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Kobe University
(Comm. by K. KuNuGI, M.J.A., July 12, 1956)

The structure space of maximal ideals in a normed ring has been
discussed by I. Gelfand and G. Silov [2]. Recently, the structure
space of maximal ideals in a semiring has been considered by W.
Slowikowski and W. Zawadowski [4] and the theory has generalized
by the present author and Y. Miyanaga [3]. E. A. Behrens [1] has
considered the relation of structure spaces formed by three special
classes of ideals of a naring.

In this Note, we shall consider the structure space L of all prime
ideals of a semiring A and the relation of ¥ and the structure space
M of all maximal ideals of A. Throughout the paper, we shall treat
a commutative semiring A with a zero 0 and a unit 1. (For detail
of the definition, see K. Igéki and Y. Miyanaga [3].)

An ideal P of A is prime if and only if abe P implies a ¢ P or
beP. Since A has a unit 1, any maximal ideal is prime, therefore
BLOM.

To introduce a topology v on 3, we shall take v,={P|x e P, P ¢ P}
for every x of A as an open base of $. Then we have the following

Theorem 1. Let U be a subset of P, then
A={P'| PP’ and P’ e%},
PeY
where N is the closure of U by the topology .
Proof. To prove that the ¥ contains {P’] ﬂ%P cP',P' e}, let
Pe
P’ e (P’ IPﬂ%Pc:P’, P’ e}, and let v, be a neighbourhood of P’, then
(S
xz e P/, and we have x € (]QIP. Therefore, there is a prime ideal P ¢ %A
PE
such that P does not contain z and v, > P. This shows P ¢ 9.
If a prime ideal P’ is not in {P’| Q(PCP,’ P’ ¢}, then (| P—P’
Pe PEY
is not empty. Hence, for xePanP——P', we have x e P, Pec and
(S
x e P’. This shows ¢,5P, Pe¥ and v,3P’. Therefore v,~A=0

and hence P’ ¢ A, The proof is complete.

A gsimilar argument for M relative to I'-topology implies the
following
Proposition. Let A be a subset of M, then
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A= (M'| M cM', and M’ M}

MeN
where U is the closure of A by the topology I'.
The proposition has been also proved by W. Slowikowski and
W. Zawadowski [4].

The closure operation A—A of P satisfies the following relations:

(1) ASu«
(2) A=A
(8) AB=ACB,

We shall prove only the last relation (8). By Theorem 1, A3
implies % =B, and hence A BAB, Let P e AB, then P ¢ U and
PeB. Hence P> P'=Py and P? () P'=Pg. The sets ¥y and

' eN Prep
Py are ideals. If PyPy P, for any elements a, b such that a € Py—P,
be Py—P, we have ab e P and since P is a prime ideal, a ¢ P or be P,
which is a contradiction. Therefore PP Py - Py 2 Py ~ Py=Pyyy. Hence
PecA B,
Theorem 2. The topological space P is a T,-space.
Proof. It is sufficient to prove that (P)=(P, implies P,=P,.

By P,¢ (P,), then P,DP,. Similarly P,D P, and we have P,=P,.
We can eagily prove the following

Theorem 3. Ewery prime ideal is maximal, if and only if the
topological space P is a Ti-space.

In our previous Note [8], we have proved the following
Theorem 4. The topological space My is a compact T'-space.

Now we shall prove that P is a compact space. Let U, be a
family of closed sets such that %,=0, then we have 3Py, =A,
A

where szpgl ;\P Suppose that 3Py, =4, then there is a maximal
ideal M containing 3Py,. Therefore 3Py, —M for every 4. Hence
A, 5 M for every 2, and we have U, > M, which is a contradiction.
By XPy,=A, the unit 1 may be e;:pressed by a form a,+a,+ -+ +a,
=1, a, € Py, (@=1,2,--+,m). Hence A———% Py,. If ﬁ]l‘l[%#o, then

for a prime ideal P of ﬁ%‘, we have PDPy, (1=1,2,---,n) and
=1

=1

following
Theorem 5. The topological space P is o compact T'-space.

Definition 1. By the P-radical r(P) of A, we mean the inter-
section of all prime ideals of A, i.e. Pn P. By the WM-radical r(M)
<

hence PDzn] Py, Therefore we have f]l %, =0. Hence we have the
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of A, we mean the intersection of all maximal ideals of A, i.e.

MeM
From MCP, we have r(P) S r(M). Next we shall give a topo-
logical condition to be r(P)=r(M).
Theorem 6. The subset M of P is dense in P, tf and only if,
r(P)=r@).
Proof. Let M=% for the topology v, then we have
{Pl N MCP}=%.
MeEM
Hence
()= ) MS () P=r(p).
sm Pep

By the remark above, (M) 2D 7(P). Therefore r(M)=r(P).

Conversely, if P e $—M, then Pe B and P e M. Therefore, there
is a neighbourhood v, of P such that ,~M=0. Hence r(P)= ﬂq}P
Pe

is a proper subset of MQRM. Therefore r(P)=Fr(M), which completes
the proof.

Definition 2. If r(M)=0, A is said to be semi-simple.

From Theorem 6, we have the following

Theorem 7. If A is semi-simple, M is dense in P.

Definition 8. If r(P) is the zero-ideal (0), A is said to be p-
semi-simple.

Then we shall prove the following

Theorem 8. Let A be a semi-simple semiring. A s the direct
sum of two semi-simple semirings, ©f and only if M s separated.

Theorem 9. Let A be a p-semi-simple semiring. A is the direct
sum of two p-semi-simple semirings, +f and only if P is separated.

The Proof of Theorem 9. Let A be the direct sum of p-semi-
simple semirings A, and 4,,i.e. A=A, P A,. Let A,={P|A, P, P e P},
then A, %, are closed in P. Since A, is p-semi-simple, A‘=meP
(=Py,) and hence !

A=A ,DA;=Py, DPy,

Therefore U, ~U,=0. To prove that P=W, A, if there is a
prime ideal P of P such that PeU, and Pe¥, then P does not
contain 4; and 4,. On the other hand, 4,-4,= A,~A4,=(0)= P, hence
A,cP or A, P, which is a contradiction.

Conversely, let =AU, A ~U,=¢ and let A, A, be non-empty
and closed in P, then A4,= qu; P (¢=1,2) are ideals, and since A is

]

p-semi-simple, A,~A,=(0) and we have A, A,=A. From A,= ) P,

. . . . PEQ‘
each A, is p-semi-simple. The proof is complete. !
We can prove Theorem 8 by a similar argument.
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We shall discuss the structure space & of all strongly irreducible
ideals of A in a later paper.
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