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98. On the Group Structure of Boolean Lattices

By Tuyosi MORI
Hokkaido University
(Comm. by K. KuNuGI, M.J.A., July 12, 1956)

Boolean lattices can be considered as groups with the composition
A (symmetric difference: a Ab=(a~b°)"(a’~b)) and the unit 0. We
treated in [1] (or [1]y,) the class of those which can be considered
intrinsically as topological groups. The main results about Boolean
lattices in [1] are:

(A) In a complete Boolean lattice B, if there exists a separated
topology which is compatible with the (algebraic) lattice structure and
weaker than order-topology, and has a neighborhood-basis of order-
closed order-convex sets, then it is determined uniquely and B is o
topological group with it.

(B) In the above condition, B has sufficiently many continuous
characters if and only if B is atomie, i.e. isomorphic to the Boolean
lattice of all the subsets of a set.

For a o-complete Boolean lattice B and a countably additive
measure u on it, the quotient lattice of B by the sublattice {x;u(x)=0}
is complete and u defines a topology as above. This is called the
complete Boolean lattice (with the intrinsic topology) associated to (B
and) p.

In this paper, we shall consider the unitary representation of
these groups.

1. Measures and positive-definite functions.

Proposition 1. Let B be a Boolean lattice and u be a positive
Sunction on it, and suppose u(0)=0. Then u is a (finitely additive)
measure if and only if, for every a € B. f(x)=ula)—2u(x) is positive-
definite on the subgroup [0, a]={x; 0=z <a)}.

In fact, for a measure u,
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(formal integral on the representation space, where ¢, means
the characteristic function of ).
Conversely, if f, is positive-definite, for z~y=0 and z~y=a,
we have
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and hence u(a)=pu(@)+ u(¥).
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This Proposition can be generalized to the relation between
operator-valued measures and positive-definite operator-valued functions
in Hilbert spaces.

As a special case of positive-definite operator-valued functions,
if V(x) 48 a wunitary representation of B such that V(1)=—1 and
Vie)=V(y) for x<y, P(w)z—li%/(a’—) is & projection measure. In
fact, for x ~y=0 and x~y=a, (V(@)+ V(y)— V(a)—1)*=—4V(z)+
V(y)—V(e)—1) and V(z)+ V(y)— V(e)—1= —2, and hence V(z)+ V(y)
=V(a)+1. But, in general, even if f is a positive-definite scalar-
valued function on a finite Boolean lattice such that f(1)=-—1, f(0)=1

and f(z) =f(y) for z <y, l_gﬂ is not a measure.

M. A. Naimark proved that:

(1) Every continuous positive-definite operator-valued function on
o commutative locally compact group can be extended to a continuous
unitary representation in an extended Hilbert space [5].

(I1) Every countable additive operator-valued measure on @ o-
complete Boolean lattice can be extended to a countable additive projec-
tion-measure in an extended Hilbert space [6].

Recently, B. Sz.-Nagy in [7] generalized (I) by Gelfand-Raikov’s
method (ef. [2]), as follows:

(') Every (continuous) positive-definite operator-valued function
on a (topological) group can be extended to a (comtinuous) unitary
representation in an extended Hilbert space.

Further he led (II) in the case of Radon measures on commutative
locally compact groups by use of Bochner-Stone’s theorem.

Applying Proposition 1 to (I') and noticing the fact that in the
extension (I') the order-monotonity is preserved (as we can check easily
by use of the formal integral), we have:

(IU") Ewvery operator-valued measure on o Boolean lattice can be
extended to a projection measure in an extended Hilbert space.

Furthermore, considering the associated complete Boolean lattice,
we can obtain (II), since the countable additivity means the continuity
with the intrinsic topology and in the extension (I') the continuity
is preserved.

The complete Boolean lattice associated to the Lebesgue measure
on the reals has no non-trivial continuous character by virtue of (B),
but its measure gives a non-trivial continuous unitary representation
by virtue of (I') and Proposition 1. This provides an example that
the reduction theory is not available.

2. Atomicity and compacity. Applying (B) to the theory of
operator rings, we have immediately:
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Proposition 2. An operator ring is isomorphic to a product of
Sfactors of type I and of finite class if and only if every commutative
sublattice of its projection lattice has sufficiently many continuous
(with the strong topology of operators) characters.

P—1-—2P is a topological isomorphism of the commutative pro-
jection lattice into the unitary group, and hence in the Proposition
we can change the words ‘‘every commutative sublattice of its projec-
tion lattice’” to ‘‘every commutative subgroup of its unitary group
whose elements are order 2°°. A near result in the case of factors
was obtained by R. V. Kadison in [4].

In particular, if the unitary group of an operator ring is compact
(in this case our Proposition can be proved with a more elementary
method by use of measures as in [3]), we have the reduction of that
ring. This suggests a close connection between the atomicity of com-
pact Boolean lattices and the reduction of continuous unitary representa-
tions of compuact groups or the spectral resolution of compact operators.
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