
child being indifferent, against second child accompanied by fixed
types A,; and A,, of mother and first child.

The reader will be able to tabulate the results obtained in the
present section.

In case where recessive genes are existent, the corresponding
modifications will also lead to the results. The problem and the

results mentioned above can also be generalized to case of mixed
mother-child combinations.

3. Decomposition of the whole probability I with regard to
types of children.

We now proceed to discuss the decomposition of the whole pro-
bability I in (2.17) into sub-probabilities with respect to pairs of
children types, corresponding to a discussion performed in §4 of
VIII. Such a sub-probability is derived by summing up the quan-
tities (2.8) over the possible types A;, of mother. Thus, we denote by

3.1 H(hk, f9)=2, P (if; hk, fg)
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the sub-probabilily of proving non-paternity, being indifferent to first
child, against second child A, when first child is of the type An.

In case where children are both of the same homozygote 4,
the possible types of mother being those containing the gene A, at
least one, we have the expression

(3.2) H(ﬁ”,ﬂ’)=P(ﬁ:ﬁ”,ﬁ)+j§, PO 1, F)=10}1+p)* 1 —py)

Next, in case where both children are homozygotic but of different
types, the possible type of mother being necessarily the homozygote
containing genes in common with each of them, we get

(3.3) H(hh, §F)=P(hf; hh, ) =10i0i(1—D0)) (r=E).
Similarly, we obtain in turn the following results:
H(hf, §)=P(f; hf, ) + P(hf; b, ) +j§:fP(jf; ks )
=00y (1 + p,)(1—p,) (h==1),
H(hk, f)=P(hf; hk, )+ P(kf; hk, )
(3.5) =i (1 — py)* (o k=ES; h=Fk);
H(ﬁ;fQ) P(fF: 1, fg)+ P(fg; ﬁ,fg)+EPUf,ﬁ,fg)

3.6) =10ip((1 + pr+ )1 —py— P+ L+ 5= )L —p))

(r==9),
H(fq, f9)=P(f:f9,19)+P(9g; f9, f9)+P(f9:f9,S9)

3.7) +2, (PUf3fg, f9) + Pig; f9, f9))
= zpfpg(2 (v7+ p5) —4ps0,+ P+ D3 — 40,0+ D,)
+ 5p,0,(p}+ D7) + 607p7) (f=F9),
H(hf, f9)=P(fF; kf, f9) + P(hf; hf, £9)
+P(fg; bf, f9) + P(hg; kf, f9) + 2 P(?f s B £9)

3-8) — 10002+ 20— D) — B~ 1) — 8,0,
+ 2pi+ 2,(8p,+ 5p,)) (f=kg; k=Ef, 9),
H(hh, fg)=P(hf; bh, fg) +P(hg; kb, fo)
(8.9) — 1Dl 2—2p A D)+ DI DY) (fkgi Bk, g),
H(kk, fg)=P(hf; bk, fg) + P(hg; hk, fg)
(8.10) + P(kf; hk, fg)+ P(kg; hk, fg)

=3DnDuPsPA2— 2(ps+ Do) + D7+ D5
(f=kg; ks k=S, 95 h==E).
Thus, all the cases have essentially been worked out.

The quantity (8.2) represents the sub-probability of proving
non-paternity, indifferent to first child, against second child when
first child is of the same homozygote 4,, as that of second. On
the other hand, if we sum up the quantities (8.3) with respect to
h (=), we get the sub-probability when first child is one of homo-
zygotes different from that, A, say, of second; we thus obtain
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(38.11) ,E; H(hh, ff) =101 —p)(S:—p))-
Similar sub-probabilities are obtained as follows:
(3.12) ZH(kf,ﬁ)—lpf(lﬂof)(l D)’
(3.13) Z’H(hk ) =10}1—p)*1—S,—2p,+2p),

we further get for f=Fg, the expressions
(8.14) , Z (H (nf, f9)+ H(hg, f9))= 10,4 —2(p} + p}) — 16D,
+ 2(pi+ 05) + 8ps0y(Dr+ D)) 1 — D —Dy)s
(8.15) ;H(kk F9)=10:0,(2—2(p;+ ps) + D} + DI)(S, — Di— D7),
3.16) . 2 H "k, f9)=1Ds0(2—2(ps+ 0y)
( o 6) hy k%S 9
+ 23+ 0) (1 — 0y~ o) — (S:— pi—7))-

The sum of (3.2) and of (3.11) to (8.13) yields the probability
of proving non-paternity, indifferent to first child, against second
child of homozygote A,; namely,

H(f, )+ > (HPh, )+ HS, 1)+ > H(kk, )
(8.17) m 2 e
=p{(1—p)=R(f)-
Similarly, the sum of H(f,fg) in (3.6) and of H(gg, fg) analogously

obtainable and of (8.7) and of (3.14) to (38.16) yields the probability
against second child of heterozygote A, (f==9); namely, we get, for

f=F9,
H(f, f9) +H(gg, f9)+ H(fg,f9)

(8.18) + Z (H (rf, fg)+ H(hg, fg) + H(hh, fg))+Z’H (rk, f9)
=pp,(2— 2(pf+ D) + 07+ 05 —4Ds0s +30sDo(0r+ pq)) “R(fo)-
The results just obtained in (8.17) and (3.18) coincide, of course, with
those in (8.2) and (8.3) of VIII, respectively.

We have derived in the last two expressions the probabilities
corresponding to types of second child. Analogous probabilities may
be derived corresponding to types of first child. The probability
of proving non-paternity, first child being indifferent, against second
child accompanied by first child of homozygote A,, is given by

H(hk kh)+Z(H(kh 1+ Hbh, hf))+2’H(hk f9)

B-19) 3 pa(d—6S,F 88, — (4+285,—3Spu-+ (4 + 383 + pi—6pd),
and that accompamed by first child of heterozygote A, (k=kk) by
H(hk, hh)+ H(hk, kk)+ H(hk, hk)

+§_‘,(H(lzk hf)+ H(hk, kf)+ H(hk, ﬁ"))j'l-Z’H(kk f9
"Iphpk(s SSz+4Ss (4+48,—3S;)(p+ pk)+(2+3sz)(ph+pk)

—4pupi + 4D} + 0i) + 3pupi(Di+ Dr)—6(D1 + D1))-

The results obtained in the present section can also be gene-
ralized to mixed case corresponding to (2.20), but the detailed dis-
cussion will be left to the reader. —To be continued —

(3.20)



