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91. A Theorem on Paracompact Spaces

By Kiyoshi ISK and Yasue MIYANAGA
(Comm. by K. KuNuG, .J._., June 12, 1956)

Recently, K. Fujiwara 33 and K. Iski [4 have shown that some
properties on compact spaces are generalized very naturally o uni-
form spaces having Lebesgue property. In this paper, we shall
extend a theorem of I. Gelfand and G. Sflov 5J o paracompact
space.

Let M be a metric space with metric t, and let f(x) be a func-
tion defined on M. ,For a poin x e M, we shail define the oscillation
of he function f(x) at the point x. By (x, e), we denote the least
upper bound of (f(p), f(q)) for p, q S(x, ), where S(x, ) is the
sphere with center at x and radius e. Then limo (x, e)(--(x))

-0

exists and this limit is called the oscillation of the function f(x) at
the poin x.

It is well known that a function f(x) defined on a metric space
is continuous a$ a poin$ x, if and only if he oscillation of f(x) at
x is equal o zero (see W. Sierpifiski 6], p. 184).

I. Gelfand and G. Silov [53 proved he ollowing proposition.
Le qg(x) be a function defined on a compac$ se M in n-dimensional
Euclidean space R, and le$ eo(x) < for every poin$ x e M, hen, there
is a continuous function f(x) on M such ha$ f(x)-qg(x)l<__ 2.

We shall extend the proposition by I. Gelfand and G. Silov to
more general topological space. First of all, suppose that M is a com-
pact metric space. By he compactness of M, we can find a positive
number /such ha (x’, x")< ] implies Io(x’)-qg(x’)i< 2e. The open
covering {S(x, v)lx e M} of M has a finite covering S(x, ),...,
S(x, ). Since M is a normal space, for he finite number of he
open ses S(x, ) (i--1, 2,..., n), there is such a decomposition a(x)
(i--1, 2,..., n) of unity tha
(1) each a(x) is a non-negative, continuous function on M,

(2) 1--,(x) for every x of M,
l=l

(3) a,(z)=0 on M-Z(z,, ) (i--1, 2,..., n).
(See N. Bourbaki 23, p. 66.) To define a continuous function fx),
let f(x)--cp(x) and

f(x)--,
then f(x) is continuous on M. For any x of M, there is an open
sphere S(x, ) containing x.
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Since p(x, x)v implies (x)=0 and p(x, x,)< implies
o(x)- o(x,) 2, we have o(x) -f(x) ,(x)! q(x)-f(x,) 2.

Therefore we have Che following

Theorem 1. Let o(x) be a function defined on a compact metric
space M and o(x) for every x of M, then, we can find a continu-
ous function f(x) such that

cp(x)--f(x) < 2.
Now, let f(x) be a unction defined on a opological space M.

By the oscillation of a function f(x) at a point x, we shall mean the
number o(x)-inf (f(V)), where V runs over all neighbourhoods

x and (f(V)) is the diameter o f(V).
To exCend Theorem 1, we shall consider a paracompact Hausdorff

space M. Let (p(x) be a function with She oscillation (x) a for
every point x of M. Let e be a given positive number. For each
x of M, there is a neighbourhood V(x) of x such that (f(V(x)))
+e. Then [V(x)}e is a covering of M. By Che paracompactness
of M, the covering U(x)}.e has locally finite refinement U}.
As well known, for the covering [U,}, there is a decomposition of
unity:
(4) There are nomnegative continuous functions f,(x) or each
(5) 0 on M-
(6) ,f(x)--I for every x of M.

(See, cf. R. G. Bartle and L. M. Graves [1, p. 401.)
Let x be a poin of U, and let

then f(x) is continuous on M. For a point x 02 M, we have
f(x)

_,f(x) (q(x)-q(x)) < f(x)[cp(x)-c,o(xa)

Suppose that x U, (i=1, 2,..., k), hen

and, by (5), f(y)--O (a, =), herefor
cp(x)--f(x) [<__ tr + .

Hence we have the following
Theorem 2. Let M be a paracompact Hausdorff space, and q(x) a

function on M with o(x) . For a given positive number , there
is a continuous function f(x) such that

If(x)-cp(x) < r/ .
Some of the results of similar type for vector space valued

functions have been obtained by S. Kasahara. The detail eonsidera-
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tions will be appeared in his later paper.
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